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The magnetostrictive effect of an orbitally degenerate magnetic ion in a cubic ferromagnet is calculated 
in detail using crystal-field theory. In contrast to our previous work, it is not assumed that inter-atomic 
exchange energy is large compared with spin-orbit energy. The results are applied to the effect of cobalt 
in cobalt-manganese ferrite. It is found that the theory is consistent with experimental results for the 
magnetostrictive parameters Ajoo and Ayu in the compound Cop. 24;Mno,747Fe1,9904 from 225°-355°K. By 
fitting theory to experiment, a trigonal splitting of about 630 cm™ for the ground state of the cobalt ion is 
inferred. The trigonal splitting has less than half its value in cobalt-iron ferrite. 


I. INTRODUCTION 


HE present work is an extension of an earlier 

calculation! of the magnetostrictive effect of 
cobalt substitutions in ferrites. In the earlier work it was 
assumed that the exchange energy coupling the cobalt 
spin to other spins in the crystal is large compared with 
spin-orbit energy. That case, which we may call strong 
exchange, was assumed because analysis of magneto- 
crystalline anisotropy’ had indicated that it applied to 
cobalt-substituted magnetite. More recently it was 
concluded® that the anisotropy of cobalt-substituted 
manganese ferrite is consistent with the same: orbital- 
doublet model found to work in the magnetite case. 
However, the magnitude of exchange energy required 
to bring about agreement in manganese ferrite was 
found to be nol large compared to spin-orbit energy. 
We may call this the case of weak exchange. 

Having this indication that manganese ferrite is an 
interesting host for the study of effects of cobalt- 
substitution, it seemed worthwhile to calculate magneto- 
striction for the case of weak exchange. In this paper, 
the calculation is given and the results are compared 
with experimental results for a cobalt-manganese 
ferrite.‘ 

In general, magnetostrictive strain may be considered 
to arise from an internal stress which is a function of 


>. Slonczewski, J. Phys. Chem. Solids 15, 335 (1960). 
*, Slonczewski, Phys. Rev. 110, 1341 (1958). 
’. Sloncezewski, J. Phys. Chem. Solids 18, 269 (1961). 
. F, Pearson and P. J. Harbour (private communication). 


the orientation of the spontaneous magnetization. In 
the case of an ideal periodic crystal, the stress is 
homogeneous and is given by the differential of free 
energy with respect to strain. Then the central problem 
of the theory of magnetostriction is to calculate the 
first-order strain-dependence of the energy levels of the 
crystal. 

If the magnetic crystal is not periodic, as in a solid 
solution, the problem is not changed in any essential 
respect as long as the one-ion model applies. It is true 
that in this case the internal stress field is not homoge- 
neous. From the point of view of the elastic continuum 
model of a crystal, it may be regarded as residing at 
point singularities centered at the transition-metal ions 
or atoms. However, according to the theory of elasticity, 
the average strain of an elastically homogeneous body 
is equal to the average stress divided by the appropriate 
elastic constant. Therefore, the macroscopic magneto- 
strictive strain does not depend on the spacial distri- 
bution of the stress singularities but only on their 
strength and mean density. It follows that the results 
of a theory based on a one-ion model will apply for 
arbitrary concentration of the magnetostrictive ions if 
these ions do not interact with each other (except 
through exchange) and if the inhomogeneity of elasticity 
due to the solid solution is negligible. 

The formal theory, which centers around the calcu- 
lation of strain dependence of the energy of an orbitally 
degenerate ion, is given in Sec. II. In Sec. IIT the results 
are applied to cobalt-substituted manganese ferrite 
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and compared with Pearson’s measurements of magneto- 
striction in Coo0.24,5Mno 747k €1.9904. Section III also 
summarizes the crystal-field information gathered to 
date from analyses of anisotropy and magnetostriction 
in Co,Fe3_,0,4 and Co,FesMn,_,0,. 


II. CALCULATION 


The approximations made in our strong-exchange 
calculation’ introduced a relative error of the order 
(a\/28H)* (a=effective orbital g factor, \=spin-orbit 
constant, 8H =exchange energy) into the final expres- 
sion for magnetostrictive strain. This means that the 
spin of cobalt was assumed to be deflected by spin-orbit 
coupling only slightly from the direction of the molecular 
field in the state of lowest energy. Since this quantity is 
(132/174)? in Co,Mn;.Fe.0,* [as compared to 
(132/640)? in Co,Fe3_,0,4?] the strong-exchange result 
cannot be applied to this compound. 

Our general procedure now is the same as before. 
Magnetostriction is described by the functional depend- 
ence of the strain tensor A;;(az,ay,a,) (i,7=2,y,z) on 
the orientation of the spontaneous magnetization given 
by the direction cosines a,, a,, a. The particular 
magnetostrictive parameters A, and A, to be calculated 
were introduced earlier.' They are defined by the 
equations 

\.= 3[A,,(001)—A,,(010) ], 


\,= $A,,(27!2-10), 


where the coordinates refer to the cubic axes of the 
crystal. If the magnetostriction obeys the standard 
two-constant phenomenological expression, then A, and 
A, reduce to the standard coefficients Ayoo and Ayu, 
yespectively. It is more useful to calculate A, and A, 
than Aioo and Ain, because the expansion of A,; in 
powers of a,, ay, and a, will not converge at sufficiently 
low temperatures. These parameters may be measured 
by applying the magnetic field and strain gauges in a 
(100) plane. 
We introduce again the strength, 


fi;(asaya:) = Of (atyaz) 0A ;;, 


of the elastic stress singularity caused by the presence 
of an isolated cobalt impurity. Here f is the free energy. 
The stress is caused by the electrostatic forces of the 
cobalt ion acting on other ions. By minimizing the 
total energy of the crystal in the usual way, we obtain 


Ae=2N[f.2(010)— f..(001) /3(Cu—C2), (3) 
he=N[ fey (110) — fry (110) 1/6C 4. (4) 


Here N is the number of cobalt ions per unit volume and 
Cy, Cy, and C4 are elastic constants. It is assumed that 
the cobalt is distributed equally among the four octa- 
hedral sublattices of a spinel structure. In Eqs. (3) 
and (4), f,, and f., are evaluated for a cobalt ion lying 
on a site for which [111] is the axis of threefold sym- 
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metry. The other cases [111], [111], and [111] were 
eliminated by considerations of symmetry. 
We will need to consider the differential of f, which 
has the form 
df=—kTdZ/Z, 


where & is Boltzman’s constant, T is temperature, and 
Z is the partition function. Chester’ and others have 
discussed a general perturbation expansion for Z having 
the form 


Z=Zot+ 2 | a 


n=1 
Zo=>, exp(—8f’E,), 


Z,=—6’ + it 


71¢2-- 


V a192V get 


Xexp(—’ Fai) (n>0), (8) 


IT (Ea 


where 6’ = (kT)-"', E, is an eigenvalue of the unperturbed 
Hamiltonian, and matrix element of the 
perturbation. The summation in Eq. (8) carries over 
all sets q1g2°* * Qn. 

The convergence of this expansion does not neces- 
sarily place a restriction on the energy denominators 
appearing in Eq. (8). A limiting procedure involving a 
proper grouping of terms effectively replaces any 
(Eq;— Eq;) which are greater than (kT) by a power 
series in (kJ). Thus the expansion parameters are 
always Voie;/kT or less. For detailed discussion of the 
properties of this expansion, Chester’s article should 
be consulted. 

The quantities f,, and f,, will be calculated using a 
one-ion Hamiltonian of the form 


Voiaj IS a 


(9) 


Here Xp represents the internal energy of the Co** 
electrons including their kinetic energy, Coulomb 
interaction with the nucleus, mutual Coulomb inter- 
action, and electrostatic energy in the crystalline 
potential for vanishing strain. The exchange energy 35C, 
has the form 28H-S, where £8 is the Bohr magneton, S 
is the cobalt spin, and H is the molecular field due to 
other spins in the crystal. 5, is the spin-orbit energy 
and VU is the increment of crystal-field energy depending 
on A ;;. 

The unperturbed basis functions diagonalize 
HotH.+5K,°, where 3,° is the submatrix of 3, in the 
ground multiplet. For the unperturbed states | Mm) of 
the ground orbital doublet, the 2(2S+1) unperturbed 
energy levels are 
Emm= |28H+mU (k| M 

(M=—S, —S+1,---S;m (10) 


where U p= —ad is the effective spin-orbit parameter 


+1), 


5G. V. Chester, Phys. Rev. 93, 606 (1954). 
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and M is the spin quantum number with spin quantized 
along the axis 283H-+mU ok. The perturbation consists 
of 3,’+, where 3,’ is 3, less its submatrix in the 
doublet manifold. One excited multiplet, an orbital 
singlet |M0O), will be considered. Its unperturbed 
energy is 


Emwo=28HM+E, (M=—S, —S+1,---S), (11) 


where £;, is the trigonal field splitting. The doublet and 
singlet taken together comprise an effective P state. 

When calculating Z in the denominator of Eq. (5), 
we apply the expansion (6)—(8) only to the term 3,’ 
of the perturbation. We will further approximate Z by 
Zo, thereby incurring a relative error of order not 
greater than \?/E,kT. When calculating dZ in Eq. (5), 
we apply the expansion to the perturbation 3,’+d0, 
where dU is the first-order differential of U with respect 
to strain, keeping only terms to first order in dU in the 
final expression. 

As shown previously,! the diagonal matrix elements of 
dU in the ground multiplet give rise to a fixed, non- 
magnetostrictive strain. These matrix elements are 
neglected in what follows. We have then that dZ,=0. 
Substituting in Eq. (8) we find 


d fo= —kTdZ2/Z, 
7 —Z, i 


M M’ m=+ 


exp(— 8’ Erm) (Mm|3,’| M'0) 
1 


< (M'0|d0| Mm)/Ei+c.c., (12) 


and 
dfs = —kTdZ,; Lo 


— 7,—1 . 
~ ~ 
M M’ M''’m=+1 


exp(—8’ Em) (Mm|d0|M’—m) 


x (M’—m'3,'|M"0)(M'"0!3,'| Mm) 


x (Eyy’ a EMm) TE +c.c. (13) 
In these equations c.c. means complex conjugate. We 
have neglected Boltzmann factors containing £; in the 
exponent. We have also neglected 6H and VU, in com- 
parison with £; in the energy denominators. In Eq. (13) 
we made use of the fact that dU commutes with S. 

Now dfs is of the order UpdV/E; and df; may be as 
great as order U*dV/E,AT. Both terms are significant 
in the temperature range of usual interest. The term 
0f2/0A;; represents the stress singularity caused by 
the change in electron density associated with the 
“classical” tilting of the electron orbits of the degenerate 
orbital states out of the plane normal to the trigenal 
axis. The term 0/;/0A ;; represents the stress singularity 
caused by the electron density introduced by wave 
mechanical interference between the degenerate orbital 
states by virtue of indirect transitions via the excited 
singlet. It may be seen that higher order dZ, con- 
tribute smaller corrections to f. 

For a single spin-multiplet, spin-orbit energy may be 
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2BH + Uok 


Fic. 1. Geometrical relationships used in the calculation. 


written in the form 
x,=U-S=>> 4-9 FS; (14) 


(15) 


where 
Us=}(Uraw y), 
and 


Si=SytiSy. (16) 


Here the 2’ axis of quantization is the trigonal axis k 
(see Fig. 1). The axis x’ lies in the (H,k) plane. U 
operates on the space part of the wave function only and 
is equal to —aAl in the effective -P approximation. 
Here | is the effective orbital angular momentum 
operator. For purposes of this calculation, the state 
| Mm) may be written in the form | M),,|m) where the 
subscript m specifies the axis of spin quantization 
28H+ ml ‘ok. 

From our previous work! we have, in the effective 
-P approximation, 


(+1|a0/8A,,.|—1)=(—1)90/0A,.|+1)=V., (17) 
(+1|90/AA,,|0)=—(—1|80/8A,,|0)=—V., (18) 
(+1|80/0A zy| —1)=(—1/80/dA.|+D)=V., (19) 
(+1|90/8A .y|0)= —(—1|80/AAzy|0)=4V,, (20) 


where V, and V, are real constants. Making the above 
substitutions, we have 


fee=V Lo Ee" (Z2t+2s), 
fu=V LE ($2142), 


(21) 
(22) 
where 

23= 2 


2 — 
M M'm=1i 


X (Mm Si) Mo (M"\o | M)m-te.c., 
= exp(—8’Eum)(M | m| Mm 


M M’ M''m=+1ij 


x (—m|U*|0)(M’|- 


m exp(—’Eum)(m|U;*\0) 


m Si|M"")o (0| U;*|m) 


XK (M" | 0 S;|M) m(Em—m— Emm) +¢.c., (24) 
and 


Zo=> um exp(—6’Ewm). (25) 


Since several axes of spin quantization are involved 
in these equations, it is necessary to introduce the 
unitary transformations connecting them. The trans- 
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formation matrix is® 


dum (¢)=(M| exp(idS,)|M')=(M}, | M’), 


which is equivalent to 
(M1! 5 > awe dua (ob) (M’ : 
In this context only, the subscript @ means that 
(M |, is the initial state (M 
@ in the right-hand screw sense about the y’ axis. 


In our basis we have 


y 3 M)) (M|\»=1=)0m 


LM (26) 


M)(M |, 
where the spin state |M) with no subscript satisfies 


S.|M)=M'|M). 


(27) 
Making these substitutions and noting that dy(@) is 


real, we find 


m exp(—B’ Exum) 


XK (m| UF! 0)d gage (Om) 


<(M" S; M')dyy vu’ (—6,,) +c.c., (28) 


re exp | —~’E Um )a Mu vw’ (mQ) 
MM’ M’'’m=—+1ijM’'’M** 


x(—m U; O)dyy wir? (—6_, (mM S; M"’) 


x (m U;' 0)*duu (—6,,) 


<x (M D>; M"’)* CE. yr m— lium) +C.c. (29) 


Here the angles 6,; are defined by Fig. 1. 
We may use the standard representation for S,: 


(M’|S,|M)=(M|S_|M’) 


= (S—M)?(S+M+1)*6ay at. (30) 


The matrix elements of © were calculated assuming 
that the phase of |m) was fixed in the xyz frame. For 
the matrix elements of U we transform from xyz to 
x’y's’ and obtain, with the help of Table III of 
reference 1, 

(1| U,/0)=(—1| U_|0)* 

= Uo(w*ta,+wa,+a,) (3! sin6y) i 


~ih +4. 


(31) 


(m|U.|m)=mU >, m= 


all other matrix elements vanishing. Here w= exp(27i/3). 
We have used here the relationship! 


w(+1| U,|0)=e*(+1)| U,|0)=(+1/ U,|0) 
=w*(—1| U,|0)=w(—1| U,|0) 
-(—1/U,|0)=—3-1U 
which holds in the effective -P approximation. 
®A. R. Edmonds, Angular 


(Princeton University Press, 


Chap. 4. 


Vomentum in Quantum Mechanics 
Princeton, New Jersey, 1957), 


rotated through the angle 
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Making these substitutions we find 


Y2= Uo(2a,—az—a,) (3? i 
Xexp(—8’Ewm) dou (S+mM")!(S—mM'+1)! 
Xdiaye—mM(Om)duem (Om), (33) 


sino) >> agmmzim 


D3= Up? p(a)(3 sin’)! SY wm—s B' Exum) 
XY awe ae (S+mM"+2)(S+mM"+1) 
xX (S—mM")(S—mM" —1) 
Kd (On)duersoma (6 
X (ky 


| Exp 
dug (mQ) 


- Eutm) 


p(a)=2a,?—a7—a,? t4a,a, 


) 

LQ, >, 
ea eee . 

sin’@)=1— 3(Q,+T aya 

and from Eq. (10) 


Ewm=M([(28H)*+ U + 3 


mBH | 

X (a2 +Qyt 3, (37) 
Equations (3), (4), (21), (22), (25), and (33)-(37), and 
the formulas for dy. given by Edmonds’ are sufficient 
to calculate the magnetostrictive parameters. 

The magnetostriction calculated here in the ‘‘weak 
exchange” approximation is correct to all orders in 
ad\/28H. The perturbation approximations introduced 
relative errors of orders 28H /F,, ad/F;, and (ad)*/E,kT. 
The thermal populations of all 2(2S+1) states of the 
ground multiplet were taken into account. This is to be 
compared with the earlier “ 
mation! which caused errors of order (ad\/28H)’, 
(28H/E,)*, ad/E,, and (ad)?/E.RkT, and neglected all 
thermal populations except those of the two lowest 
states with M,=—S. Either result applies only if 
av\|<<E, and the choice between the 
mations hinges on whether 28H is smaller or 
than (aA£,)!. 


strong exchange” approxi- 


two ap} rOXxi- 
greater 


III. COMPARISON WITH EXPERIMENT 


We may apply the formulas of the previous section to 
the case of Coo.245 Mno.747Fe1.9904 (chemically analyzed) 
for which Aioo and Ai1; have been measured by the 
strain-gauge method.‘ The temperature range of 
270°-360°K is high enough so that we may reasonably 
approximate Ajoo with A, and Ay with A,. The experi- 
mental error is 5% at room temperature and rises to 
10% at the highest and lowest temperature used. 

The measurements were made in a (111) plane instead 
of the (100) plane more appropriate to this calculation. 
However, our previous experience! indicates that the 
distinction is not very important at the temperatures 
under consideration. In view of the many other approxi- 
mations which were made, the large amount of addi- 
tional computation which would be required to correct 
this deficiency is not justified. 

For numerical values we take the following: U»=132 
cm and 8H=87 cm~ from the analysis of magneto- 
crystalline anisotropy,’ and V=0.245 X 1.35 X 10” cm™ 
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TEMPERATURE (°K) 


Fic. 2. Magnetostriction vs temperature for Coo.247Mno.747- 
Fe;,9904. Each theoretical curve was fitted to experimental data‘ 
by adjusting one parameter. The quantities 4, and A, are equal, 
approximately, to the conventional magnetostriction parameters 
Aioo and Ayu, respectively. 


Of course an error is incurred in treating H as a constant. 
One may expect the temperature variation of H to 
resemble that of the spontaneous magnetization M of 
MnFe2Qx,. Since M (300°K)/M (0°K)=0.67,7 we expect 
H to vary considerably over the temperature range of 
the experiment. Although this circumstance may have 
an appreciable effect on the temperature dependence of 
magnetostriction, the complexity of the magneto- 
striction formulas and the existence of other errors do 
not make a more precise analysis worthwhile. For the 
elastic constants we assume the room-temperature 
values of magnetite? (Ci,:—Ci.=1.67X10" erg cm™, 
Cu=0.97 X10" erg cm~) for lack of more appropriate 
values. 

Using the numerical values given above, the param- 
eters \, and \, are completely determined except for 
the constants of proportionality V./E, and V,/£F, 
respectively. Adjusting these constants to obtain the 
best fit to Pearson’s data, we obtain the results shown 
in Fig. 2. The numerical values are V./E;=6.32 and 
V ,/E.= —4.36. In this comparison, no correction was 
made for the magnetostrictive effects of Fe and Mn 
ions. An empirical correction would be ambiguous 
because of the inconsistency of published® values of 
A100, Ais, and polycrystalline magnetostriction for 
MnFe,Q,. At the present time we cannot say how 
important this correction is. 

It should be remarked that the agreement for tem- 
perature dependence of magnetostriction is fairly 
specific. Phenomenological theories of magneto- 
striction always predict the same temperature depend- 
ence for Aioo as for Ai. However, experiment shows 
them to be different and a similar difference appears 
in our calculated results as well (at room temperature 

7 J. Smit and H. P. J. Wijn, Ferrites (John Wiley & Sons, Inc., 
New York, 1959), Chap. VIII, p. 156. 

8 M.S. Doraiswami, Proc. Indian Acad. Sci. A26, 413 (1947). 

9 American Institute of Physics Handbook (McGraw-Hill Book 
Company, Inc., New York, 1957), pp. 5-223. 

0 A recent reference is C. Kittel and J. H. Van Vleck. Phys. Rev. 
118, 1231 (1960). 
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the logarithmic slope of Ai is 50% steeper than that 
of A100). The reason for this is that the phenomenological 
theories consider only spin degrees of freedom, while 
orbital as well as spin degrees are important in the 
compound considered here. 

Concerning the numerical values of V,, V,, and E;, 
we may say that the most important difference between 
the hosts Fes0, and MnFe,Q, in so far as crystal-field 
effects are concerned is that Fe;0, has the inverse spinel 
structure and MnFe2Q, has an 80% normal structure.” 
Since the lattice parameters" are quite similar (FesO,: 
a=8.39 A, u=0.379; MnFe.O,: a=8.50 A, u=0.3846) 
the oxygen positions scarcely differ. Therefore the 
parameters V, and V, which are governed predomi- 
nantly by the nearest oxygen neighbors are expected 
to be nearly the same in both hosts. On the other hand, 
the value of E; is expected to be sensitive to the cation 
distribution because it is much smaller than the cubic 
splitting. In fact, point-charge calculations of Tsuya™® 
indicate that the trigonal potential of the nearest 
B-site cations is quite appreciable. Therefore, it is 
reasonable to assume that V, and V, are the same for 
all ferrite hosts but that E, depends on the cation 
distribution. Using the value V.=4000 cm™ estimated 
from Kanamori’s analysis" of tetragonal distortion in 
CoO, we get from the above ratio £;,=633 cm for 
Co,Mni_,FeeO,. Substituting this value into the above 
ratio for V,/E,, we have V,= —2800 cm~. This value 
of V, is consistent with the value of —2500 cm™ 
deduced! from the room temperature magnetostriction 
of Coo.sFee.2O4 (it was assumed that this wholly inverse 
spinel had the magnetite value of E,). 

We have recapitulated in Table I the numerical 
values of crystal-field parameters for the Co** ion in 
magnetite and manganese ferrite. This table requires 
some comments. All of the quantities except V,. were 
determined by analyzing anisotropy and magneto- 
striction of cobalt-iron ferrite and cobalt-manganese 
ferrite. The value of V, was estimated from the tetrag- 
onal distortion of CoO, using Kanamori’s® theoretical 
analysis. The values of ad and V, were assumed to be 
equal in the two hosts. The value of V, for the FesO4 


TABLE I. Crystal-field parameters (in cm) of Co?* 
substitutions in Fes0, and MnFe2O,. 





Coo.2sMno.75F e204 

Host crystal Fe;0,4 and MnFe2Q, 
ad — 132 
320 
1600 
4000 
— 2500 





" Reference 7, Chap. VIII, p. 144. 

2.N. Tsuya, Sci. Repts. Research Insts. Tohoku Univ. Ser. B8, 
161 (1957). 

8 J. Kanamori, Progr. Theoret 
(1957). 


Phys. (Kyoto) 17, 177, 197 
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host was based on only the room temperature value of 
Ars in Cop.sFee.204 because the crystal-field calculation 
was not consistent with the experimental data available 
for small cobalt concentrations.' Finally, it should be 
remarked that the values of E,, V., and V, of both 
hosts may be raised or lowered by a common factor 
(say 40%) without impairing seriously agreement with 
experiment. The main reason for this is that the value 
of V, is not fixed well by the tetragonal distortion of 
CoO because of some uncertainty in the wave function 
(Kanamori’s factor a*+-c?— 2b*) and because of the lack 
of assurance that V, should be the same in CoO as in 
cobalt-substituted ferrites. 

Further work is suggested by the observation that 
anisotropy and magnetostriction of cobalt-substituted 
magnetite and cobalt-substituted manganese ferrite are 
consistent with the orbital doublet model of the Co** 
ion. It would be worthwhile to carry out further 
experiments at low temperatures where the highly 
specific effects of the cobalt ion would be more striking. 
At absolute zero one should expect nearly discontinuous 
curves of torque versus angle“ and radically non- 
sinusoidal strain-vs-angle curves which are calculable 
from our work. The manganese ferrite host is perhaps 
the better choice for such experiments because the 
agreement at higher temperatures is better and because 


4 J. Smit, F. K. Lotgering, and U. Enz, J. Appl. Phys., Suppl. 
to Vol. 31, 137S (1960). 
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it has no structural complications such as the ortho- 
rhombic transition" occurring at 120°K in magnetite.'® 

The manganese-ferrite host has the disadvantage of a 
partially inverse (20%) structure, which means that 
there is a largely disordered distribution of divalent 
and trivalent cations on both octahedral and tetra- 
hedral sites. This means that some unsymmetric 
random crystal field may act on the cobalt ion and 
complicate its magnetic properties. In magnetite there 
is also a mixture of divalent and trivalent iron on 
octahedral sites. This distribution, however, becomes 
ordered'* in the orthorhombic phase. If the crystal field 
due to the ordering has an appreciable effect on the 
state of the cobalt ion, then low temperature studies 
of cobalt-substituted magnetite would provide valuable 
information about magnetite itself as well as about the 
specific effects of the cobalt ion. 
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15 E. J. Verwey, P. W. Haayman, and F. C. Romeijn, J. Chem. 
Phys. 15, 181 (1947); W. C. Hamilton, Phys. Rev. 110, 1050 
(1958). 

16 However, preliminary microwave measurements by R. W 
Teale (private communication) and torque measurements by 
R. F. Pearson (private communication) indicate that the anisot 
ropy of Co,Mn;_,Fe20, at low temperatures does not agree well 
with the theory of references 2 and 3 
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Behavior of Hot Electrons in Microwave Fields 
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A strong external electric field in a semiconductor produces hot electrons. In the present paper, we investi 
gate theoretically the currents produced by such electrons in a microwave field. We discuss two special cases: 
Case A deals with a strong steady electric field on which a weak microwave field of frequency w is super 
imposed. It is found that in addition to a steady current there is an alternating current of frequency w which 
leads the microwave field by a phase given by Eq. (30). The phase difference is negligible at low frequency, 
but becomes appreciable at frequencies w~ (1/79) (1/100), at liquid-nitrogen temperature. Here r» is the 
electron-phonon relaxation time of thermal electrons. (Interaction with acoustic modes only is considered 
In case B, we consider the effect of a strong microwave field by itself. Here the current has a strong com 
ponent of frequency w and a weaker component of frequency 3w. We find phases similar to those in case A 
Results for case B are valid if 1/r>>w> (1/70) (1/100) at liquid-nitrogen temperature 


1. INTRODUCTION 


HE purpose of the present paper is to investigate 
theoretically the currents introduced by an 
alternating field in a nonpolar semiconductor when the 
current carriers have average energy per particle ap- 
preciably larger than that of the lattice. 
The idea of hot carriers was first introduced by 


Fréhlich'! in connection with the theory of dielectric 
breakdown. In the presence of an external electric field 
F, the free electrons (or holes) in a semiconductor 
continuously gain energy from the field. In a steady 
state, they must lose it to the lattice at the same 


average rate as they gain it. Since the rate of loss of 


1H. Frohlich, Proc. Roy. Soc. (London) A188, 521 (1947). 
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energy from electrons to lattice increases with increasing 
electronic energy, one expects that in a steady state the 
mean electronic energy F will be higher than its mean 
energy $kT in the absence of an electric field. (Here 
Ty is the temperature of the lattice.) The electrons can 
reach their own thermal equilibrium if they exchange 
energy among themselves faster than with the lattice. 
A thermal equilibrium among electrons permits one to 
treat electrons collectively with an electronic tempera- 
ture T=4(H/k). Frohlich and Paranjape® have esti- 
mated the rate of loss of energy of a fast electron to the 
other electrons through Coulomb interaction; and 
compared it with the rate of loss of its energy to the 
lattice vibrations. The former rate is proportional to 
the density of electrons, and the latter is independent 
of n. A critical density of electrons is thus necessary 
to make the energy exchange amongst electrons the 
faster process. It is found that densities of order 10/cm* 
are adequate to describe the electrons by a temperature 
T>To. 

Even if the electronic density is so low that they 
cannot reach thermal equilibrium, F is always higher 
than $kT». It follows from Stratton’s calculations* that 
in this case # differs from $kT only by a numerical 
factor of order unity. 

In the present paper, we neglect factors of order 
unity. We treat all electrons as having the same energy 
kT, and assume that they interact with the acoustic 
modes of lattice vibrations (i.e., we neglect interaction 
with the optical modes). 

The present problem, even with the above simplifi- 
cations, becomes quite unmanageable to solve exactly. 
We need to estimate first the electronic temperature 
as a function of time ¢. In the presence of a purely 
sinusoidal electric field of low frequency, the electronic 
temperature will follow the field adiabatically; i.e., at 
every instant, the electronic temperature will assume 
a value that can be associated with a steady field at 
that instant. Since T is not a simple function of F for 
all values of F, T(t) would be rather a complicated 
function to handle. If the maximum value of T is much 
greater than J , the function T(t) would be very 
unsymmetrical about the mean value 7 of T(t). On 
the other hand, if we consider a field of very high 
frequency, then T would not be able to follow the field 
adiabatically. It has already been pointed out by 
Frohlich and Paranjape® that it takes many collisions 
for hot electrons to lose their excess energy. If we 
associate a time constant 7 with the rise or decay time 
of the electronic temperature, then at high frequencies 
w>1/7. At these high frequencies, the electronic tem- 
perature would be expected to oscillate nearly sym- 
metrically about its mean value. It would then be 
possible to develop 7(¢) in Fourier series in 2w, and 
retain only T and the first time-dependent term. 


2H. Frohlich and B. V. Paranjape, Proc. Phys. Soc. (London) 
B69, 21 (1956). 
3 R. Stratton, Proc. Royal Soc. (London) A242, 355 (1957). 
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2. CALCULATION 


The method of calculating the electronic temperature 
in time-dependent electric fields is similar to that given 
by Fréhlich! who has considered the problem of constant 
fields. In a steady field, Fréhlich equates the rate of 
transfer of energy from the electric field to the electrons, 
(0E/dt)r, to that from electrons to lattice vibrations, 
(OE Ol) r. 

In the present problem, since the electric field is a 
function of time, we have 


(0E/ dt} p— (0E/ dt), = 9E/ dt. (1) 


That is, the difference of the two quantities on the left- 
hand side of Eq. (1) gives us the rate of change of 
energy 0E/dt of the electrons. 

Let r(7,7o)=r denote the time of relaxation of an 
electron of energy kT interacting with lattice vibrations 
at a temperature 7». It is well known that 7 decreases 
as T increases, if T>>To, then r<ro, where ro=1(To,T 0) 
is the time of relaxation obtained from low-field mo- 
bilities. In the presen 1 problem, we need T(t) to calcu- 
late j(t) for a given F(t). 

Let the electric field be given by 


F(t)=Fo+F; sinot, (2) 


and assume throughout that wrox1, so that the con- 
ductivity can be replaced by its static value o=e?r/m. 
Therefore j(/)=oF is the electric current and hence, 


(0E/dt) p= 7 (F(t) = (r/m)(Fo+F; sinwt)*. (3) 


Here m is the effective mass of electrons which we 
take as constant. 

Calculation of (04/01); has been carried out by 
several authors.?* A simple derivation of their results 
can be given if T is sufficiently larger than To, i.e., for 
sufficiently strong fields F. 

Conservation of energy and momentum lead at once 
to the conclusion that the average exchange of energy 
per collision between the lattice and an electron is 
roughly (k7ms*)!, where s is the velocity of sound. 
Since the probability of absorption or emission of a 
lattice quantum is proportional to 7 or 2+1, respec- 
tively, the net loss of energy (k7ms*)! by an electron 
requires 2%+1 collisions with the lattice. Here 7 is the 
average number of phonons which can interact with an 
electron of energy kT. 


n= {exp[ (kT ms*)!/kT > ]—1}*=kT o/ (kT ms?*)!, (4) 
provided 
(kT ms?)*/kT 9 <1. (5) 


The above approximation‘ holds for electric fields in 
the range in which ‘the mobility is found proportional 
to F~ 5, It thus follows that 


(OE/ dt), = (kTms*)*/ (7X27). (6) 


4B. V. Paranjape, Proc. Phys. Soc. (London) B70, 628 (1957). 
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Following the usual derivation® of 7, one finds 


1 1 kT(ms*)! 1sT\} 
tT» (RkT,)3 To\T 
which for T= T, leads to r= 70 as required. 
Thus Eq. (1), using Eqs. (2) to (7), yields 


C79 To\? T \ i ms? 
(Fot+F;, sina) ) — ( ) ~ 
m ys To7 270 


kT, . (8) 
dl 
It should be noted that Eq. (8) holds rigorously only 
if T is sufficiently larger than 7». This should always 
hold for high frequency fields of sufficient magnitude, 
but not necessarily for low frequencies. 


Special Cases 


Case A 
We first consider 


= Fo+F; sinat, 


Define 
= 227° F o?/m?s?, 


=, 


2(kT/ ms?) r= F, 


Thus, Eq. (8) becomes 


a4?(1+A sinw7t’)?= y+ y!y. (15) 
The dot indicates the derivative with respect to /’. 
Since A is small we expect the solution of the form 

y=yotAyitr yet: --. (16) 
Equating the coefficients of \" we have for the coefficient 
of the term independent of \ 


as’=yet+yolyo. | 17) 


Solution of (17) for sufficiently long ¢’ gives 


Yo=da, i.e., yo=O. 


The coefficient of \ requires 


2a Ph sinw Fl’ 


2yoyityo'y1, 
so that 
aa wT 
y= sinw/— 


[1+ (w7)?/4a, ]L 


COSsw/ 
2(a 4)? 


°A. H. Wilson, The Theory of Metals (Cambridge University 
Press, New York, 1954), 2nd ed 
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Thus, up to first order in A 


SINnw/ 


a [1 +A cos¢ 
where 
tang, wT 


Case B 


Let Fo be zero and F; sufficiently large so that Eq. 
(8) still holds. We then have 


; 


ap*(1—cos2wit P+ yy, (20) 
where 


ap =erok \/ms. (21) 


As mentioned in the introduction, let w be sufficiently 
high so that we can expect the temperature T to 
oscillate sinusoidally with frequency 2w and with a 
relatively small amplitude around a mean value. We 
then expect the solution of Eq. (20) to be of the form 


y=yotyite-, (22) 


where yo is assumed time independent and 4, is periodic 

with frequency 2w. We further assume | y;|<vyo. 
Substituting Eq. (22) into Eq. 

time-independent part 


(20), we find for the 


To the lowest order in y,, tl 
— dp” cos2wii 


so that using Eq. (14) 


1 . ; 
5ap COS¢YR COS( 2 


where 
tangp=—w7 ap’. 


Hence, up to’first order in y,, 
(20) is 


the complete solution of 


Deaf 


Bim api 1 "7 3 cosgpz cos(2wt— yp) |. (26) 


Using Eqs. (4), (7), and (12), it now follows that the 


current is given in general by 


e’rF (1) 


erok 
m m 


In our two cases, then, remembering that y; is always 
assumed small compared with yo, we have in case A 
up to order A [external field Fo(1+A sinw/) ], 


: ery Fo 
q ,(t)= 
m (aa)! 


cos¢.4 sin(wi— 


X[1+A{sinw/—} 
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which is of the form 


ery Fo 


ja(l)= [1+ 2’ sin(wi+n) |, 
m (aa)! 
where 
} cos¢a Sings 
tann= : 
i—} COS’ 4 
and 


\’=A{ (1—4 cos*gu)*+} cos? ga sin?ga}?; 
and in case B, 
ery Fy 


~ sinw/[1+4 cos¢s cos(2w!— ¢z) |, 
1 
m ap? 


jp(t) 


which is of the form 


eT H Fy 
—n sin(wit+6;)+ye sin(3wt+é6.) | 


ja(t) J; 
mM dp 


where 
vi={(1—§% cos? yz)?+ (} sings cos¢s)"}?, 
2 os “ne 
Rg SINGBR COSYB 
tanéd;= + ’ 
1—2 “ne2.a 
g COS" YB 


Y2=}% cos¢gp, and b.=— gp. 


3. DISCUSSION 


The above results are derived on the assumption that 
wry<1. This upper limit on w holds up to quite high 
frequencies, since 79 (the relaxation time obtained from 
low-field mobilities) at liquid-nitrogen temperature is 
of the order of 10~" sec. There is no lower limit on the 
frequency in case A, since it is assumed here that the 
periodic part of the field is very small compared with 
the steady field. 

We notice that in case A the current has a term 
independent of time in zeroth order and a term of the 
imposed frequency w in first order with a phase shift . 

In case B, on the other hand, we obtain in Eq. (33) 
a current which has one term with frequency w and 
another term with frequency 3w. Of course, a contri- 
bution to the 3w frequency term would have been 
obtained if we had continued the development of y to 
include terms with period 4w. These terms are of smaller 
order and therefore can be neglected provided w7 is 
large. 

From the structure of our differential equation it 
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can be expected that our method certainly converges 
for case B if w7> ag’, i.e., from Eqs. (13) and (21), 


ms? ferol1\? 
WTO > = . e 
2kT)\ ms 


It might well be, however, that our solution is rea- 
sonably good even at lower frequencies. We note in 
this connection that since deviations from Ohm’s law 
occur when (eroF';/ms)~1, Eq. (37) requires wro> 1/100 
at 78°K (assuming ms’=1°K). Thus, an w7o satisfying 
Eq. (37) can also satisfy the condition wro<1. 

The interesting feature of this experiment is that 
application of a strong high-frequency field leads, in 
view of the periodic behavior of electronic temperature, 
to a current which besides having a strong component 
with frequency w and a phase shift 6; has a weaker 
component of frequency 3w. Equation (35) shows that 
the phase shift becomes appreciable at frequencies 
much below those in which it would occur in weak 
fields. The 3w component is a direct consequence of 
the behavior of the electron temperature: T has a time- 
independent term and a term of frequency 2w. Measure- 
ment of the current in strong high-frequency fields 
would enable us to confirm general features of our 
model. It also would permit direct measurement of 
(w7/ap). ag according to Eq. (21) is known in terms 
of ro and m which can be measured at weak fields. 
Appropriate measurements in strong high-frequency 
fields, therefore, would permit experimental deter- 
mination of 7, which is a measure of the time required 
for hot electrons to cool down. 


(37) 


These conclusions were reached on the basis of our 
model which takes account of interaction of electrons 
with acoustic modes only, but neglects interaction with 
optical modes. The proposed experiment would, there- 
fore, be able to test whether or not strong deviations 
from this model must be contemplated. 
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The exchange splittings of the ytterbium ground-state doublet 
and of an excited state (J=5/2) doublet have been determined 
from spectroscopic studies of single-crystalline, ytterbium-iron 
garnet. The splittings were observed at 77°K as a function of the 
orientation of the magnetization of the crystal. The splittings 
exhibit the functional form of the g tensor of a two-level system. 
The principal values of the splittings (referred to local x, y, s axes) 
are, for the ground state doublet, 11.6, 25.7, and 29.9 cm™ and, 
for the excited state doublet, 15.9, 5.8, and 29.9 cm™. 

From the ground state splitting, using g values for ytterbium 
in yttrium gallium garnet, the approximate principal values of 
the exchange field (assumed to act on the ytterbium spin magnetic 


INTRODUCTION 


PROBLEM of current interest involving the 
rare earth iron garnets concerns the nature of 
the iron-rare earth exchange interaction. Measurements 
of certain macroscopic properties of the garnets (such 
as magnetization and specific heat)' provide relevant 
information, but because such properties are related to 
single ion properties through sums or averages over a 
number of magnetically inequivalent sites, measure- 
ments of this sort do not normally yield a detailed 
picture of the exchange effects experienced by individual 
rare earth ions. Since the rare earth ions in solids 
exhibit sharp line spectra and since the iron garnets, 
in thin section, are sufficiently transparent to allow the 
observation of certain of the rare earth transitions, 
spectroscopy offers a means of examining on a single 
ion basis the iron-rare earth exchange interaction. 
Preliminary optical studies? have shown that there 
exist in the absorption spectrum of ytterbium iron 
garnet readily observed exchange splittings. We have 
now completed a detailed study of these splittings 
including their behavior as a function of the orientation 
of the magnetization. From the results of this study, 
it has been possible to determine the approximate size 
and shape of the exchange field seen by the ytterbium 
ions. The spectroscopic results also enable one to 
reverse the usual procedure and calculate from the 
observed ground state exchange splittings many of the 
macroscopic properties of ytterbium iron garnet. 


BACKGROUND 


Except for lutetium (which has no optical spectrum), 
ytterbium is spectroscopically the simplest rare-earth 
ion which enters the garnets as a major constituent. 
Trivalent ytterbium lacks one electron of having a 

' H. Meyer and A. B. Harris, J. Appl. Phys. 31, 49S (1960). 

2K. A. Wickersheim and R. L. White, Phys. Rev. Letters 4, 
123 (1960). 


moment only) were found to be 349 000 gauss, 611 000 gauss and 
678 000 gauss. The principal values of the effective field (assumed 
to act on the total magnetic moment 
those of the exchange field 

On the basis of the ground state exchange splitting, calculations 
of various macroscopic properties of ytterbium-iron garnet, as a 
function of orientation of magnetization and of temperature, 
have been carried out by others. The calculated properties are in 
generally good agreement with experiment, but the sharp, low- 
temperature magnetic anisotropy anomalies which have been 
observed in ytterbium-doped yttrium iron garnet are not explained 
by the spectroscopic data 


are one fourth as large as 


closed 4f shell. The energy level scheme consists of a 
*F state split by a strong spin-orbit interaction and a 
weaker crystal field interaction. For the ion in a crystal 
field of low symmetry (e.g., for ytterbium on a Ds site 
in the garnets) all orbital degeneracy is removed, but 
each level remains a Kramer’s doublet, 
the absence of magnetic interactions. 

Spectroscopic studies of ytterbium in yttrium gallium 
garnet® have shown that the crystal field splittings of 
both the J=7/2 and J=5/2 states are relatively large 
(see Fig. 1). In particular, the ground state appears to 
be separated from the next nearest level of the J=7/2 
manifold by more than 500 cm~. 


degenerate in 


The optical spectrum of ytterbium consists of a group 
of lines near one micron (approximately 10 000 cm~') 
in the near infrared. The transition from the ground 


state to the lowest J 
cm! 


5/2 level, falling near 10 300 
, is found to be especially sharp and strong in 
both the gallium*® and aluminum’ garnet. In an applied 
magnetic field, this sharp line splits into a Zeeman 
pattern from which the splittings of the terminal levels 
can (in principle) be deduced. Detailed Zeeman studies 
have not yet been completed.‘ The ground-state split- 
tings of ytterbium in an applied magnetic field have 
been examined directly, however, by paramagnetic 
resonance techniques.*:® 

In the iron garnets, the rare earths see via the 
surrounding oxygens an exchange field produced by 
the ferrimagnetically-coupled iron lattice. Preliminary 
experiments’ have shown that in ytterbium iron garnet 
the exchange field splits the sharp ytterbium line 


3R. Pappalardo and D. L. Chem 


(1960). 

‘Zeeman experiments on ytterbium in yttrium aluminum 
garnet and in yttrium gallium garnet are currently being con- 
ducted at Johns Hopkins University under the direction of 
Professor G. H. Dieke. 

5D. Boakes, G. Garton, D. Ryan 
Soc. (London) 74, 663 (1959) 

6 J. W. Carson and R. L. White, J 


Wood, J Phys. 33, 1734 


and W. P. Wolf, Proc. Phys. 


Appl. Phys. 31, 53S (1960). 
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Fic. 1. Energy level scheme for ytterbium in yttrium gallium 
garnet (based on information contained in reference 3) 


described above into an easily resolved pattern of 
absorption lines. The preliminary experiments also 
showed that it was possible at liquid nitrogen temper- 
atures to vary the exchange splitting pattern by rotating 
the magnetization of the crystal (relative to the crystal 
axes) with an external magnetic field. 

The experiments to be described were undertaken 
primarily for the purpose of determining the exchange 
splittings of the ytterbium ground-state doublet as a 
function of the orientation of the exchange field. 


EXPERIMENTAL PROCEDURES 


In the experiments reported earlier,’ spectra were 
obtained using a large grating spectrograph belonging 
to the University of California at Los Angeles. Because 
of the large f number of this instrument and the low 
sensitivity of photographic emulsions available for use 
at one micron, exposure times of several hours were 
often required to obtain a single spectrum. For this 
reason, only a small amount of data could be obtained 
under a given set of experimental conditions. Further- 
more, the samples of ytterbium iron garnet used in 
the early experiments were small, contained inclusions, 
and were not cut parallel to favorable crystal planes. 
In the optical experiments to be described, a number 
of improvements were made relative to the initial 
experiments. 

Large single crystals of ytterbium iron garnet were 
grown from a lead oxide-lead fluoride flux.’ Samples 
were prepared by sectioning the crystals parallel to 
good (110) faces. Clear, polished sections approximately 
40 u-thick and several millimeters across were prepared 
by petrographic thin-sectioning techniques. The orien- 
tation of each finished section was checked by x-ray 
back reflection techniques. Each sample used was 


7 J. W. Nielsen, J. Appl. Phys. 31, 51S (1960). 


DY 


OF Y-Fe EXCHANGE 1377 
parallel to a (110) plane to within the accuracy of the 
x-ray measurement (i.e., to within a degree or so). The 
high-symmetry directions lying in the (110) plane were 
located to about the same accuracy. 

During the spectroscopic studies, the sample was 
mounted on a holder designed to rotate the sample in 
its own plane through angles which could be measured 
to half a degree. The sample holder was constructed to 
fit into a small glass optical dewar which could in turn 
be positioned to support the sample in the center of a 
gap between the pole pieces of a magnet with the 
magnetic field perpendicular to the light path. 

The current experiments were performed with the 
sample immersed in liquid nitrogen since at this 
temperature the ytterbium absorption lines are reason- 
ably sharp, and it is still possible to rotate the magnet- 
ization with convenient external fields. (At lower 
temperatures, the crystalline magnetic anisotropy be- 
comes large whereas the magnetization itself becomes 
quite small.) Another factor influencing the choice of 
the working temperature is the size of the ground state 
exchange splitting. Only at temperatures which are 
sufficiently high can absorptive transitions originating 
in the upper half of the ground state doublet be observed 
in the optical spectrum. 

Exploratory experiments were performed using a 4-in. 
Varian magnet to provide fields which could be varied 
from zero to 8000 gauss. For fields below three or four 
thousand gauss, no significant Zeeman shifts were 
observed in the ytterbium spectrum. At liquid nitrogen 
temperatures, it was found that fields as low as 700 
gauss were sufficient to saturate the ytterbium-iron 
garnet thin sections along any direction in the sample 
plane. ‘With fields between these limiting values, 
colinearity of the applied and exchange fields was 
achieved for all sample orientations without the danger 
of Zeeman effects modifying the exchange splittings. 
In the final experiments, a large permanent (magnetron) 
magnet was used for convenience. Fields of up to 1500 
gauss were obtained through the use of suitably shaped 
pole tips. 

Absorption spectra were obtained photographically 
using the 30 000 line per inch grating of a Bausch & 
Lomb Dual Grating Spectrograph. The first order 
reciprocal dispersion in the region of interest was 
approximately 3.4 A/mm. A ribbon filament projection 
lamp was used to provide illumination. Hypersensitized 
I-M spectroscopic plates were used throughout the 
study. Exposure times of from 5-15 min were generally 
sufficient for the samples and optical system used. 

For purposes of obtaining spectra as a function of 
exchange field orientation, the spectrograph slit height 
was reduced, and the sample was rotated relative to 
the saturating magnetic field in small, uniform steps. 
A spectrum was taken at each angular position, the 
plate being racked an appropriate distance between 
spectra. 
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INTERPRETATION OF THE FIELD-FREE 
SPLITTINGS 


Before an interpretation of the. angle-dependent 
spectra can be made, a starting point is required. The 
spectrum obtained with no external magnetic field 
provides an excellent reference point since this spectrum 
is relatively simple and is identical with the spectrum 
obtained from a sample saturated along a [111] 
direction. Our initial attempt to interpret the field-free 
spectrum led to ground state splittings which could not 
be reconciled (in detail) with specific heat data.' A 
second interpretation, compatible with the specific heat 
measurements, has now been established as the correct 
one through information provided by far-infrared 
studies. Some discussion of the factors leading to the 
initial interpretation as well as those leading to the 
final one seems desirable, since out of this discussion 
can come a better understanding of certain phenomena 
encountered in spectroscopic studies of the rare earth 
iron garnets. 

In the presence of a magnetic field along a [111] 
direction, the rare earth ions in a rare earth gallium or 
rare earth aluminum garnet will be equally distributed 
on two sets of magnetically inequivalent sites.* In 
ytterbium iron garnet, with the exchange field oriented 
along a [111] direction (as occurs either when the 
crystal is saturated along a [111] or when there is no 
applied field, since the [111] is the easy direction) the 
same sort of site inequivalence exists. Each ytterbium 
transition originates and terminates on doublet levels 
which are split by the exchange interaction. Thus, for 
each electronic absorption line seen in the spectrum 
of ytterbium in the gallium or aluminum garnet, there 
should be seen in the field-free spectrum of ytterbium 
iron garnet two overlapping groups of lines consisting 
of four components each. 

Figure 2 shows a portion of the field-free spectrum of 
ytterbium iron garnet obtained during the earliest 
experiments. The group of lines shown falls near 
10 300 cm™ and consists of transitions originating in 
the ground-state doublet and terminating in the lowest 
of the J=5/2 doublets. In interpreting this pattern, 
we noted the differences in width of the various lines. 
Assuming the width of a line to be related to the width 
of one (or both) of the terminal levels, we initially 
grouped the diffuse lines together as belonging to one 
site and the sharp lines together as belonging to the 
other site. This grouping, together with liquid helium 
data and polarization data, led to an interpretation? 
which yielded the ground state and excited state 
splittings shown above the spectrum in Fig. 2. Although 
the average ground-state splitting could be fitted to 
specific heat measurements, the two markedly inequiva- 
lent splittings individually could not.! 

8 The site inequivalences can be visualized if a model of the 
garnet structure is examined. They can also be seen directly in 
the paramagnetic resonance data obtained from ytterbium in 
yttrium aluminum and yttrium gallium garnet.®.® 
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In our more recent spectra, all lines appear equally 
sharp, indicating that the original linewidth differences 
were spurious. The elimination of the false linewidth 
clue made possible a the 
spectrum which led to the splittings shown below the 
pattern in Fig. 2. This interpretation is clearly in better 
agreement with the specific heat data. 

The question of interpretation was settled unambigu- 
ously by far infrared data. In experiments performed 
at the University of California, Tinkham and Sievers 
observed at 1.5°K, in ytterbium garnet 
absorption bands at 23.4 and 26.4 cm“, respectively. 
Using the second interpretation of the optical spectrum, 
we have deduced from our recent (best) data at 77°K 
ground-state splittings of 22.1 In 
addition to establishing the second interpretation of the 
optical spectrum as the correct one, the far infrared 
data indicates that the ground state exchange splittings 
are slightly temperature sensitive 1.5° and 
77°K. 

There still exists the question of the differences in 
linewidth seen in the early optical spectra. We now 
believe that our early samples were more strained than 
our recent samples and that as a result the direction of 
the magnetization deviated about the [111] in the 
early samples. If we associate the width of a given 
transition not with the width of the individual terminal 
levels at a fixed orientation of the magnetization but 
rather with the joint behavior of the two levels as the 
orientation the we can 
explain the linewidths observed initially. In the next 
section, we will describe the behavior of the ground 
state and excited state levels. For certain transitions, 
both terminal levels shift in the same direction as the 
magnetization rotates. These transitions appear rela- 
tively sharp even in strained For other 
transitions, the terminal levels diverge or converge as 


second interpretation of 


iron two 


and 25.3 cm 


between 


of magnetization changes, 


samples. 


the magnetization rotates, and these appear broad in 
samples where the magnetization wanders about the 
[111] direction. The effect is indicated schematically 
in the lower half of Fig. 2. 


VARIATION OF EXCHANGE SPLITTING WITH 
EXCHANGE FIELD ORIENTATION 


Figure 3 shows the behavior of the ytterbium spec- 
trum as a function of the orientation of a (110) thin 
section relative to a saturating magnetic field. The fine, 
straight lines on the left side of the figure were caused 
by water vapor absorption in the light path. The 
diffuse absorption behind the water vapor lines belongs 
to the ytterbium spectrum, but the lines are too poorly 


defined to allow much interpretation. 
*M. Tinkham and A. J. Sievers, III (private communication). 
1 The systematic 5% difference between the two sets of data 
would appear to be significant, since the joint error in the two 
experiments should be less than 1 cm~!. The decrease in Myre 
with increasing temperature would account for a 1 or 2% difference 
in the two sets of data. The remaining difference, if real, could be 
the result of a reduction of overlap with increase in lattice constant. 
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The exchange-split components of the 10 300 cm™ 
ytterbium line form the interesting pattern on the right 
side of the spectrum. This pattern is shown enlarged in 
the lower half of the figure. Indicated are the directions 
of the magnetization (and the exchange field) as 
determined by orientation of the sample relative to the 
applied field. 

Using the correct interpretation of the field free or 
[111] spectrum as a starting point, we have unraveled 
the rotational pattern to obtain the exchange splittings 
of both the ground state and excited state doublets as 
a function of exchange field orientation. The deduced 
splittings are shown in Fig. 4. The scatter in the data 
can be attributed largely to the difficulty of making 
good frequency measurements on the absorption lines. 
Some lines fade for certain orientations, and a number 
of lines are incompletely resolved. Since the deduced 
splittings are obtained by taking frequency differences, 
measurement errors may be enhanced. 

There is a distinct topoiogical similarity between the 
ground state exchange splittings and the applied field 
splittings observed in paramagnetic resonance studies 
of ytterbium in the gallium and aluminum garnet.*® 
This fact prompted us to make the trial assumption 
that the exchange splittings of a given doublet might 
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Fic. 2. Portion of an early spectrum of ytterbium iron garnet 
obtained photographically at 77°K with no applied magnetic 
fieli. Two possible interpretations of the pattern are shown, with 
the ground state splittings indicated by the solid brackets. In 
the lower half of the figure is shown a linewidth controlling 
mechanism thought to be operating in the sample from which 
this spectrum was obtained. 
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Fic. 3. Positive print made from a spectrographic plate taken 
using as a sample a thin (110) section of ytterbium iron garnet 
held at 77°K. The sample was rotated stepwise in its own plane 
relative to a saturating (1500 gauss) magnetic field, a spectrum 
being taken at each angular position. For comparison, the three 
electronic transitions of ytterbium (0.5%) in yttrium gallium 
garnet obtained at 77°K are plotted beside the ytterbium iron 
garnet spectrum. 


behave in the same general way as the g tensor of a 
two-level system." That is, assumed that the 
splittings have the form 


we 


AE=[ (AE) 2P+ (AE),?m?+ (AE) 2n? }}, 


where AE, AE,, and AE, are principal values and /, 
m, and n are the direction cosines of the exchange field 
relative to the principal axes of the system. 

For the problem at hand, namely for the ytterbium 
ion in the garnet with the exchange field constrained to 
a (110) plane, there occur at most four inequivalent 
sites, the exchange splittings of a doublet being given by 


(AE), =[ (AE) 2 cos?9+ (AE),? sin’O }}, 


(AF).=[(AE)2 cos’?O+ (AE)? sin’@ }}, 


sink 


co’@ sin?® ~ sin® cosO 
+(ar),( +— 
2 4 


“V2 


cos’’@ sin?@ sin® cos@\ 7! 
+ane(- +—+- ——-) 


2 4 v2 

1! See for example, K. D. Bowers and J. Owen, Reports on 
Progress in Physics (The Physical Society, London, England, 
1955), Vol. 18, p. 316. 
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TABLE I. Principal values of the exchange splittings obtained from the spectrum of Yb** in ytterbium iron garnet and of the effective 
and exchange fields deduced using the g values for Yb** in yttrium gallium garnet 


Principal 
value 


State 


Ground state (lowest J =7/2 doublet) 


Excited state (lowest J =5/2 doublet) 


co’@ sin?® sin® cos0 
+(ae)+( . vere inne ) 


2 4 v2 
co’@ sin?®@ ~~ sin®cosO, }} 
+(ax)2( +—— - —— —)}. 


2 4 v2 


where © is measured from the [100] direction in the 
(110) plane. Similar relationships have been used in 
calculating the paramagnetic resonance curves for the 
ground state. of ytterbium in yttrium gallium and 
yttrium aluminum garnet.” Just as in the paramagnetic 
resonance studies, the principal values can be taken 
directly from data obtained in the (110) plane. 
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Fic. 4. Exchange splittings of the ytterbium ground state 
doublet and of the lowest of the J=5/2 doublets plotted as a 
function of the orientation of the exchange field in the (110) 
plane. (The splittings were deduced from the spectrum shown 
in Fig. 3.) 


2 J. W. Carson (private communication). 
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The principal values used in calculating the exchange 
splittings are listed (in cm~') in Table I and shown in 
Fig. 4. The calculated splittings are indicated by the 
smooth curves in Fig. 4. Although there is some scatter 
in the data, the general agreement of the observed and 
calculated curve is sufficiently good that we are willing 
to accept the calculated curves as a true picture of the 
azimuthal behavior of the exchange splittings. 


CALCULATION OF THE EXCHANGE FIELD 


We have assumed that the ytterbium exchange 
splittings can be written in the same functional form 
(with the same principal axes) as the g tensor of a 
rare earth doublet in the garnets and have demon- 
strated empirically that this assumption is valid. We 
would now like to argue that this result is to be expected 
even if the exchange field is anisotropic, provided only 
that the principal axes of the exchange field coincide 
with those of the g tensor (which is to be expected on 
symmetry grounds). 

We can write for the exchange interaction term in 
the Hamiltonian of the system 


c= — u-H., ff, 


where p=6g’-S’ is the total magnetic moment of the 
ion (g’ being the paramagnetic resonance g tensor for 
the doublet in question and S’ being an effective spin 
of 1/2) and where Hop=—2-Mr. (Hee being an 
anisotropic effective field® written in terms of the net 
magnetization of the iron lattice, Mr., and an aniso- 
tropic Weiss constant, 2). 

Starting with the above relationship, it is easily 
shown that the resultant splitting of the doublet is 
given by 
AE=6My,| (gz’A2t)?+ (g,'A,m)*+ (g./A.n)? }t 

=[ (AE) 2P+ (AE),?m?+ (AE) Zn? }. 


This result, aside from verifying our earlier assump- 
tion, shows that it is possible, given the appropriate g 
tensor, to deduce from the exchange splittings the 


13 The relationship between the effective field (assumed to act 
on the total magnetic moment of the ion) and the exchange field 
(acting on spin only) is discussed by W. P. Wolf and J. H. Van- 
Vleck, Phys. Rev. 118, 1490 (1960). Although the exchange field 
has the greater physical significance, the derivation is presented 
here in terms of the effective field because of the direct analogy 
in this form with the ordinary Zeeman effect. 
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principal values of the effective field itself. There is 
some question about what g tensor to use since there 
are no paramagnetic resonance data on ytterbium in 
ytterbium iron garnet. If we use the ground state g 
values obtained for ytterbium in yttrium gallium 
garnet, we are probably making a small error, yet this 
is the best approximation available." 

The principal values of the effective field have been 
calculated from the g values of ytterbium in yttrium 
gallium garnet. The exchange field is simply related to 
the effective field through the relation™ 


Ax= ey, 2(gs—1) JHeott. 


For the ground state of ytterbium, the Landé g factor 
gz is equal to 8/7, so that the exchange field is four 
times as large as the effective field. The principal 
values of both the exchange field and the effective 
field are given in Table I. 

We have almost no data, other than the exchange 
splittings, for the excited (J=5/2) doublet of ytter- 
bium. It is hoped that the Zeeman studies mentioned 
earlier will provide for this state the equivalent of the 
paramagnetic resonance data now available for the 
ground state. Given such information, we can determine 
whether, for example, the ion in the excited state sees 
the same exchange field as the ion in the ground state. 

Until information about other states, and possibly 
other ions, is available, it would seem premature to 
speculate in detail about the form of the exchange field. 
It is worth noting, however, both the large size and the 
marked anisotropy of the exchange field. Wolf'® has 
suggested that the iron-rare earth exchange interaction 
might show an anisotropy over and above that of the 
g tensor itself, but he speculated that for ytterbium, 
where the ground state g tensor is not very anisotropic, 
the exchange field might also be expected to be fairly 
isotropic. According to our experimental results, the 
exchange field is considerably more anisotropic than 
the g tensor. 


CALCULATION OF MACROSCOPIC PROPERTIES 


Wolf'® has also pointed out that anisotropy in either 
the g tensor or in the exchange field will lead, in general, 
to anisotropy in the net rare earth sublattice magnet- 
aiztion and also to anisotropy in the magnetic contri- 
bution to the energy of the system. Calculations of a 
number of macroscopic properties of ytterbium iron 
garnet have now been carried out.'® These calculations 


‘The paramagnetic resonance studies®:* have shown that the 
g tensor for Yb** in yttrium gallium garnet does not differ greatly 
from that for Yb** in yttrium aluminum garnet even though 
there is a significant difference in the lattice constants of the two 
crystals. Since, on the basis of ion size and lattice constant, 
ytterbium iron garnet is quite similar to yttrium gallium garnet, 
it seems likely that the g tensor of Yb** is quite similar in the 
two crystals. 

‘8 W. P. Wolf, Proc. Phys. Soc. (London) 74, 665 (1959). 

16 J. W. Henderson and R. L. White (private communication). 
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use a single-ion model and are based on the optically 
observed ground state exchange splittings. Since the 
calculations will be described elsewhere, we will note 
only a few features of the results here. 

Most of the properties calculated show significant 
anisotropy. Insofar as experimental checks are avail- 
able, the calculated magnetic and thermal properties 
of ytterbium iron garnet are in good, general agreement 
with experimental data. Only the small, sharp magnetic 
anisotropy anomalies observed at very low temperatures 
by Dillon and Nielsen’? in ferromagnetic resonance 
studies of ytterbium-doped yttrium iron garnet (and 
more recently observed by Teale, Pearson, and Hight'® 
in torque measurements of the same materials) do not 
show up in calculations based on the spectroscopic 
data.” 

The last observation may have special significance. 
The currently accepted explanation for the sharp 
anisotropy anomalies observed in the rare earth doped 
iron garnets involves the crossing or near-crossing of 
rare earth energy levels as a function of exchange field 
orientation.” For the individual ytterbium ions, at 
least, such crossings or near-crossings of the exchange- 
split ground state levels do not occur. The next nearest 
ytterbium levels lie some 500 cm™ above the ground 
state, and even if near-crossings of these excited levels 
were to occur, their populations at 1.5°K should be 
vanishingly small. 
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‘8 Both temperature and concentration extrapolations were 
made in arriving at this conclusion. The anomalies show up only 
at very low temperatures whereas the majority of the spectro- 
scopic data were obtained at 77°K. However, the general agree- 
ment of the field-free splittings obtained optically at 77°K and 
the far infrared data obtained at 1.5°K indicates that the exchange 
splittings are not strongly temperature dependent. We have 
checked the effect of dilution by comparing the total optical 
splitting observed in ytterbium iron garnet with that observed 
for 1% ytterbium in yttrium iron garnet. Although there is a 
decided dependence of the splitting on lattice constant (the total 
splitting decreasing by about 7% with a lattice constant increase 
of about 0.7%) the total change is not large enough to alter the 
conclusion. 

*” C, Kittel, Phys. Rev. 117, 681 (1960). 





PHYSICAL REVIEW VOLUME 


22, NUMBER 5 


Effect of Temperature and Doping on the Reflectivity of Germanium 
in the Fundamental Absorption Region 


MANUEL CARDONA AND H. S. Sommers, JR 
Laboratories RCA Lid., Zurich, Switzerland 
(Received January 6, 1961) 


The 2.1- and 4.4-ev peaks in the reflectivity spectrum of germanium have been studied as a { 
temperature and doping. The temperature coefficient of the 2.1-ev peak is 
K. Large donor concentrations give a decrease in the energy gap at the zone 


4.4-ev peak —1.810™ ev 


unction ol 


—4.210™ ev/°K, that of the 


boundary in the [111] direction which is nearly the same as the shrinkage of the thermal gap. No shift with 


doping of the 4.4-ev peak was detected. The spin-orbit splitting of the valence band at the L,’ 


zone boundary was found to be 0.18 ev. 


I. INTRODUCTION 


HIS paper is concerned with some studies of 
optical transitions involving deep-lying energy 
bands in germanium, as a means of investigating the 
effect of doping and of temperature on the band struc- 
ture. Interest in the problem of the effect of high con- 
centrations of impurities has increased recently, mainly 
as a result of the extensive use of degenerate materials 
in tunnel diodes.’ 

There is evidence accumulating that heavy doping 
does perturb the energy bands of germanium. Cardona 
et al.2 showed that their measured free-carrier polariza- 
bilities gave an effective mass of the electrons which in- 
creased more rapidly with energy than expected from 
the known nonparabolic shape of the conduction band. 
They concluded that this was due to a perturbation of 
the shape of the [111] minimum in the conduction 
band by the donor atoms, the effect became noticeable 
for donor concentrations above 10'*/cm*. 

Pankove has made emission’ and absorption‘ meas- 
urements on heavily doped n-type germanium which 
showed that interesting effects were occurring. Unfor- 
tunately, interpretation of these is difficult because of 
the large free-carrier contribution to the absorption 
spectrum and the unknown role of tunneling in the 
emission study. Some shrinkage of the effective thermal 
gap with doping seems indicated, but its nature and 
size is masked by uncertainties in the analysis of the 
data. 

Studies of tunneling in forward-biased tunnel diodes 
have shown that unexpected effects occur in germanium 
doped to degeneracy. Yajima and Esaki’ found an ex- 
cess current in the forward direction which does not 
seem to be associated with normal tunneling. Longo® 
and Chynoweth’ have reported a similar effect associ- 
ated with the presence of impurity states introduced by 


1L. Esaki, Phys. Rev. 109, 603(L) (1958). 

2M. Cardona, W. Paul, and H. Brooks, Helv. Phys. Acta 33, 
329 (1960). 

3J. I. Pankove, Phys. Rev. Letters 4, 20 (1960). 

4 J. I. Pankove, Phys. Rev. Letters 4, 454 (1960). 

5 T. Yajima and L. Esaki, J. Phys. Soc. Japan 13, 1281 (1958). 

6 T. A. Longo, Bull. Am. Phys. Soc. 5, 160 (1960). 

7A. G. Chynoweth, W. L. Feldmann, and R. A. Logan, private 
communication (to be published). 
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bombardment damage, and they have shown quantita- 
tively that this excess current is associated with tun- 
neling via impurity states in the forbidden region. 

In some studies on minority carrier injection in 
tunnel diodes, Brown’ found that the barrier height for 
minority carrier injection is less than one would predict 
for an unperturbed germanium lattice with the known 
free-carrier concentrations. This can mean either that 
injection occurs to impurity levels in the energy gap, 
perhaps the same ones producing the excess current, 
or that the thermal gap has shrunk drastically with 
doping. 

The usual studies which, with pure materials, have 
been so successful in tracing the bands in the vicinity 
of the thermal gap are not as productive on degenerate 
germanium. As found by Pankove,‘ the optical absorp- 
tion spectra, which for pure material have been decom- 
posed into direct and indirect transitions at the thermal 
gap,’ are seriously perturbed by free carrier absorption 
in degenerate germanium. Oscillatory magnetoabsorp- 
tion measurements on high-purity samples” and the 
exciton spectra," have given very accurate values for 
the direct gap, but are no longer useful with degenerate 
materials because of the broadening of the Landau and 
exciton levels by the impurities. Impurity scattering 
also prevents observation of cyclotron resonance, while 
the large density of free carriers makes it difficult to 
reach the intrinsic range where Hall-effect measure- 
ments give information about the band gap. 

One experiment whose utility is not expected to be 
seriously impaired by high doping is the optical re- 
flectivity. The reflection spectrum of intrinsic german- 
ium has been studied by Philipp and Taft.” They found 
that the reflectivity had a maximum at 2.1 ev and an 
even more pronounced peak at 4.4 ev. From the meas- 
ured reflectivity and the Kramers-Kronig relationship 
between the real and the imaginary part of the dielec- 
tric constant, they calculated the refractive index and 


8G. Brown, private communication (to be published) 


9 G. G. MacFarlane and V. Roberts, Phys. Rev 

”S. Zwerdling, B. Lax, and L. M. Roth, Phys. Rev 
(1957). 

"!G. G. MacFarlane, T. P. McLean, J. E. Quarrington, and V. 
Roberts, Proc Phys Soc. (London) B71, 863 (1958). 

2H. R. Philipp and E. A. Taft, Phys. Rev. 113, 1002 (1959) 


97, 1714 (1955). 
108, 1402 
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-<CT OF TEMPERATURE AND 
the absorption coefficient as a function of photon energy 
between 0 and 10 ev. The calculated absorption coeffi- 
cient showed a sharp edge at 2.1 ev and a maximum at 
4.4 ev. Phillips’ attributed the 2.1-ev absorption edge 
to vertical transitions between the L;’ valence band 
maxima and the 1; conduction band minima because of 
the energy and the intensity of the peak. The absorption 
maximum at 4.4 ev has been tentatively attributed by 
Phillips to transitions between the X,4 valence band and 
the X, conduction band. 

We have measured the temperature and impurity 
dependence of the 2.1- and 4.4-ev peaks in the reflec- 
tivity of germanium. At this high photon energy, the 
free carrier polarizability and absorption are very small 
compared to the interband effects and do not alter the 
position of the reflectivity maxima. Thus, direct ob- 
servation of the effect of high doping on the band struc- 
ture and a comparison of the effect of donors and of 
acceptors can be made. At the same time, we have 
studied the temperature coefficients of these transitions 
and measured the spin-orbit splitting at the zone bound- 
ary for intrinsic germanium. 


Il. METHOD OF MEASUREMENTS 


A. Equipment 


The details of the method and apparatus used for 
the reflectivity measurements have already been de- 


scribed by one of the authors." The sample was placegl 
inside a quartz-window cryostat and evacuated to 
10-° mm Hg. The sample temperature was monitored 


with a copper-constantan thermocouple in direct 
contact. The light source was a Leiss single mono- 
chromator with two different sets of optics. Around the 
2.1-ev peak we used a tungsten lamp, and a flint prism 
with a resolution of 0.005 ev for the 100-u setting of the 
slits. For the 4.4-ev region we changed to a hydrogen arc 
and quartz prism, using a resolution of 0.04 ev with 
500-y slits. 

In spite of the good vacuum, at liquid air tempera- 
ture the sample slowly accumulated a thin film of ice 
and the reflectivity gradually decreased with time. 
Warmed to room temperature, the sample soon returned 
to its original reflectivity. Careful study showed that 
the reduction of the reflectivity by the film did not 
depend on the wavelength over either peak, and its 
presence did not shift the positions of the peaks. 

Since we were not interested in the absolute reflec- 
tivity, we were able to make a first-order correction 
for the film by monitoring the change in reflectivity 
with time for a single reference point which for conven- 
ience we took near the peak. Over an entire run, a typical 
change in the reflectivity at the monitor wavelength 
might be 3%. 


18 J. C. Phillips, J. Phys. Chem. Solids 12, 208 (1960). 
14M, Cardona, Z. Physik 161, 99 (1961). 
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Fic. 1. Measured reflectivity of Ge surfaces (see reference 16). 


B. Sample Preparation 


Slices along the (111) plane were ground and then 
polished on one surface with Linde A-5175 polishing 
compound. The damaged surface layer left by the polish- 
ing was removed by etching in CP4. Unetched samples 
have broadened reflectivity peaks although their posi- 
tions are not changed.'® Proper etching gives a higher 
reflectivity and a narrow reproducible peak. 

We annealed one sample to see if strains might affect 
the spectrum. No significant change in the shape of the 
reflection peaks was observed on a sample doped with 
10'* Ga/cm# following 2 hr of baking at 750°C. 

The free carrier concentration .V was deduced from 
the room temperature Hall coefficient Ry and the 
formula Ry=1/eN, where e is the elementary charge. 
The Hall constant was measured on bars cut from each 
optical sample after the other measurements were 
finished. 


III. RESULTS 


For reference we show Fig. 1, the reflectivity spectrum 
of germanium as measured by Philipp and Taft! 
who covered a sufficiently large energy range to permit 
application of the Kramers-Kronig relations. Our spec- 
trometer was too limited in wavelength for this, and 
we confined our studies to the neighborhood of the two 
reflectivity peaks to determine the effect on them of 
temperature and doping. 

We made an extensive series of measurements on the 
2.1-ev maximum and a lesser set on the 4.4 ev, since the 
lower resolution of our instrument at 4.4 ev reduced 

18 V. S. Vavilov, A. A. Gippius, and U. N. Gorschka, Soviet 
Phys.—Tech. Phys. 2, 230 (1958). 

16M. P. Rimmer and D. L. Dexter, J. Appl. Phys. 31, 775 
(1960). 
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Fic. 2. Reflectivity peaks in a 5-ohm cm Ge sample 
at 85° and 300°K. 


the utility of these studies. Our work covered tempera- 
tures at selected points from liquid air to 460°K, using 
single crystals of germanium doped with As, P, Sb, or 
Ga up to the maximum solubility at which we could grow 
single crystals. 

Figure 2 shows typical peaks as measured on a very 
pure 5-ohm cm sample of germanium at 85° and 300°K. 
Both curves are normalized arbitrarily, for we made no 
attempt to measure the absolute reflectivity. There is no 
disagreement between these curves and Fig. 1, the results 
of Philipp and Taft, the apparent difference arising 
from the fact that we have greatly magnified the scales 
to permit study of the peaks. Notice that the doublet 
structure of the 2.1-ev peak is clearly resolved. From a 
number of measurements on two different high resis- 
tivity samples, we found the value of this splitting for 
pure germanium to be 0.18 ev+10%, in agreement with 
the somewhat less accurate value reported by Tauc.'? 

As the temperature is increased, the peaks shift 
toward lower energy, as one expects from the behavior 
of the thermal gap, and become broader. A similar 
broadening results from heavy doping of the germanium, 
as shown in Fig. 3. With pure germanium, the doublet 
structure is clearly resolved at 80°K; at 200°K a slight 
broadening can be observed, and by 300°K the doublet 
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Fic. 3. Reflectivity peaks in an n-type Ge sample with 
4.7X 10" carriers/cm* at 85° and 300°K. 


17 J. Tauc and E. Antoncik, Phys. Rev. Letters 5, 253 (1960). 
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is just resolvable. With doping of 10'*/cm', there is also 
a slight broadening noticeable at 80°K. It is hardly ob- 
servable at room temperature because of the larger size 
of the thermal broadening. With doping of 4X 10'*/cm', 
the doublet is seldom resolvable even at liquid air 
temperature. 

We have not been able to give a quantitative state- 
ment about the broadening because, lacking a theoreti- 
cal knowledge of the shape of the lines, we cannot 
split the doublet into its two components. Besides, the 
condition of the surface has some effect on the shape 
though not on the position of the peaks. Poor etching 
gives a fictitious broadening, although a well-etched 
sample is reproducible from day to day and through 
successive etchings. On the most heavily doped sample 
(that doped with gallium to give 3.810” holes/cm*), 
the surface never etched to a good mirror finish. This 
sample had a lower reflectivity than the others and 
perhaps an extra broadening from surface effects. 

Figure 3 shows the spectra of an arsenic-doped sample 
with 4.710" electrons/cm’ at 85° and 300°K. Phos- 
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phorous- and gallium-doped samples with this same 
carrier concentration showed no systematic difference 
from the arsenic-doped samples. We also made compari- 
sons between arsenic-, antimony-, and gallium-doped 
samples with 10'* carriers/cm* and found that their 
spectra were indistinguishable. Thus at similar doping, 
our measurements failed to reveal any spectral proper- 
ties associated with the chemical nature of the added 
impurity. 

From these data we deduced the shift of the peaks 
with temperature and with doping. Figure 4 shows the 
position of the reflectivity maxima at temperatures 
from liquid air to 500°K. The most accurate results 
are for the low-energy component of the doublet, since 
the location of this peak remained reasonably well 
defined, even when the less intense higher-energy branch 
was not resolved. We have indicated our estimate of the 
uncertainty in the location of the peak by the vertical 
lines through the lowest and highest temperature points, 
which show how the uncertainty increases with tem- 
perature. The reproducibility 


estimate includes the 
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of the readings plus allowance for systematic error due 
to distortion of the line shape with temperature. 

The lesser member of the doublet was harder to define, 
and the only points available are those cases where it 
was clearly resolved. The 4.4-ev peak retained a good 
shape, but because of the low spectrometer resolution 
we did fewer studies at this energy. Also, as discussed 
in the next section, the physical importance of this 
peak is less obvious than that of the doublet. 

The temperature coefficient of the major component 
of the doublet we find to be —4.2X10~ ev/°K+ 10%. 
The other member of the doublet has the same coeffi- 
cient. It is interesting that the doublet has the same 
temperature coefficient as the thermal gap. 

The 4.4-ev peak has a temperature coefficient of 
—1.8x10~ ev/°K+25%, about half that of the ther- 
mal gap. This difference between the coefficients of 
the two reflectivity maxima seems to lie well outside 
the experimental error and is felt to be significant. 

We have been especially interested in the shift of 
the peaks with doping, shown in Fig. 5, and in par- 
ticular with the problem of whether any systematic 
difference exists between the effects of different im- 
purities. Except for the general impurity broadening, 
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Fic. 5. Dependence on doping of the energy of the 
reflectivity peaks in Ge. 


the effects of doping are small, but certain important 
results can be deduced from this figure. 

1. There is a small but measurable shift of the 2.1-ev 
peak toward lower energy with increasing doping. This 
is best illustrated by the curve on the right, whose 
expanded scale is drawn to include all our donor concen- 
trations. Up to 4X10" electrons/cm’, all the data 
agree with a linear shift with doping. The value of the 
shift in the 2.1-ev peak at 4.0X10"%/cm* is —0.03 
ev+25%. 

2. There is some indication that the shift saturates 
at higher doping. The two points at 6X 10" carriers/cm® 
seem to lie above the extrapolation of the curve through 
the lower concentration points. One of these two points 
at 6X10" is for arsenic doping, the other for gallium. 
We do not know the arsenic content of this sample, for 
above 5X10" electrons/cm* we have found that an 
increasing fraction of the arsenic is un-ionized and that 
the carrier concentration is nearly independent of the 
doping. Hence, this sample may not be representative 
of high-quality germanium. 
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Fic. 6. Energy 
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Brillouin zone in Ge 
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The curve at the lower left, which extends to higher 
doping to cover the gallium crystals, has little further 
shift for higher concentration of holes. We cannot defi- 
nitely state, however, whether there is a true saturation 
of the shift with doping or whether the gallium merely 
gives slightly less shift than the arsenic. Studies with 
gallium doping in the range just below 4X 10" holes/cm* 
are needed to clarify this point. 

3. We have not demonstrated a shift with doping of 
the 4.4-ev peak. The limited data suggest that the shift 
is no larger than for the 2.1-ev peak. 

4, The result that the donors and acceptors produce 
essentially the same shift of the reflectivity peaks does 
not mean that the perturbation of the lattice is the 
same for both. As discussed in the next section, it may 
actually imply a considerable difference between the 
two types of impurities. 


IV. INTERPRETATION AND CONCLUSIONS 
A. Origin of the Reflectivity Peaks 


Philipp and Taft showed that the reflectivity peak 
at 2.1 ev indicated the existence of an absorption edge 
at this energy. Phillips" attributed this edge to transi- 
tions between the Z;’ valence band maximum and the 
L, conduction band minimum (Fig. 6), because of the 
correlation with the calculated value of the energy 
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Fic. 7. Real and imagi- 
nary parts of the dielectric 
constant in Ge. 
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difference between those extrema'* and with the esti- 
mated absorption coefficient for the corresponding opti- 
cal transitions. A 2-ev energy gap between the 1; and 
L;’ extrema is also required by the experimental ef- 
fective g factor for the electrons at the L; conduction 
band minimum, as shown by Roth and Lax." 

Figure 7 shows the real (€) and the imaginary (e’) 
parts of the dielectric constant as a function of photon 
energy which we derived from Philipp and Taft’s data. 
It is easy to observe that the 2.1-ev reflectivity peak 
corresponds to a maximum in the real part of the di- 
electric constant, while the 4.4-ev peak corresponds to 
a maximum in the imaginary part. 

Korovin™ calculated the spectral dependence of the 
dielectric constant produced by allowed and by for- 
bidden transitions between parabolic bands. With his 
results, which should be valid near an absorption edge, 
it is easy to show that the real part of the dielectric 
constant has a maximum precisely at the band edge. 
This means that the energy of the reflectivity maximum 
gives directly the energy difference (E.—£,’) without 
the arbitrariness associated with the determinations 
of an energy gap from an absorption edge. This is true 
even for heavily doped material, since at the high 
photon energies involved in the measurements the 
free carrier absorption does not significantly contribute 
to the reflectivity. Furthermore, one sees from this re- 
sult that the doublet structure of the 2.1-ev peak must 
originate in a splitting of one of the bands. This splitting, 
which we find to be 0.18+10%, agrees well with the 
value of 0.2 ev estimated for the spin-orbit splitting of 
L;'.%122 Tt seems, therefore, reasonable to attribute 
this doublet to transitions from each one of the bands 
into which the L;’ edge is split by spin-orbit interaction 
to the Z; conduction band minimum. The doublet 
structure of the reflectivity peak has also been observed 
for GaAs, GaSb, InAs, InSb, and InP.":!7.23 In all these 
materials, a similar interpretation in terms of the spin- 
orbit splitting is possible. 

The 4.4-ev reflectivity peak, which corresponds to a 
maximum in the imaginary part of the dielectric con- 
stant, is probably due to a maximum in the combined 
density of states for all the transitions. This maximum 
will occur for transitions between states near the middle 
of both the initial and the final bands. The maximum 
in the real part of the dielectric constant at 3 ev could 
be due to extrema of the bands which produce the 4.4-ev 
reflectivity peak if these are other than L; and L;’. A 
closer identification of these bands has not been possible. 


18 F. Herman, Physica 20, 801 (1954). 

19 L. M. Roth and B. Lax, Phys. Rev. Letters 3, 217 (1959). 

2” L. I. Korovin, Soviet Phys.—Solid State 1, 1202 (1969). 

21 The spin-orbit splitting at Z,’ should be roughly } of the 
I'2s5’ spin-orbit splitting because the 1,’ state is doubly degenerate 
while the I'2;’ state is triply degenerate. 

” The doublet structure has been independently observed and 
similarly interpreted by Tauc and Antoncik (see reference 17) 

%M. Cardona, J. Appl. Phys. 32, 958 (1961). 
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B. Effect of Temperature 


The temperature coefficient found for the L;’—L, 
gap, —4.2X10~ ev °"K+10%, is the same as that of 
the thermal gap and of the direct absorption edge." 
It is noteworthy that gaps of such different energies 
should have the same temperature coefficient. The ther- 
mal gap in silicon also has this temperature coefficient.” 
This behavior is in contrast to the pressure coefficients 
of the various gaps which differ widely.” 

We find that the spin-orbit splitting is temperature 
independent, in agreement with the observations tha 
the spin-orbit splitting at Iss’ is independent of tem- 
perature*® and pressure.’ 

The smaller temperature coefficient of the 4.4-ev 
peak is in qualitative agreement with our previous 
conclusion that this peak is due to transitions between 
states near the center of both bands. Here one would 
expect the perturbation of the energy due to the phonons 
to be very small, since in second-order perturbation 
theory the contribution from tl 
states tends to compensate that due to the lower states. 
The remaining temperature coefficient would be that 
due to thermal expansion, which 
the total temperature effect at a band edg¢ 


ie higher intermediary 
is always smaller than 


C. Effect of Doping 


One of the most interesting results, and one subject 
to the most difficulty in interpretation, is that the 
2.1-ev peak in reflectivity shifts to lower energy by 
0.03 ev for material doped to give 4X 10" 


cm*, either electrons or holes. This shift, 


free carriers 
though small, 
implies a considerable. perturbation of the absorption 
edge and a large asymmetry between donors and 
acceptors. 

The identification of this re 
transition L;’—Z, means that the transition is from 
an extremum of the to the absolute 
minimum of the conduction band, Fig. 6. This gives an 
asymmetry between the reflection spectrum with added 
donors and that with added acceptors, which originates 
in the location of the free 
nature of the interaction of the impurities with the 
lattice, and adds some difficulties in the deduction of 
the changes in band separation. 

As pointed out by Burstein 
absorption spectrum of degenerate InSb, absorption of 
a photon of energy corresponding to the absorption 
edge in n-type InSb will leave the electron at the Fermi 
level, which is well above the band edge. A similar Bur- 
stein shift should occur with the 2.1-ev reflectivity peak 
in n-type germanium, as can be seen from Fig. 6. Hence, 


flectivity peak with the 


valence band 


carriers rather than in the 


in connection with the 


*4W. Dash and R. Newman, Phys. Rev. 99, 1151, (1955) 


2° W. Paul, J. Phys. Chem. Solids 8, 196 (1959) 
26 A. H. Kahn, Phys. Rev. 97, 1647 (1955 

27—D. M. Warschauer and W. Paul 
28 EF. Burstein, Phys. Rev. 93, 632 


private communication) 


(1954 
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Pas_e I. Energy changes due to doping. (A is the change from 
pure germanium. The other symbols are defined in Fig. 6.) 


3 <10'9 As/cm? 
3x10" As/cm? 
2 X10” Ga/cm? 


0.12 ev 


A(Ec — Ex) = - 
= —0.08 ev 


A(Ec — Ev’) +6 = 


for n-type germanium the energy of the peak exceeds 
the band gap energy by the Burstein shift. 

For p-type germanium, however, the shift of the 
energy of the peak with doping is precisely the change 
in the energy difference 1;—L;’. Here no Burstein 
shift occurs because the Fermi level is between the two 
extrema involved in the transitions. Our data with 
gallium doping give immediately the change of bandgap 
due to large concentrations of acceptors. We find that 
the L;’—L, bandgap decreases by 0.03 ev for german- 
ium doped to 3.8X 10” holes/cm*. 

The possibility of a reduction in the thermal gap 
with heavy doping has been investigated by a number 
of authors, Stern and Talley” and Aigrain and des 
Cloizeaux® have suggested that in n-type InSb the 
experimental value of the Burstein shift is too small, 
being reduced by a band narrowing due to the doping. 
However, if the Burstein shift is calculated using the 
average effective mass appropriate to the density of 
states, one finds there is no longer a need to postulate 
a shrinkage of the thermal gap.*' Stern and Talley also 
suggest that n-type InAs has too low a value of the 
Burstein shift, but again there is not solid evidence for 
this. The published data on the shift of the absorption 
edge of InAs with donor concentration” has considerable 
uncertainty because of the distortion of the edge and 
the presence of free carrier absorption. It is not certain 
whether the Burstein shift alone accounts for the dis- 
placement of the edge. The same difficulties were en- 
countered by Pankove' with degenerate n-type 
germanium. 

Stern and Dixon® have measured the absorption edge 
of compensated InAs with 5X10'* impurities/cm* but 
only 9X10" free electrons. They report that for this 
sample, which has no Burstein effect because of the 
good compensation, the thermal gap is decreased by 
0.07 ev. Their theoretical calculation, based on a model 
describing the impurities as an interpenetrating lattice 
of metallic hydrogen, agrees well with this value. Since 
their gap shrinkage is independent of the effective mass, 
one can scale the value to -type germanium by cor- 
recting for the dielectric constant ; it predicts a lowering 
of the conduction band minimum by about 0.075 ev 
for 4X10" donors/cm*. The results of Brown® indicate 
that this estimate is somewhat small (see Table I). 
Their model gives no change for the reflectivity peak of 
p-type germanium since the effect of acceptors would be 


2 F. Stern and R. M. Talley, Phys. Rev. 100, 1638 (1955). 

* P. Aigrain and J. des Cloizeaux, Compt. rend. 241, 849 (1955). 
31 G. W. Gobeli and H. Y. Fan, Phys. Rev. 119, 613 (1960). 

# F. Stern and J. R. Dixon, J. Appl. Phys. 30, 268 (1959). 
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to introduce additional states at the top of the valence 
band which is not involved in the transition causing the 
peak. 

One can make a simple perturbation theory argument 
which shows that the effect of donors should be greater 
than that of acceptors. The first-order perturbation 
produced by the screened Coulomb potentials of the 
donor ions on the conduction- and valence-band edges 
will give a lowering of both edges. Because of the s-like 
nature of the conduction band wave functions, the 
perturbation of the conduction band should be larger 
than that of the valence band, and a net decrease in 
energy gap will result from the difference of both per- 
turbations. The second-order perturbation on the con- 
duction-band edge through the higher lying conduction- 
band states will lower the band edge, but the valence- 
band edge will be raised. Therefore, for donors the 
second-order perturbation will enhance the bandgap 
shrinkage of the first-order perturbation. The argument 
applied to acceptor centers gives a smaller net effect. 
Now the first-order perturbation increases the gap be- 
cause of the reversal in the sign of the perturbing 
potential, while the second-order perturbation, which 
keeps its sign, subtracts from the effect of the first-order 
perturbation. 

In the n-type germanium, we must correct for the 
Burstein shift before we can deduce the change in the 
bands. There is some uncertainty as to the effective 
mass to use in calculating the position of the Fermi 
level because of the difference between the density-of- 
states effective mass for the unperturbed band and the 
optical mass found by Cardona for degenerate german- 
ium.2 Besides this, we do not know how far below E,’ 
(Fig. 6) the carriers involved in the reflectivity origi- 
nate. If crystal momentum is conserved, the carriers 
in the valence band must have the same momentum as 
the electrons at the Fermi level. This will make the 
Burstein shift exceed that due to the penetration of the 
Fermi level into the conduction band by an energy 6. 

We can partially avoid these uncertainties by combin- 
ing our results with those of Brown® who measured the 
energy (E,—£,) from the forward characteristic of 
tunnel diodes. At liquid air temperatures he found this 
to be 0.689 ev for germanium with 3X10" As/cm‘, 
appreciably smaller than 0.747 ev for the thermal gap 
of intrinsic germanium." 


Table I shows the energy shifts of the various gaps 
from their values for pure germanium obtained from 
the combined results of Brown and ourselves. The shifts 
shown in column 2 involve no assumption about the 
Burstein effect. 


These results are consistent with our perturbation- 
theory argument about the behaviour of the bands under 
doping. The biggest effect is the displacement of the 
conduction-band minimum by the donors, which ac- 
counts for most of the decrease of the thermal gap 
reported by Brown. 
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Any additional change due to shift of #, relative to 
E,’ should be small, as already discussed. We also 
expect 6 to be small because the effective mass at £,’ 
should be no smaller than that at £,. Thus we can ac- 
count for the smallness of the shift of (£,—£,’+6) 
with doping. 

In the last column we have included an estimate of 
the Burstein shift to give a better comparison of the 
effects of donors and acceptors. Based on the effective 
mass of pure germanium, we expect the Fermi level to 
be 0.06 ev above the conduction-band edge for 3 10" 
As/cm*. This gives a thermal gap shrinkage of 0.12 ev 
for the arsenic-doped sample which greatly exceeds 
the total change A(Z.—E£,’) for p-type germanium 
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with 2X10” Ga/cm* in agreement with the perturba 
tion theory argument. 

Note added in proof. A slight error has been found in 
the origin of the energy scales for the 4.4-ev peak in 
Figs. 2 and 3. The scales should be shifted by the amount 
required to bring the maxima to the energy values given 
in Fig. 5. 
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The defect structure of undeformed, single-crystal, Norton MgO has been examined by 
the electron microscope. It is observed that precipitate particles in the form of 0.2-~ diam spheres and 


transmission 


short 


rods are present in large numbers on as-grown dislocations. By using special etching and optical techniqu 


which are described, the concentration of the precipitate spheres is shown to average 10° “‘b: 


1.99 
ulls 


cK 


range from 10’ to 10" “balls”’/cc) for a large number of samples examined. Qualitative evidence is pres¢ 


r 


which indicates that these precipitates are the origin of Tyndall scattering frequently observed in MgO 


AY and Kronberg,' on the basis of experiments 

concerned with the temperature dependence of 
the yield stress of Norton Company MgO, have con- 
cluded that the material contains precipitate particles 
which give rise to prominent macroscopic effects on the 
mechanical properties of the crystals. The purpose of 
this paper is to present direct microscopic evidence of 
the existence of many such particles. 

The defect structure of undeformed MgO has been 
examined by transmission in the electron microscope. 
Samples obtained from the Norton Company have been 
shaped in the form of 0.010-in. thick slabs by rapid 
cleaving (to introduce a minimum of fresh dislocations) 
and then chemically thinned by a method similar to that 
of Washburn ef al.? with a jet stream of hot phosphoric 
acid. Examination in the electron microscope of a large 
number of samples prepared in this manner has shown 
that grown-in dislocations invariably take the form 
shown in Fig. 1. The dislocation does not appear as a 
smooth line, but rather is seen to be bogged down with 
precipitate particles in the form of rods and spheres 


+ This work was performed under the auspices of Advanced 
Research Projects Agency and Army Rocket and Guided Missile 
Agency. 

1 J. E. May and M. L. Kronberg, J. Am. Ceram. Soc. 43, 525 
(1960). 

2 J. Washburn, G. W. Groves, A. Kelly, and G. K. Williamson, 
Phil Mag. 5, 991 (1960). 


arranged in a “ball and chain” configuration. The 
“balls,” which range in size from 0.1 to 0.3 uw in diameter 
occur rather evenly spaced along the dislocation at 
intervals of ~1 yu. The “‘balls” 
be joined with an otherwise undecorated dislocation ; 
however, it is also found that rodlike precipitates, which 
have the dislocation as their axis, occur on the disloca- 
tion between the ‘‘balls.”” They are usually <500A in 
diameter and between 0.2 and 0.8 uw long In addition to 
isolated dislocations, several very low-aryle boundaries 
have been examined and reveal the same structure, i.e., 
the dislocations which make up the boundary are 
weighted down with “ball and chain” precipitates. 


may, in some instances, 


Fic. 1. Electron micrograph of grown-in dislocation in MgO 
showing precipitates distributed along its length (10 000). 
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x 


PRECIPITATES 


DISLOCATION 


Fic, 2. Three precipitate particles and the dislocation upon 
which they have condensed are shown in this electron micrograph 
(X75 000). Surrounding one of the particles is a large dark area, 
an etch figure, which, by the nature of the contrast, is believed to 
be a “hillock” (not a pit). These ‘‘hillocks,” which average ~1 u 
in size, may also be seen in the optical microscope at high 
magnification. Line drawing of photograph included for clarity. 


Associated with some of the spherical precipitates are 
small etch figures which are formed during the thinning 
operation. One of these may be seen in Fig. 2 as a dark 
square surrounding one of three precipitates on the dislo- 
cation that runs from the front to back surface of the sam- 
ple. Since the image of the figure is dark (on a positive 
print), it is believed to be an “‘etch hillock” (not a pit), 
somewhat reminiscent of those observed in Ge by Allen 
and Smith* with the reflection electron microscope and 
in Fe by van Wijk and van Dijck‘ using surface replica- 
tion. The “‘hillocks” are usually of the order of 1 u across 
and so are just visible in the optical microscope. A study 
of the distribution of these “hillocks” with the optical 
microscope has revealed that dislocations which run 
parallel with and very close to the etched surface may 
be delineated, since each of the precipitates along its 
length produces a “hillock.” It has also been noticed 
that the ‘“hillocks” are present in large numbers at 
known grain boundaries, consistent with the electron 
microscope observations mentioned above. 

When a sample is not jet-etched, but simply etched by 
immersion in phosphoric acid at ~ 130°C, the “hillocks”’ 
are no longer formed. Nevertheless, it is still possible 
to detect the presence of precipitates optically, since 
those which break the surface may be seen as tiny points 


3 J. W. Allen and K. C. Smith, J. Electronics 1, 439 (1956). 
‘F. van Wijk and J. van Dijck, Acta Met. 4, 659 (1956). 
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of light when examined at high magnification with 
dark-field illumination. That these points of light corre- 
spond to precipitates has been inferred from the simi- 
larity of their distribution with that of the “hillocks.” 
Furthermore, examination in the electron microscope 
of surface replicas of immersion-etched samples has re- 
vealed many protuberances which are the same size and 
shape as the precipitate particles shown in the accom- 
panying figures. 

In as-grown MgO there are approximately 10° cm 
of dislocation/cc which, our observations show, con- 
tain ~10* precipitates/em of length so that alto- 
gether there are 10° particles/cc existing in the form 
of precipitates on dislocations. The concentration of 
particles determined by counting the points of light on 
an etched surface average about 10°/cc (but range from 
10’ to 10"°/cc) in good agreement with the calculated 
number. It is concluded, therefore, that the technique 
provides a valid means of studying the precipitate con- 
centration and distribution in MgO. It must be empha- 
sized that these are order-of-magnitude figures and are 
not meant to imply that all precipitates form on dis- 
locations. Indeed, isolated precipitates have been ob- 
served in the electron microscope, but no attempt has 
been made to determine their relative abundance since 
it is never clear that they were not at some time 
associated with a dislocation. 

When a strong beam of light is passed through Norton 
MgO, it is observed that some samples exhibit Tyndall 
scattering, an effect which is produced when light is 
scattered from particles or voids small compared with 
the wavelength of light. Although this effect has been 
observed in MgO by many workers in the field, it has 
never (to the author’s knowledge) been established 
whether the scattering is due to small cavities such as 
vacancy clusters, for instance, or to precipitates. By 
using the counting technique described above, we have 
established that samples with a high precipitate concen- 
tration always exhibit pronounced Tyndall scattering 
and those with low concentration show decidedly less 
scattering. This qualitative correlation suggests that the 
scattering is due to precipitates but this cannot be put 
on a more quantitative basis until the composition of 
the precipitate particles is known. This is so because 
the intensity of Tyndall scattering is a function of the 
relative index of refraction between the matrix and the 
scattering centers. 

It has been impossible thus far to obtain a selected- 
area diffraction pattern of the precipitates due to their 
small size and their opacity to electrons so that the 
identification of the precipitate material is as yet un- 
determined ; however, work is continuing on this phase 
of the problem. 
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The paramagnetic resonance spectra of Nd** and U** 
In the case of Nd** transitions within the lowest quartet I's® and possibly in the next 
have been observed. The angular behavior conforms with that predicted by Bleaney’s 


at 3 cm at 20°K 
higher quartet I's 


in the cubic field of CaF» have been investigated 


formulism of the spin Hamiltonian of a I's state. In the case of U** there are considerable deviations of the 
experimental g values from the calculated ones. It is suggested that these deviations are caused by the 


stronger cubic field 


The efficiency of the thermal conversion from axial to cubic site is discussed. Additional lines suggest 


a new axial center along the [111] direction. 


I. INTRODUCTION 


N this paper we present the results of an investigation 

of the paramagnetic resonance spectra of trivalent 
neodymium and trivalent uranium ions in the cubic 
sites of single crystals of calcium fluoride. Spectra of 
these ions in an axial site have been reported briefly by 
Bleaney ef al.'! The cubic field spectra of the f* system 
are of particular interest in that they can be used as a 
check on the recently proposed spin Hamiltonian of a 
I's state.” 

Single crystals of calcium flouride showing the cubic- 
site spectra of neodymium were grown by the Stock- 
barger process as reported by Dvir and Low.* The 
erystals containing uranium and neodymium were ob- 
tained from R. W. H. Stevenson of the University of 
Aberdeen. These showed axial-site spectra exclusively. 

All measurements reported here were made at 20°K 
and 3-cm wavelength. 


Il. SPECTRUM OF NEODYMIUM IN A 
CUBIC SITE 


In a cubic field the ground state of the f* configuration 
(*79/2) is split into two I's quartets and one I’, doublet. 
Neglecting nuclear effects, the Hamiltonian for the 
problem is given by 


Ke = gB(J . H )+ B 4" )s a By i+ Be de + Bet J", { 1 ) 
where O,,™ are operators having the same transformation 
properties as the corresponding spherical harmonics. 
B,™ are crystal field coefficients which can be determined 
from paramagnetic resonance or optical absorption 
spectra. In the cubic field case the relation 
BYOP+BYO'+Be0e+ Bie 

B&(Oe T 50¢)+ Be! (Og? — 210¢') 
holds. 

* Supported in part by the U. S. Office of Scientific Research, 
Air Research and Development Command, through its European 
Office. 
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'B. Bleaney, P. M. Llewellyn, and D. A. Jones, Proc. Phys. 
Soc. (London) 69, 858 (1956). 

2 B. Bleaney, Proc. Phys. Soc. (London) 73, 939 (1959). 

3M. Dvir and W. Low, Proc. Phys. Soc. (London) 75, 136 
(1960). 


Evaluation of the matrices using Stevens’ 
techniques’ yields the following energy levels: 


operator 


Ig: 28c—182.5d, 
Ms :12.18¢+151.0d, 


I's’: — 26.18¢—59.5d, 
where c and d refer to the fourth- and sixth-order con- 
tribution of the crystal field potential, respectively. 

For a point-charge model of an eight-coordinated 


CaF». crystal, these can be calculated explic itly to be 
3) (Zerce? R 
d 50(Z, fre" R' ¥9 


( (50 


2 and y9/2 are multiplicative factors® and Ze; 


is the effective charge. 


where By /2 


For all values of c and d the lowest energy is given by 
r;®. The predicted transitions and relative intensity 
within the two quartets along the | 100 
given in Table I. 

The angular dependence as well as the 
probabilities can be calculated using Bleaney’s for- 
malism of the spin Hamiltonian of a I’, state? (provided 
the cubic field splitting is larger than the Zeeman 
energy): 


directions are 


transition 


KH= g8(H.S.+H,S,+H.S.) 


+ {8(H WS 2+H,S3+H,S.2), (4) 
where f and g are constants related to A, the Lande g 
factor. 

The angular dependence of the energy levels of the 
quartet can be expressed in terms of the parameters 


f and g and the direction cosines /, m, n as 


(W /BH)?= 3 (52+382) 
+7{7?+ 460 9(4-+ m'+n')—3]}4, (5) 


where y= g+ (7/4) f, and &= f(g+5//2 


4K. W. H. Stevens, Proc. Phys. Soc. (London) 65, 209 (1952); 
see also W. Low, Paramagnetic Resonance in Solids (Academic 
Press, Inc., New York, 1960), Tables VII(a) and (b) and Tables 
IX (a) and (b). 


5 W. Low, Proc. Phys. Soc. (London) 75, 136 (1960), Table X. 
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PARAMAGNETIC 


RESONANCE 


SPECTRA OF IONS 


TaBLe I. Predicted transition within the I's quartet along the [100] direction. 


g value 


0.8722| —$)—0.4892| +3 


1.63 
0.789 
4.05 


0.8722| — 
0.8722| +$ 
0.05410 


—0.4892| +3) 
)—0.4892 | 3 
+-9/2)—0.2981 


5 
2 
5 
2 


The transition probability is easily calculated from 
(WV; | gS.+ fS,*|W,;)|?, with 7 and 7 taking the values 
1, 2, 3, 4 of the four eigenvectors VW corresponding to 
the solution of matrix (4). 

Investigation of the cubic field spectrum is compli- 
cated by the presence of the axial field spectra with the 
many hyperfine levels of the two odd isotopes of 
neodymium. We have observed two lines along the 
[100 | direction, one at g=2.26+0.02 and a less intense 
line at g=1.10+0.05. Both these lines showed an aniso- 
tropic angular dependence. 

Along the [110] direction, lines were predicted at 
g=1.46, 1.70, 4.85, and 3.16 with relative intensities 
in the ratio of 2.02:1.43:0.047:0.0024, respectively. 
A line was detected along this direction with g=1.45 
+0.01 and approximate full width at half maximum of 
75 gauss. An overlapping weak shoulder observed on 
the low-field end of this line could be identified with the 
predicted line at g=1.70 and has the approximate g 
value (allowing for overlap) of 1.6. 

The angular variation of the transition corresponding 
to the g value 2.26 along the [100] direction is given in 
Table II. 

The detection of lines associated with the higher 
energy quartet I’;“? and doublet is complicated because 
of the many hyperfine lines from the axial spectrum. 
Values of g were calculated for the higher energy 
quartet along various directions. Along the [111] 
direction, no axial neodymium lines should interfere 
with the predicted line at g=1.63. A very weak and 
wide line was observed along this axis at g=1.55+0.03, 
which we tentatively attribute to the T° quartet. 
No line was observed which could be identified with 
the I's doublet for which an isotropic line with g=8/3 
is predicted. 

Approximately 20% of the trivalent neodymium in 
the crystal investigated was in a cubic site. 

The optical spectrum of these crystals is now being 
investigated by one of us (W.L.) at liquid helium 
temperatures. Preliminary results show differences in 
the linewidth between the two crystals. The well-an- 
nealed crystal of Nd containing only axial sites has 
much sharper optical absorption lines. 


; — 0.8722| + 3)—0.4892| —3 
0.8722 | +.$)—0.4892| #3 — 0.05410| #9/2)—0.2981 | =4)+0.9530| +3 4.4 
0.05410 | +9/2)—0.2981 | +-4)+-0.9530 


Relative 
Transition intensity 


2.0 


-$) — 0.05410| —9/2)—0.2981 | —4)+0.9530| +3 0.075 


— 0.8722| +§$)—0.4892| —3 1.1 
~+ 0.05410 | =9/2)—0.2981 4 +-0.9530 +3 
+4)+0.9530 


2.02 
0.044 


-}) + 0.05410| —9/2)—0.2981 | — })+0.9530| +3) 


Ill. SPECTRUM OF URANIUM IN A CUBIC SITE 


In a heat-treated crystal of uranium, two extremely 
weak lines were observed along the [110] direction 
which can be associated with cubic sites. The g values 
are 1.57 and 1.62, and the relative intensities are about 
1.5:1. The line width taken between points of maximum 
slope is approximately 50 gauss for both lines. 

For a pure ‘/y,/2 ground state of uranium, the calcu- 
lated g values are the same as for neodymium. The above 
values should be compared with the predicted g values 
of g=1.46 and g=1.70 with calculated relative in- 
tensities of 1.4:1. The angular variation of these lines 
was observed in the (001) plane. Both lines move down 
in field when the angle is varied from the [110] direction 
towards the [100] direction. The angular variation of 
the g=1.57 line is in semiquantitative agreement with 
the predicted variation; however, the g=1.62 line is 
predicted to move up in field. We are, therefore, not 
certain regarding the origin of the g= 1.62 line. 

The discrepancy between the calculated and observed 
g factors could arise from the partial breakdown of 
Bleaney’s spin Hamiltonian for the case when the spin- 
orbit coupling is of the same order as the cubic field 
splitting. The increased cubic field splitting is expected 
for 5/ electrons which are not as well shielded and take 
part in the chemical bonding. Evidence for the greater 
extension of the wavefunction is found by observation 
of the fluorine hyperfine structure in the axial spectrum 
in this crystal. The optical spectrum, moreover, shows 
linewidths more than 20 times the width of the 
neodymium spectrum even at liquid helium tempera- 
tures, indicative of stronger interactions with the sur- 
rounding lattice. 

The longer relaxation times of the U** spectrum as 
compared with the Nd** spectrum is further evidence 


TABLE IT. Angular variation of the 0.8772| —$)—0.4892| +3) —- 
0.8722| +$)—0.4892| —%) transition in the I's® quartet. 


g experimental 

Angle g calculated +0.02 
0° 
10° 
30° 


45° 
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of larger crystal field splittings in the U** case. An addi- 
tional influence, but probably of smaller magnitude, 
is the breakdown of Russell-Saunders coupling which 
is expected to be larger for uranium. 


IV. THERMAL TREATMENT OF CRYSTALS 


Several attempts were made to convert the neodym- 
ium and uranium crystals from axial into cubic sites by 
the use of the thermal method of Friedman and Low.*® 
In the case of neodymium, no spectral lines arising from 
cubic sites were detected, thus indicating a maximum 
limit of the conversion of 10%. Extended heating at 
1200°C, as well as reduction of the quenching time to 
5 min produced no discernible effects. 

Application of the same method to uranium crystals 
resulted in a loss of the characteristic red color of triva- 
lent uranium and the production of either opaque or 
transparent colorless crystals. Use of a quartz container 
instead of the graphite crucible® led to no significant 
change in results. No trace of the axial resonance lines 
was observed, nor were any new lines detected. Ap- 
parently a valence transformation had been effected. 
The fact that no new resonances are observed from 
the resultant valence state finds confirmation in the 
investigations of Llewellyn’ who heat-treated a crystal 
of CaF,:U* in a reducing atmosphere (H2) and ob- 
served a loss of red color and presumably the conversion 
to divalent uranium. No resonance was observed. 

The time of heat treatment was shortened to a few 
hours and the temperature decreased to 1000°C in 
order to preserve the trivalent uranium. Both of these 
modifications should result in a reduced efficiency of 
conversion. In a crystal heated for 2 hr at 1000°C and 
quenched in 5 min, about 3% of the uranium was con- 
verted to a cubic site.® 


6 E. Friedman and W. Low, J. Chem. Phys. 33, 1275 (1960). 

7P. M. Llewellyn, thesis, Oxford University, Cambridge, 
England, 1956. 

§In one particular crystal the conversion efficiency was unac 
countably much higher. Unfortunately, on repeating the procedure 
on the same crystal the valence was changed. 
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In a nonheated crystal no cubic lines were observed, 
and the upper limit of uranium in a cubic site was }%. 

In view of these experiments we tentatively propose 
that there is a great difference in conversion efficiency 
between S-state and non-S-state ions. Further, in the 
case of non-S-state ions, it is probably the rate of 
lowering through the thermal gradient and not the an- 
nealing process which is predominant in determining 
the point symmetry. It has been previously suggested 
that S-state ions,. because of the symmetric charge 
distribution, tend to preserve the cubic point symmetry.* 
These experiments seem to give some additional support 
for this suggestion. 


V. ADDITIONAL AXIAL SPECTRA IN 
THE Nd** CRYSTAL 


In a crystal of Nd containing predominantly axial 
sites, a number of weak lines were observed with 
angular variation differing from those associated with 
the cubic site and the previously investigated axial 
site. The angular variation indicates that these lines 
arise from Nd in a new axial site. The site proposed is 
one in which the excess F~ ion occupies the position 
at the center of the cube of fluorine ions sharing a corner 
with the cube containing the Nd ion. Although such a 
F~- ion is V3 times the distance from the rare-earth ion, 
as in the usual axial site (along the cubic axes), there 
are $ as many possible positions. A detailed analysis 
in the Nd case is made difficult by the presence of the 
48 hyperfine lines of the usual axial field spectrum. The 
trivalent cerium and gadolinium ions are more promising 
cases of investigation, and in both crystals a number of 
weak anisotropic lines in the spectrum have been re- 
ported previously.*:° 
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The thermal conductivity of supposedly pure NaCl crystals 
from several sources was found to vary by as much as two orders 
of magnitude at low temperatures. The conductivity of Harshaw 
crystals was particularly low. This effect was quantitatively re- 
lated to the presence of an ultraviolet absorption band at 185 my 
known to be caused by oxygen-containing anionic impurities. 
Both phenomena were considerably reduced by treatment of the 
crystals in chlorine vapor at high temperatures; conversely both 
were enhanced by growing crystals from melts doped with NaOH, 
NaOD, and NazOve. There was little evidence, however, that the 
dopants appeared in these forms in the crystals. Infrared measure- 


I. INTRODUCTION 


HIS paper describes experimental observations of 

phonon scattering in certain NaCl crystals that 

have small amounts of oxygen-containing anionic im- 

purities. The scattering processes were studied by meas- 
uring the low-temperature thermal conductivity. 

In an insulating crystal, the heat current is carried 
by phonons and is limited by the scattering processes 
that these excitations undergo. For a finite, but other- 
wise perfect, crystal only two types of processes con- 
tribute to the thermal resistance: three-phonon um- 
klapp scattering! and scattering by the crystal bound- 
ary.2 The resulting thermal conductivity can be calcu- 
lated by applying a generalization of a formula derived 
from kinetic theory**: 


(1) 


K= fi "(q)v(q)A(q)d¥q, 


where g represents the phonon wave vector (and polari- 
zation index), C(q) is the heat capacity per unit volume 
per normal mode, v(q) is the group velocity of mode g, 
and A(q) is the mean free path for this mode. The inte- 
gration is taken over the first Brillouin zone. At low 
temperatures the mean free path equals the dimension 
of the crystal, since umklapp processes are energetically 
impossible; thus, the conductivity of an ideal crystal 
increases at 7*, proportional to the heat capacity. At 
higher temperatures, the umklapp processes begin to 
occur, and the mean free path decreases. The conduc- 

* Work supported in part by the National Science Foundation 
and the United States Atomic Energy Commission. 

+ Present address: Max Planck Institut fiir Metallforschung, 
Stuttgart, Germany. 

''R. E. Peierls, Ann. Physik 3, 1055 (1929). 

2H. B. Casimir, Physica 5, 495 (1938). 

* P. G. Klemens, Proc. Roy. Soc. (London) A208, 108 (1951). 

‘P. G. Klemens, Proc. Phys. Soc. (London) A68, 1113 (1955). 

®’P. G. Klemens in Handbuch der Physik, edited by S. Fliigge 
(Springer-Verlag, Berlin, 1956), Vol. XIV, p. 198. 

®P. G. Klemens in Solid State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1958), Vol. 7, p. 1. 

7 J. Callaway, Phys. Rev. 113, 1046 (1959). 


ments and /H titrations suggested that the most likely result of 
the dopings was to introduce carbonate into the crystals. The 
active impurity scattered phonons very strongly at low tempera- 
tures; at 5°K approximately 3000 times more strongly than is 
usually observed for point defects. The cross section was propor- 
tional to the first power of the phonon wave vector and was found 
to be independent of the defect concentration. No detailed model 
was found to explain these results. A likely explanation would be 
in terms of an interaction between the phonon field and localized 
modes of the scattering center. 


tivity attains a very high maximum in the vicinity o 
1/30 the Debye temperature and then decreases, first 
exponentially, then inversely with T as the three- 
phonon processes become more and more numerous. 

This “intrinsic” thermal conductivity is very rarely 
observed, because real crystals contain defects that 
make an additional contribution to phonon scattering. 
First there is isotope scattering, caused by a random 
distribution of masses.* Second there are usually other 
“point” defects present, such as vacancies, interstitials, 
F centers, and foreign atoms, that scatter because of 
changes they produce in the interatomic forces. A theory 
of these effects has been given by Klemens.‘ His result 
can be expressed as a cross section: 


o= (3/m)a*S*(ga)', (2) 


where a’ is the volume per unit cell. The dimensionless 
parameter S*, which is a measure of the change in atomic 
mass or in interatomic forces, is of the order of unity 
for typical point defects. The geometrical cross section 
is seen to obtain only for large wave numbers (ga~ 1). 
A detailed comparison between the theoretical predic- 
tion based on Eq. (2) and typical experimental results 
(for example, F centers* in LiF or Ca+*+-vacancy com- 
plexes’ in KCl) reveals some discrepancies, but agree- 
ment within a factor of 2 is usually obtained. The 
qualitative effect that this type of defect has upon the 
thermal conductivity is a general decrease on both sides 
of the conductivity maximum. 

Another type of defect is the dislocation, which is 
predicted to give a low-temperature conductivity pro- 
portional to T? and hence a lowering of the conductivity 
curve only on the low-temperature side of the maxi- 
mum. Experiments were performed by Sproull, Moss, 
and Weinstock” on plastically deformed LiF. Their 
results confirm the predicted temperature dependence 
and can be expressed as a scattering “width” W (cross 

* R. O. Pohl, Phys. Rev. 118, 1499 (1960). 

®G. A. Slack, Phys. Rev. 105, 832 (1957). 


 R. L. Sproull, M. Moss, and H. Weinstock, J. Appl. Phys. 
30, 334 (1959). 
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section per unit length of dislocation) given by 
W = 5X 10%a(ga). (3) 


This is much larger than the geometrical width, even 
for long-wavelength phonons. 

This paper describes low-temperature thermal con- 
ductivity measurements on Harshaw NaCl and certain 
other NaCl crystals. The results imply a scattering 
unlike that obtained with ordinary defects; the cross 
section is of order a*(ga). The phonon scattering can be 
correlated with an ultraviolet absorption band at 185 
mu. This band is sometimes referred to as the “hy- 
droxide band’’"-”; however, we prefer to call it the 
“oxygen band,” since it is also found in crystals doped 
with other oxygen-containing anions.” 

A description will be given of preliminary attempts 
to identify the nature of the scattering center; the most 
likely anion is CO;™. Finally, a few speculations about 
the scattering mechanism will be discussed. 


Il. CRYSTALS 


The composition of the thermal conductivity speci- 
mens is briefly described in Table I. They ranged in 
cross section from about 4X4 to about 7X7 mm and 
in length from 30 to 50 mm. All but one of the crystals 
received a heat treatment before being mounted for the 
measurements: They were annealed in an inert atmos- 
phere (usually argon) for at least two hours at 750 
760°C. Cooling was controlled and was approximately 
linear at 1 deg/min to 200°C, at which point the furnace 
was turned off and allowed to cool by convection to 
room temperature. This required several more hours. 

Crystals were obtained from several sources. Two 
were commercial synthetic crystals from Harshaw and 
Optovac. Another was natural rock salt from Baden, 
Germany." Other crystals were grown at Cornell by 
the Kyropoulos technique in crucibles machined from 
National Carbon Company AUC Semiconductor grade 
graphite. The furnace was vacuum tight, and after it 
was loaded, it was always pumped to a good fore- 
vacuum and then filled with a slight over pressure of 
helium or purified argon. 

The Cornell grown crystals received various treat- 
ments and dopings. Crystals H’ and O’ (Table I) were 
grown from Harshaw and Optovac starting material 
which had been pretreated in a separate furnace for 
about 24 hr in one atmosphere of chlorine at 850°C, i.e., 
50° above the melting point of NaCl. Crystal V was 
grown from starting material of Baker and Adamson 
reagent grade NaCl. For this crystal the crucible was 
loaded, the furnace sealed, and the load slowly heated 


"J. Rolfe, Phys. Rev. Letters 1, 56 (1958) 

2H. W. Etzel and D. A. Patterson, Phys. Rev. 112, 1112 (1958) 

18S. Akpinar, Ann. Physik 37, 429 (1940) 

4 Catalogue number 62946, Smithsonian Institution, Washing 
ton, D. C. The crystal was obtained through the courtesy of 
Mr. Paul E. Desautels. The thermal conductivity was measured 
on an unannealed specimen 
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TABLE I. Summary of some of the crystal data. Melt dopings 
are given in mole fraction. The last two columns give the results 
of a straight line log-log fit to the low-temperature thermal con 
ductivity data: K(7T)=K,T". The units of K are watts/cm-deg. 
The peak absorption constant for the oxygen band is denoted by 
(185). 


Crystal Host crystal 
number or material 


Doping or melt 
treatment KiX10*° an 
H Harshaw vee 2 
Oo Optovac e 
B Baden 
H’  Harshaw 
O’  Optovac 
V Reagent 
; Reagent 
Heated reag. 
Cl. reagent 
Heated reag. 
Cle reagent 
reagent 
reagent 


1.82 
1.46 


Cl»-treated 
Cl,-treated 
Slowly heated 
Cl.-treated 

4x 10-* NaOH 
10-* NaOH 
10-° NaOH 
4x10-™ NaOD 
3x10? NaOD 
6.9X 10-4 NaeO 


Cle 
Cle 


in a vacuum of 10~* to 10-° mm Hg for several days. 
The procedure outlined by Gardner, Brown, and Janz!® 
was followed, in which the heating proceeded in small 
temperature steps. At each step enough time was 
allowed for the pressure to drop to its initial low value. 
In this way most of the adsorbed water could be re- 
moved before hydrolysis occurred. Crystal C was grown 
from material that was heated slowly in an external 
furnace, under vacuum, and then exposed to slightly 
less than one atmosphere of chlorine for about 24 hr at 
700°C. To reduce subsequent water adsorption by this 
chlorine-treated salt, it was loaded into the crystal- 
growing crucible at a temperature of 70-100°C. Then 
the load was heated overnight at about 400°C while the 
furnace was evacuated by 
nitrogen cooled trap. 


a fore-pump with a liquid 


Six crystals were grown from melts doped with 
NaOH, NaOD, and Na,O». The host material had been 
previously subjected either to the slow heating or to the 
chlorine treatment. Dopings are given in Table I. For 
crystals 2, 5, and 6 they consisted of the appropriate 
reagent grade material itself. For crystals 1, 3, and 4 the 
dopings consisted of pieces of a previously grown NaCl 
crystal, heavily doped to 1-2 mole “%. The strength of 
the latter dopings was determined from fH titration 
curves performed on aqueous solutions of the doping 
material. 

Spectrochemical analyses were performed on some of 
the crystals to determine their chemical purity. They 
are discussed in the Appendix. 


Ill. EXPERIMENTAL PROCEDURE 


The technique used in the thermal conductivity meas- 
urements has been described in detail elsewhere'® and 


” H. J Gardner, ( | n, and J Jar Z J 
60, 1458 (1956). 

16M. V. Klein, Ph.D. thesis, 
York, 1961, (unpublished) 
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PHONON SCATTERING 


was similar to that used in earlier investigations.’'” A 
steady-state method was used, in which heat was 
supplied by a heater clamped to the top of the crystal 
and removed by a heat sink at the bottom. The entire 
unit was mounted inside a vacuum chamber that was 
surrounded by a liquid helium bath. The heat sink was 
connected thermally to the bath by a copper foil. Two 
“‘thermodes” were clamped to the crystal to measure 
the temperature gradient accompanying the flow of 
heat. The small temperature differences were measured 
by a combination of carbon resistor thermometers 
(using an ac Wheatstone bridge'*) and differential ther- 
mocouples (using a commerical de chopper amplifier). 
The temperatures themselves were deduced either from 
knowledge of the helium bath vapor pressure or from 
data taken with a helium gas thermometer, the bulb of 
which was connected to the heat sink. 

Several auxiliary measurements were made to deter- 
mine the nature and concentration of the phonon- 
scattering defects. Ultraviolet absorption measurements 
were performed on a Cary model 14 recording spectro- 
photometer for photon wavelengths longer than 190 mu 
and a vacuum grating spectrometer for shorter wave- 
lengths. Infrared measurements were made on Perkin- 
Elmer double beam spectrophotometers: the Infracord 
and the model 21. The presence of atmospheric absorp- 
tion bands was troublesome; therefore the infrared in- 
struments were flushed with dry nitrogen gas. In addi- 
tion the sample space was sealed with polyethylene 
sheeting and exposed to a combination desiccant and 
CO» remover such as NaOH or BaO. Another method 
used to study the foreign anions in the crystals was that 
of pH titration. The solid samples were dissloved in 
freshly boiled water and titrated with dilute acid while 
the cell was continuously flushed with nitrogen. The use 
of miniature electrodes made it possible to titrate 
volumes as small as 1 ml. 


IV. EXPERIMENTAL RESULTS 


Measurements made early in this work showed that 
some readily available NaCl crystals have a relatively 
low thermal conductivity at low temperatures. This can 
be seen in Fig. 1, where the results of measurements on 
commercial crystals from Harshaw and Optovac are 
compared with those on natural Baden halite and two 
Cornell grown crystals. The Harshaw NaCl results are 
particularly surprising, especially when they are com- 
pared with those for Harshaw KCl,’ which show a 
maximum of 8 w/cm-deg at 6°K, and those for Harshaw 
LiF,’ which show a maximum of 20 w/cm-deg at 
10°K. The conductivity curves of the Cornell grown 
crystals, however, are consistent with these KCl and 
LiF results. In this discussion and in those that follow, 
the highest conductivity Cornell results (curve C, 


17 W.S. Williams, Phys. Rev. 119, 1021 (1960). 
18 C, Blake, C. E. Chase, and E. Maxwell, Rey. Sci. Instr. 29, 
715 (1958). 
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Fic. 1. Thermal conductivity of commercial NaCl crystals 
from Harshaw and Optovac compared with a natural crystal of 
Baden halite and two Cornell grown crystals. The straight lines 
are for a later analysis. 


Fig. 1) will be taken as representative of reasonably 
pure, “well-behaved” NaCl. The anomalous behavior 
of the commercial crystals can be summarized in the 
following way: (1) The conductivity is unusually low 
on the low-temperature side of the maximum only; the 
high-temperature conductivity values coincide with 
those for a “pure” crystal. (2) The dependence of K on 
T is approximately 7? at low temperatures. (3) The con- 
ductivity curves exhibit an unusual inflection in the 
vicinity of 5°K. 

The conductivity of the Baden halite reveals a de- 
pression on the low-temperature side of the maximum, 
but this fact can probably be explained by the presence 
of physical imperfections in the crystal. Microscopic 
examination revealed a pronounced mosaic structure, 
which was also shown by etch pits produced by an 
alcohol etch (due to Moran"). In addition the crystal 


' P, R, Moran, J. Appl. Phys. 29, 1768 (1958). 
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Fic. 2. Ultraviolet optical absorption of four of the crystals 
described for Fig. 1. 


amount of strain when examined 
between crossed polaroids. These facts, taken together 
with the experimental results on the effects of disloca- 
tions on thermal conductivity in LiF” strongly suggest 
that the Baden data can be explained by assuming 
phonon scattering by dislocations and grain boundaries. 
It is remarkable that a natural rock salt crystal such as 
this, which undoubtedly contains many chemical im- 
purities, nevertheless has a conductivity one order of 
magnitude higher than the usually highly regarded 
Harshaw material. It appears that the impurities in the 
halite somehow have become inefficient scatterers of 
phonons, whereas the commercial crystals contain small 
amounts of some defect or defects that scatter phonons 
very effectively at low temperatures. 

A clue to the nature of these scatterers is provided by 
the ultraviolet absorption data shown in Fig. 2. All the 
crystals show the onset of fundamental absorption at 
about 175 mu. Harshaw and to a lesser extent Optovac 
specimens have an absorption at about 185 my, which 
is the same absorption band found by Rolfe" and by 
Etzel and Patterson.” They refer to it as the “OH 
band”’ because it most likely results from high-tempera- 
ture hydrolysis of adsorbed water. 

Hydroxide is apparently not the only source of this 
band, however, as has been shown by the work on KCl 
of Akpinar” and others at Géttingen. Other oxygen- 
containing anions such as nitrate, nitrite, carbonate, 
and peroxide produce the same band. For this reason, 
the band will be referred to here as the “oxygen band.” 

A comparison of Figs. 1 and 2 shows that a definite 
correlation exists between the low-temperature thermal 
resistivity and the size of the oxygen band. 

It is known that treatment of crystals at high tem- 
peratures in Cl, vapor” or HCl vapor” can substantially 


showed a large 


reduce the oxygen band. With this in mind, crystals 
were grown from Harshaw and Optovac material that 
had been exposed in the melt to chlorine for 24 hr. The 
results are shown in Fig. 3. A significant increase in the 
conductivity has occurred. The chlorine treatment re- 
duced the 185-my optical absorption also: For Harshaw 
the absorption constant decreased from 7 to 0.32 cm™ 
and for Optovac from 0.8 to 0.18 cm~. The interpreta- 
tion of these results seems clear: Chlorine treatment 
removes the source of both the oxygen band and the 
anomalous low-temperature resistivity. 

Corroborating evidence is provided by the results on 
the two crystals grown from reagent-grade starting 
material (Fig. 1). Slow heating of the powder in vacuum 
was not sufficient to produce the highest conductivity 
values (curve V). An additional 
chlorine treatment needed 


high-temperature 
(curve C). Chlorine 
treatment produced the lower oxygen absorption also: 
The absorption constants at 185 mu were 0.26 and 0.40 
cm“ for crystals C and V, respectively. 

Once it had been established that chlorine treatment 
could remove the anomalous resistivity and the 185-mu 
absorption band, the next step was to produce both 
phenomena deliberately by adding appropriate dopings 
to melts of pure oxygen-free reagent grade NaCl. 
Results obtained with NaOH dopings are shown in 
Fig. 4. Hydroxide concentrations in the melts are given 
in Table I. The conductivity results are quite similar 
to those for Harshaw, i.e., the high-temperature data 
show no shift from the values for a pure crystal, and the 
low-temperature depression has an approximate 7° de- 
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lic. 3. Thermal conductivity of NaCl crystals pulled from 
chlorine treated melts starting with Harshaw (/’) and Optovac 
(O’) raw material. The best Cornell-grown crystal (C) is shown 
for comparison. 
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pendence. The Harshaw curve coincides over all quite 
well with curve 1. The magnitudes of the oxygen band 
for crystals 1, 2, and 3 are given in Table I. 

Results of melt dopings with NaOD and NazOz are 
shown in Fig. 5. The thermal conductivity curves are 
quite similar to those obtained with NaOH dopings. 
The sizes of the oxygen band fit in with the general 
trend. 

In order to make a quantitative analysis of the 
thermal conductivity data, it is necessary to develop a 
point of view towards the inflection at 5°K, which is 
present in some of the curves to a much greater extent 
than in others. For the time being, the attitude taken 
here will be that the inflection is a manifestation of a 
secondary, minor impurity state, whose absence or 
presence does not detract from the primary effect, 
namely the approximate 7° depression of the conduc- 
tivity on the low-temperature side of the maximum. 
This was the motivation for drawing the straight lines 
in Figs. 1, 4, and 5. Their position and slope will be 
taken as suggestive of the primary effect of the im- 
purities. The parameters that characterize these lines 
are given in Table I along with the sizes of the oxygen 
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Fic. 4. Thermal conductivity of NaCl crystals pulled from 
melts to which NaOH had been added. The dopings are given 
in Table I. The straight lines are for a later analysis. 
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Fic. 5. Thermal conductivity of NaCl crystals grown from 
melts doped with NaOD (curves 4 and 5) and NazOz (curve 6). 
The dopings are given in Table I. 


band. Data on the extrapolated resistivities at 1° and 
10°K are plotted against the absorption constant in 
Fig. 6. A definite correlation is seen to exist. 


V. ATTEMPTS TO IDENTIFY THE 
ACTIVE SCATTERERS 


The identification of the defect responsible for the 
observed low-temperature resistivity has not been 
made with assurance. In general, it cannot be assumed 
that the chemicals that appear in the finished crystal 
were those that were added to the melt. For example, 
even a short exposure of NaOH pellets to the air results 
in their being covered with a layer of NasCO;. Thus, 
all hydroxide and deuteroxide doped melts contained 
some carbonate as well. The effective distribution co- 
efficient of Na2CO; in NaCl is not known. If it were 
much higher than that of NaOH, the crystal might 
contain more carbonate than hydroxide, even though 
the opposite might be true in the melt. 

Additional carbonate in these melts could possibly 
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Fic. 6. Comparison of thermal resistivity at 1° and 10°K with 
the strength of the 185-my oxygen absorption band. 


result from a high-temperature reaction of hydroxide 
with the graphite crucible. The extent to which this 
reaction occurred is not known. It could have been 
avoided by growing the crystals from silica crucibles; 
however, this would have introduced silicate contami- 
nants, and it was originally felt that these would have 
been even more undesirable than carbonate. With the 
peroxide doping there was undoubtedly carbonate 
present also, for pure Na2O- is known to react strongly 
with powdered charcoal at high temperatures to form 
Na2CO; and Na metal.” 

The titration method was used to determine the 
alkalinity of the pieces of the heavily doped boules that 
were the sources of hydroxide and deuteroxide for crys- 
tals 1, 3, and 4. At these concentrations of 1-2% there 
was no trouble getting good results. Three inflections 
in the titration curves were noticeable. They were taken 
as evidence that the initial crystals contained OH~ and 
CO;* in a proportion of about 6:1; the end points were 
interpreted as neutralization points for OH-, CO;*, 
and HCO;-, respectively. This interpretation was sup- 
ported by agreement between the measurements and 


2 Gmelins Handbuch der Anorganishe Chemie (Verlag Chemie 
GMBH, Berlin, 1928), No. 21, p. 242. 


a theoretical calculation of the pH values at each end 
point. 

The picture that resulted from titration of samples 
from the final boules was different. The combination of 
very strong electrolyte plus very dilute base often gave 
erratic data. When the data were reproducible, they 
showed two approximately equally spaced end points. 
These were interpreted as the carbonate and bicar- 
bonate end points. There was no inflection that could 
correspond to a hydroxide end point. A small quantity 
of hydroxide could have been present with an unre- 
solved end point, since the amount of acid added at the 
first end point was slightly more than half the total at 
the second. This diffe rence would correspond to the 
presence of about 10% hydroxide and 90% carbonate, 
but the data were not good enough to make this a solid 
conclusion. 

These results support the hypothe sis stated above: 
In spite of a larger amount of hydroxide in the melt, 
Another piece 
of evidence is furnished by the appearance of the boules. 
The bottom ends of some of them were cloudy and gave 


the crystals contain mostly carbonate. 


the appearance of the segregation of a second phase. 
This would be difficult to understand if only hydroxide 
were present in the crystal, room temperature 
solubility of NaOH in NaCl is supposed to be several 
percent.”! On the other hand, if carbonate were the main 
impurity, it might cause the precipitation; this would 
indicate that it is very insoluble in NaCl. Some of the 
samples titrated came from such cloudy 


¥ | 
lor the 


regions. A 


typical end point corresponded to a carbonate concen- 
tration of 7X10 ‘hi 
an upper limit of the effective solubility of carbonate 
in NaCl. Results of titrations on other cloudy samples 


> mole fraction. This, then, would be 


No inde- 
NasCO 


agreed with this figure within a factor of 2. 
pendent information about thx 
in NaCl could be found. 

The infrared results were not very satisfactory. This 
can be attributed partly to small sample size; 
measurements were mace 
cleaved for all the other measurements. The O-H vi- 
brational absorption band at 2.8 u was scarcely observa- 
ble. When it was seen, its area was only 10° the areas 
of two other more prominent bands which occurred at 
6.45 and 7.10 uw. The integrated 
strong bands were about equal. 
sorption was always accompanied by a weaker 11.35-y 
absorption. The 7.10 and 11.35-u bands can be attribu- 
ted to carbonate, as they have been found in NagCOs 
mulls by Miller and Wilkins,” in NaCl: NagCOs pellets 
by the author, and KCI: K,CO; and KBr: KsCO; mixed 
crystals by Maslakowez.’ 

The other strong band, that at 6.45 yw, has not been 
identified. It was not found in the NaCl:NasCO; 
pellets, nor could it be identified in any of the spectra of 


solubility of 


1 
these 


boules had been 


after the 


areas of these two 


A strong 7.10-u ab- 


*1 Reference 20, p. 369 
2F. A. Miller and C. H. Wilkins, Anal. Chem. 24 
*3 F. Maslakowez, Z. Physik 51, 696 (1928 


1253 (1952) 
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the 159 inorganic ions given by Miller and Wilkins.” 
Perhaps it is related to the double band they found at 
6.02 and 6.15 uw in NaHCO;; however it is difficult to 
know whether any bicarbonate survived the high 
melt temperature. Wardzyfski found a band at 6.56 u 
in KCl: KOH,™ but few details were given, and it is 
difficult to decide what his crystal really contained. 

As mentioned above, the 2.8-4 O-H band was very 
weak, if present at all. The corresponding 3.6-u O-D 
band was not found, even in the strongly (1%) deuter- 
oxide doped boule. This boule, however did give a 
titration curve consistent with the assumption that the 
principal basic impurity was OD~ (or OH~). The reason 
for this discrepancy is not known. The heavily OH- 
doped boule was cloudy and polycrystalline and was 
therefore not suitable for infrared measurements. 

The strengths of the 2.8- and 7.1-u bands were cali- 
brated against those measured on pellets pressed from 
mixtures of carbonate and hydroxide with NaCl. The 
pressure used was limited by the press to 56 ton/in.’; 
better cakes would have resulted at higher pressures. 
Under these conditions, the pellets were not very trans- 
parent ; however, a rough estimate of the concentration 
did result. The conversion factors were 2.5X 10'* NaOH 
molecules per cm’ for 1 cm™'-u and 2.0X10'* Na,CO; 
molecules per cm* for 1 cm~'-u. These results are in 
rough agreement with the value 1.16 10!8/cm?-p cal- 
culated from classical dispersion theory for a proton 
oscillator. Smakula’s equation®® was used, but corrected 
for the mass of the proton. The local field correction 
used was that for electrons. 

Comparisons among the results of the three types of 
measurements (ultraviolet absorption, infrared absorp- 
tion, and pH determinations) were made to check con- 
sistency. The total concentration of infrared-active 
centers (bands at 2.8, 6.45, 7.10, and 11.35 yw) was de- 
termined using the experimental conversion factors 
mentioned above. The strength value for the 6.45-u 
band was taken to be the same as that for the 7.10-u 
band. These totals were compared with concentration 
values computed from the 185-my ultraviolet absorp- 
tion data using Etzel’s conversion factor of (2.8 10'* 
absorbers/cm?+50%) per unit absorbance.”* The infra- 
red determined values were consistently lower by an 
average factor of about 3. No infrared absorptions at 
all could be observed for a Harshaw crystal. The sensi- 
tivity was such that the upper limit of the ratio of in- 
frared to ultraviolet determined concentration values 
was 00.4, 

Concentrations of alkaline impurities were deter- 
mined from the titration curves, when these seemed 
reliable, and were compared with the ultraviolet ab- 
sorption results. The comparison could be expressed as 
an oscillator strength® for the absorption, which came 

2 W. Wardzynski, Acta Phys. Polon. 17, 29 (1958). 

25 F, Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 


pany, Inc., New York, 1940), pp. 662-664. 
26 H. W. Etzel (private communication). See also Reference 12. 
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out to be about 0.2. This is 10% of the oscillator 
strength that one calculates from Etzel’s conversion 
factor. The value 0.2 also disagrees with the value of 
about 0.8 that was found by Mollwo and Pohl for the 
analogous 205-my band in carbonate doped KCl.” 
Thus the identification of carbonate as the major 
anionic impurity still is uncertain; there are many 
contradictions that must be resolved, for instance, the 
completely negative infrared results with the Harshaw 
crystal. Perhaps Harshaw crystals contain neither hy- 
droxide nor carbonate, but oxygen in a noninfrared 
absorbing form, say O,-.** The present evidence does 
indicate, however, that the anions in the Cornel! grown 
crystals are more likely to be carbonate than hydroxide. 


VI. INTERPRETATION OF RESULTS 


The experimental results can be summarized by 
saying that the low temperature conductivity was ap- 
proximately 7? with a coefficient (at 1°K) inversely 
proportional to the strength of the oxygen band and 
with an exponent that tended to increase slowly with 
increasing optical absorption. (See Table I.) This dis- 
cussion will ignore any deviations of the exponent 
from 2. 

For a quantitative discussion of the results, it is 
useful to consider the data for a representative crystal. 
We will take crystal 1, having the results shown in 
Fig 3 and Table I. It follows from the form of Eq. (1) 
that if A~' varies as g", then at low temperatures K 
must vary as 7*-". The observed temperature depend- 
ence then implies that #= 1. It was possible to integrate 
Eq. (1) numerically using a simple addition of reciprocal 
mean free paths determined from theoretical expres- 
sions for isotope scattering and three-phonon scattering. 
(The method was that given by Callaway’ and applied 
by Pohl.*) An excellent fit to the data for crystal 1 was 
obtained with a dominant low-temperature reciprocal 
mean free path equal to 3.3 10~ g cm“. 

To calculate a scattering cross section from the mean 
free path data, the defect concentration is needed. As 
already mentioned, this has not been uniquely deter- 
mined. A concentration estimate can be made from the 
ultraviolet absorption results by the use of Smakula’s 
equation” ; 


n’ 
nf=1.3X10"7 “mW, (4) 


(n’+2)? 


Here n is the number of absorbers per cm’*, f the “‘oscil- 
lator strength,” »’ the index of refraction, a, the peak 
absorption constant in cm~, and W the width of the 
absorption band at half-maximum in electron volts. 
For the 185-mz band one can take” n’=1.89 and 


27 E. Mollwo and R. W. Pohl, Ann. Physik, 39, 22 (1941). 

28W. Kinzig and M. H. Cohen, Phys. Rev. Letters 3, 509 
(1959). 

22, Martens, Ann. Physik 6, 603 (1901), as quoted by American 
Institute of Physics Handbook (McGraw-Hill Book Company, New 
York, 1957), pp. 6-23. 
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W = 24.4 my or 0.884 ev. The result is 7 f=0.71X 10"%a,,. 
For the crystal under consideration, we have a,,=8.3 
cm, so that the right side of Eq. (4) becomes 5.9 10'* 
cm’*. Etzel’s estimate of f was about 2.5." This would 
give a density of absorbers of 2.4 10'®/cm*, which 
corresponds to 10~* mole fraction. The titration results 
for this crystal put the impurity concentration at about 
10-5 mole fraction; thus we are left with a factor of 10 
uncertainty. For the remainder of this discussion the 
higher concentration value (10~° mole fraction) will be 
used. 

With A“=3.3X10-°¢ and n=2X10'"/cm', 
scattering cross section can be computed : 


the 


o= (An) =3.3X 10 gn = 1.65 X10 g. 


Introducing the molecular volume, a~*=2.23X 10” 


cm~*, we can write 
o=3./a"(ga). (5) 


This should be compare d with the cross section for an 
ordinary point defect, Eq. (2). The ratio is 


’=[hv/(akT) ) 


o/O p= 4(ga)*S"*= (qa) (6) 


’ 


where a dominant phonon argument has been used to 
convert from g to J. At 5°K this ratio is about 3000. 

The implications of the experimental results and the 
burden they place upon their interpretation are now 
apparent. Any scattering model must produce a cross 
section per impurity that is several orders of magnitude 
greater than that for Rayleigh scattering. This is not 
easy to do, and as yet no model has been found that 
meets the requirements. Two general types have been 
suggested; these will now be discussed, and the diffi- 
culties that arise from their application will be 
mentioned. 


Models that Rely on Coherent Scattering 


These models begin with the assumption that the 
scattering cross section for an isolated defect is a 
reasonably well behaved quantity, for example a 
Rayleigh scattering cross section with an S? of order 
unity [Eq. (2) ]. The basic idea of this approach is that 
the measured cross section is much larger than this 
because of the coherent addition of scattered amplitudes 
from neighboring defects. This enhancement can be 
accounted for in the theory by multiplying the single 
particle probability for phonon scattering from q to q’ 
by the factor | f(q’—q)|?, where f(q’—q) is the q’—q 
Fourier component of the distribution function f(r) 
that gives the concentration of impurities at r.” If it is 
assumed that the single particle cross section is of the 
Rayleigh type, then the data force | f(q)|? to be pro- 
portional to g~*. The corresponding spatial dependence 
of f(r) would vary with the assumed symmetry of the 
probability distribution. 


With spherical symmetry it is easy to show that f 


* P. Carruthers, Revs. Modern Phys. 33, 92 (1961). 
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must be proportional to r~!. It is difficult to imagine 
any mechanism that could produce this distribution, 
but even if one could exist, a dimensional argument will 
show that the resulting cross section is too small. The 
reasoning goes as follows: Let the point defects have 
average density and be distributed about V randomly 
located spheres per unit volume. The average radius of 
the spheres will be denoted by R. Then f(r) will be 
approximately (/2)R'r 
volume of one sphere.) After performing the Fourier 
transform, we get {(g)=V2x'nR'g-! for each sphere. 
Then for the entire crystal of volume Q, we get | f(q)|? 
=22°Nn?R'¢-*. In calculating oc, a factor Qn is removed. 
In addition we can set $7R*N=1. The resulting ratio 
of cross sections is 


This averages to m in the 


T/ OF pt 15p gd ’ (4) 


where p is the average defect concentration expressed 
in mole fraction. This result is several orders of mag- 
nitude less than the experimental result, Eq. (6). In 
addition, it predicts a concentration-dependent cross 
section, in direct contradiction to the experimental facts 
(Fig. 6). The inclusion of angular dependence in f(r) 
will not alter the order of magnitude of the computed 
cross section. 

With the assumption of cylindrical symmetry, one 
can write 

f y) | 2 , me) 


\Y J\Qa {24 


where g, and g, are the components of g normal and 
parallel to the symmetry axi 
mensional distribution function in the normal plane. 
Now the requirement becomes -c g-*, which can 
be satisfied by an f(r) «//r, parameter. 
Such a distribution might occur around dislocation 
lines. A normalization argument similar to that applied 
in the spherical case requires / to be about equal to 
the average distance between dislocations. 

The exact calculation of f®(g) will not be given here, 
but the order of magnitude result is given by Eq. (7) 
with a slightly different numerical factor. The con- 
clusion seems to be that no coherent scattering mecha- 
nism is able to explain the experimental facts. 


and / is the two di- 


with / a 


Models Based on an Anomalously Large Point- 
Defect Scattering Cross Section 


Consideration of the types of interaction that could 
lead to the observed cross sections suggests almost im- 
mediately a resonance scattering. In fact every scattering 
mechanism that does not involve changes in internal 
degrees of freedom of the scatterer seems to lead, for 
long wavelengths at least, to the familiar Rayleigh 
scattering cross section. 

Whereas resonance scattering can produce a very 
large cross section for selected values of the phonon 
wave vector, it has not been possible so far to derive 
from this any well-behaved temperature dependence 
for the thermal resistivity. The difficulties become evi- 
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dent upon consideration of scattering by the simplest 
system having internal degrees of freedom, a “two-level 
atom.” The interaction between a given phonon and 
this atom will depend upon whether or not the inter- 
actions between the atom and other phonons can be 
neglected. If they can, the phonon under consideration 
will interact by virtual absorption and re-emission 
(resonance fluorescence). The cross section will have a 
strong, almost singular, energy dependence for energies 
near the atomic level spacing, AE. The general case of 
many phonon interactions with the atom is compli- 
cated, but it simplifies in the limit of strong interaction. 
In this case, coherent re-emission is prevented; the 
given phonon is physically absorbed; and re-emission 
of an uncorrelated phonon occurs. In this case, a strong 
“resonant” cross section also obtains. 

In both cases, a noticeable decrease in the mean free 
path occurs only for a small set of qg values. If the 
thermal conductivity is computed by Eq. (1), the result 
will be to decrease or even omit those terms in the 
integral that have these g values. Since there are only 
a few such terms, the effect on the integral will be small. 

This result is probably wrong. If there is strong reso- 
nance for only a few modes, the normal (non-umklapp) 
three-phonon scattering processes will spread the effect 
over all neighboring modes. The correct calculational 
procedure might be quite complicated, but an estimate 
can be obtained from the “harmonic mean” formula, 
which is the correct solution of the Boltzmann equation 
in the limit of very strong normal processes." This 
formula says that the conductivity should be calcu- 
lated from 


2 


Because o and hence 1/A(g) behaves much like a delta 
function, the value of the integral is approximately the 
integrand evaluated at resonance where g=AE/ (hiv). 
Because of the temperature dependence of C(q) and 
A(q), the resulting expression for K~ will have a com- 
plicated product of exponential and power-law tem- 
perature dependence, which will not approximate 7? 
over the required temperature range. 

Phonon scattering by a many-level system would 
produce a sum of such terms for K~, but at the moment 
it seems that there would be enough “graininess” in 
the result to keep it from having the required tempera- 
ture dependence. A more sophisticated theoretical 
treatment of this problem (including a better solution 
of the Boltzmann equation having a singular or nearly 
singular kernel) might avoid this difficulty. 

Another explanation for these experimental results 
might be a relaxation process. The orientation of the 
active center would be assumed to be sensitive to de- 


4 J. M. Ziman, Electrons and Phonons (Oxford University Press, 
New York, 1960), p. 308. 
# J. M. Ziman, Can. J. Phys. 34, 1256 (1956). 
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formation, but the center would not be able to keep in 
phase with a rapidly varying stress (phonon). Such a 
mechanism would then give rise to dissipation and 
scattering. This mechanism has an important element 
in common with a resonance mechanism, namely, it 
involves local degrees of freedom that can be activated 
at low temperatures and that couple strongly to the 
phonon field. It seems that the correct explanation of 
the strong low-temperature phonon scattering must 
involve such internal modes. 

It is tempting to attribute the inflection observed 
near 5°K in some of the crystals, particularly Harshaw, 
to a resonance interaction. It might then be difficult to 
explain why the strength of the inflection varied so 
much from crystal to crystal. One explanation is that 
this observation was a manifestation of small changes 
in the energy level structure of the scatterers, perhaps 
because of interactions with other impurities. 

Until the nature of the scattering center is known 
more exactly, it does not seem appropriate to carry 
these speculations any further. An interesting possi- 
bility for the future is that this center and its energy 
levels will be revealed by other experimental tech- 
niques, for example, detailed infrared measurements 
perhaps carried out at helium temperatures. 


VII. CONCLUSION 


A strong phonon scattering process has been found in 
NaCl that is directly related to the presence of some 
oxygen-containing ion or ions. The identification of the 
scatterer as carbonate was only tentatively made; 
confirmation awaits the results of thorough analyses of 
crystals grown using more careful doping procedures. 
Until a reliable identification is made, only speculations 
exist about the details of the interaction between the 
impurity and the phonons. At the present time, a 
resonance-type mechanism appears to be the most 
attractive. 
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APPENDIX. SPECTROCHEMICAL ANALYSIS 
Semiquantitative spectrographic analyses for traces 
of metallic impurities were performed by W. B. Coleman 
& Company, Philadelphia, Pennsylvania. They also did 
a quantitative analysis for calcium. Results (in parts 
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per million by weight) for Harshaw were: Ca, 270; especially designed to detect small amounts of Ca in 
Fe, 100-1000; Al, 10-50: Cu, 10-100; Si, 5-10. Results the presence of alkali halides.” The results were 47 ppm 
for crystal C (‘‘purest’’ Cornell grown crystal) were for Harshaw and 50 ppm for crystal C. These lower 
Ca, 400; Fe, <10; Al, 10-100; Cu, <2; Si, <50. The _ figures are believed to be much more reliable. 

results of the calcium determinations were suspected ~y > 


‘ ; 3% The measurements were performed by Q. Won Choi of the 
to be incorrect, and they were repeated in an apparatus Cornell University Chemistry Department 
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The magnetic structure of the NiAs-type compound, CrSe, has been determined by means of neutron 
diffraction. The indexing of superstructure lines which appear below the Néel point requires a unit cell three 
times as large as the conventional unit (@=v3ay jas). Planes parallel to the basal plane contain three chro 
mium atoms whose spins form an “umbrella”-like array with threefold symmetry. Individual moments 
alternate in sign along lines parallel to the ¢ axis. A value of 2.90 uz has been deduced for the component of 
the chromium moment perpendicular to the c axis. 


INTRODUCTION e.g., CrS and MnTe, are antiferromagnetic while others, 


LARGE number of the sulfides, selenides, and 68» ( rTe and Mnas, ee ea inte rhe magne 
tellurides as well as arsenides and antimonides of Properties o! these materials as we as solid me 

the transition metals have the nickel arsenide crystal have been extensively investigate = ee yew a 
structure. This structure, shown in Fig. 1, consists of a particular, the system’ ( pum its tae Dee Gene 
hexagonal close packing of the metalloid atoms with the and the pure compound CrSe was shown ” have on 
transition metal atoms located in the interstices in such 220Malous temperature dependence of its susceptibility. 
a way as to form a simple hexagonal array The bond The magnetic susceptibility data of Tsubokawa and of 

: @ s Ac c c c . — ° . —_ ° 

character as well as magnetic properties of these com Lotgering and Gorter are shown in Fig. 2. The anomalies 
pounds and their solid solutions cover a rather wide Present in both sets of data eat 7 = oe om these 
spectrum. Some of the sulfides, such as CrS, are thought authors to suggest a transition to an antiferromagnetic 
to be ionic, while the arsenides and antimonides, suchas S*4t®- adore recent we oi Oy b subokawa," ae 
MnAs, are most probably covalent or metallic. Because formed on a crystals << sa indicate a ry are 
of this range in bond character, the nature of the mag- close to 300 K and an effec tive moment of 4. Mus, 
netic interaction can be expected to vary all the way corresponding to a spin of 2 if the orbital moment is 
from a direct (metallic-bond type) to an indirect (ionic completely quenched. — ee ee 8 
bond) exchange mechanism. Some of the compounds, ported by Lotgering and on approximately 107 
lower than that given by Tsubokawa. A neutron 


Fic. 1. Structure of CrSe. 
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€3 SELENIUM Fic. 2. Reciprocal susceptibility of CrSe as a function 
of temperature 


* Research performed under the auspices of the U. S. Atomic 1T. Tsubokawa, J. Phys. Soc. Japan 11, 662 (1956); F. K. 


Energy Commission. 


: Lotgering and E. W. Gorter, J. Phys..Chem. Solids 3, 238 (1957). 
T Permanent address: The Rice Institute, Houston, Texas. 


2 K. Adachi (private communication). 





MAGNETIC STRUCTURE 


diffraction investigation of CrSe was therefore under- 
taken to verify the existence of an antiferromagnetic 
transition and to determine the magnetic structure at 
low temperatures. 


PREPARATION OF MATERIAL 


The CrSe used in this investigation was prepared by 
the solid state reaction of purified chromium and 
selenium. Stoichiometric amounts of the two elements 
were intimately mixed and placed in a quartz tube. The 
tube was then heated to 250°C, evacuated, and placed 
in a furnace for 50 hr at a temperature of 950°C. This 
temperature is considerably below the melting point of 
CrSe which was found to be 1550+25°C. The reacted 
mixture was then slowly cooled to room temperature 
over a period of two days. An x-ray diffraction pattern 
of the reaction mixture was completely indexable on the 
basis of a simple hexagonal structure with the exception 
of a faint peak attributed to the chromium (110) reflec- 
tion. This trace of chromium was not visible on the 
neutron diffraction pattern, indicating that it is concen- 
trated on the surface of the crystallites and not present 
in the bulk of the material. 

The unit cell dimensions of the CrSe, determined 
using CuK, radiation, are do>=3.674+0.004 A and 
co=6.001+0.007 A. These measurements are in quite 
good agreement with those of Haraldsen and Mehmed.® 

Several other samples of CrSe were prepared for which 
the composition of the starting material ranged from 
CrSeo.95 to CrSei.o5. Samples were also quenched in 
water, rather than being slowly cooled from the reaction 
temperature. Neither of these changes in the method of 
preparation had any appreciable effect on the neutron 
diffraction pattern of CrSe. 


NEUTRON DIFFRACTION DATA 


Powder patterns were obtained at room temperature 
77° and 4.2°K at a wavelength of 1.064 A. The room 
temperature pattern was indexed on the basis of the 
nickel arsenide structure and was in good agreement 
with the calculated integrated intensities for this model. 











Fic. 3. Projection of the unit cell of CrSe on the basal plane. 
The chemical cell is shown in dark outline and the magnetic cell is 
indicated by the dashed lines. 


3H. Haraldsen and F. Mehmed, Z. anorg. u. allgem. Chem. 239, 
369 (1938). 
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Fic. 4. Diffraction pattern of CrSe at 77°K. The indexing of 
lines is based upon the enlarged cell (a=Vv3ao, c=co). Magnetic 
lines are indicated by the symbol M. The insert shows an enlarge- 
ment of the region of the (211) and (103) magnetic peaks after 
graphical removal of the neighboring nuclear peaks. 


The liquid-nitrogen as well as liquid-helium patterns 
showed a series of well-developed superstructure lines, 
indicating an antiferromagnetic transition somewhere 
between liquid nitrogen and room temperature. In order 
to index these magnetic superstructure lines, the unit 
cell must be enlarged as shown in Fig. 3. The new 
hexagonal unit cell has an @ axis which is v3 times the 
original one, while the c axis remains unchanged. Hence, 
the volume of the magnetic unit cell is three times that 
of the chemical one. Figure 4 shows the neutron- 
diffraction pattern at liquid-nitrogen temperature. The 
hexagonal indexing shown on the pattern is based on the 
enlarged cell and the magnetic-superstructure lines have 
the symbol M attached. There is no change upon cooling 
to liquid helium. 


ELIMINATION OF THE COLLINEAR MODEL 


In order to explain the observed magnetic intensities, 
it would seem reasonable to first consider a collinear 
model, in which all spins are parallel and antiparallel to 
a fixed direction in the crystal. Unfortunately, this 
simple model fails, as can be seen from the following 
discussion. The three spins in the basal plane can have 
either the configuration (+++) or (++ —) along the 
magnetic axis, with the spins at z=4 reversed in order to 
maintain zero net moment. The first choice (+++) 
does not give rise to the observed superstructure reflec- 
tions; indeed, this structure does not require the 
enlargement of the unit cell indicated by the indexing. 
The second arrangement does, however, give rise to the 
observed pattern, provided the spins are individually 
reversed in going from z=0 to s=4, producing anti- 
ferromagnetic chains in the ¢ direction, and provided 





1404 CORLISS, ELLIOTT, 
also that the moment direction is taken parallel to the c 
axis. [The absence of (00/) reflections with / odd, which 
would normally be present for this spin arrangement, 
requires that the magnetic axis coincide with the ¢ axis 
in order to extinguish these reflections. ] Intensities 
computed on the basis of this model and the required 
choice of magnetic axis are in serious disagreement with 
the observed intensities, as indicated in Table I. 


NONCOLLINEAR SPIN ARRANGEMENTS 


The failure of the collinear model leads us to a con- 
sideration of more general models in which the individ- 
ual magnetic moments are no longer restricted to being 
parallel and antiparallel to a single direction in the 
crystal. The structure factor for a collection of spins 
having arbitrary orientations may be written as the 
complex vector quantity 


Fans =Z paquetticeacttvet ie, (1) 
where /; is the magnitude of the scattering amplitude 
associated with the ith spin and q; is given by 
q;=e(e-k,)—k,, (2) 
in which e is a unit vector parallel to the scattering 
vector and k; is a unit vector parallel to the magnetic 
moment. Defining the quantity Ky, by the expression 


Aut=>, k e2* Ch zit kh ystles) | (3) 
the structure factor can be written in the form 

Fixr=e(e-Kyr)— Kyi, (4) 
in which the p; have, for convenience, been taken equal 
to unity. The intensity of a powder-diffraction line is 


proportional to the square of F averaged over all 
members of the crystallographic form. Thus, 


(F-F*)=(K- K*)—((e-K) (e- K*)). 


“UMBRELLA” MODEL 


Let us now consider the case of a hexagonal crystal 
with atoms in the special positions 


] ’ 


1. 


2 
2 
» 2) 3) ¢ 


+ 0,0; 0, 4, 0; 
1 
3 


4,0,4; 0, 


and possessing magnetic moments oriented so as to re- 
tain at least threefold symmetry. The most general 
configuration of spins is that of an “umbrella” as shown 
in Fig. 5. In the following discussion, the angles between 
any one spin and the cell axes are taken to be arbitrary. 

The vectors K,.; of Eq. (3) for three symmetry- 
related reflections, are 


Kin = (kit kyget*)e?* + (Kot kge™ eet i*/8 
| (ko+kge**e Qe il ht+k 3 
K h—k,h, l= K,,,.€7' — ; 


Ky -1—%,1= Kane 2ri(h—k)/3 


(6) 
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Fic. 5. “Umbrella” model for 
spin configuration in CrSe. The 
magnetic moments in both the 
z=(0 and z=} level of the unit 
cell are shown in relation to the 
threefold axis 





in which k;, ke, k; are the spin vectors at z=0 and 
1 


ks, ks, ke are the corresponding vectors at z=}. 
If the vectors e and K are referred to a set of orthogo- 
nal axes with x and y in the basal plane and z along the 
c axis, we have, for a given reflection /&l, 
(e- K)(e- K*) 
=e2K .K ,*+¢,7K,K,*+e°K,K.* 
+e.,(K:Ky*+K.*K,)+¢,e:(K,K.*+K,*K;) 
+e.e,(K,K,*+K,*K,). 
The coefficients of ¢7, ---, ee, are invariant for the 
three symmetry-related reflections by virtue of relations 
(6) and hence, 
((e-K)(e- K*)) 
=(e2)K,K.*+(e)K,K,*+(e2)K.K:* 
+(exe,)(K 2K y*+K .*K,)+(eye:(KyK:*+K,y*K:) 
+(e,e,)(K,K,*+K,*K,). 
Furthermore, noting that 


(1—e,”)! sing, 


e,= (1—e,7)' cosd, e, 
where @ is the angle between the projection of the 
normal on the basal plane and the x axis, we have, after 
averaging over the three reflections, 

(e2)= (e,?) = , (1—e,”) and (e Ba 
Thus, 

((e-K)(e-K*))=3(1—e2) (K- K* 
and, 

(F-F*)=3(1+¢2)(K-K*)4 
where 
K- K* =k +ke+k2 + 2 « os[ 3a 2h T k) 

< {k.-k, 


and 


K.K,*=k.2+ki2+k.24 2 cos[ 3a(2h +-k 


X {Rakoze th zk zt Razk cz}, 
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in which kg=kitks, ky»=ko-+k;, k.=kske, the upper 
and lower signs corresponding to / even or odd. 

Equations (7) and (8) have been derived for three 
reflections related by a threefold axis, but apply equally 
well to the whole crystallographic form. 


APPLICATION TO CrSe 


Equation (7) can be simplified by making use of the 
fact that the (100) reflection is absent. For /=0, k,=k, 
+ky, k,=k.+ks, and k.=k;+k. In addition, the sum 
of all the moments, k,+k,+k,., must vanish by virtue 
of the antiferromagnetic condition. Thus, using (8), 
(K- K*)ioo=$(k2+ke+k2). Furthermore, since by 
symmetry, the z components of spins 1, 2, 3 are equal 
and opposite to those of 4, 5, 6, we have kaz= ky. =k-2=0 
and (K,K,*)i9=0. Equation (7) now reduces to the 
expression ((F-F*)):o0=2(k2+h.?+k2)=0, and hence, 
k,=k,=k.=0: i.€., k,= —k,, k.= —k;, k;= — kg. We 
then see that the absence of the (100) reflection imposes 
the condition that the spins alternate along a line parallel 
lo the c axis. It should be noted that this conclusion is 
not obvious from either symmetry or the antiferro- 
magnetic nature of the crystal, since it would be possible 
to satisfy both requirements by permitting the spins at 
z=0 and z=} to have the same x and y components. 

Substituting this result into Eq. (8), we obtain for 
l odd 

K- K*=12{1+ 2k,-k; cos[ $a(2h+) ]}, 


K.K,*=12k2{1+2 cos[34(2h+k) }}, 


where i and j refer to any single pair of spins 1, 2, and 3, 
and k, is the z component of an individual spin. If @ is 
the angle between the c axis and any one spin vector, the 
scalar product k,-k; can, because of the threefold 
symmetry, be replaced by the expression }(3 cos*@—1). 
Making this substitution and reinserting the magnitude 
of the magnetic scattering amplitude (p=0.27 u), we 
obtain, after some reduction, the following expressions 
for the mean-square structure factors corresponding to 
the various classes of reflections: 
((F-F*))=0 for / even; 
((F- F*))=0.654 yw,2(1+e,) 

for / odd, 24+k=3n+1; 
((F-F*))=2.61 w,?(1—e2) for 1 odd, 2h+k=3n. 
In these expressions, w,s=y sin# and ywi;=p cos@ are the 
components of the individual spins perpendicular and 
parallel to the c axis and e, is the z component of the 
normal to any member of a given set of equivalent 
planes. The quantities ((F-F*)) must of course be 
multiplied by the multiplicity of the form in computing 
the actual intensity of a powder reflection. 


COMPARISON WITH EXPERIMENT 


Reflections with / odd and 24+k=3n+1 are purely 
magnetic in origin, whereas those with 24+k=3n are 
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CrSe 


TaBLe I. Comparison of observed and calculated intensities. 


Foate 
“Umbrella” 
model 


1858 


Collinear 
model 


Lobs 
1858 


1858 


639 337 342 

514 235 216 

26 160 164 
w=3.57 us® wi=2.90 yu" 


* Computed by normalization of magnetic intensities relative to the 
nuclear intensities. 


mainly nuclear. In principle, it would be possible, with 
the aid of Eqs. (9) to determine both the magnitude of 
the magnetic moment and the angle of inclination of the 
spin with respect to the hexagonal axis. In practice, 
however, since the magnetic contributions to the 2h+k 
= 3n peaks are only a few percent of the total, and since 
small deviations from ideal stoichiometry and order 
may conceivably affect the calculation of the nuclear 
contributions to be subtracted, one cannot calculate py 
with appreciable reliability. Furthermore, a qualitative 
examination of the temperature dependence of the 
purely magnetic reflections shows no sharp transition 
temperature but rather a gradual decrease in magnetic 
intensity from approximately 100°K to room tempera- 
ture. This behavior prevents an accurate subtraction of 
the nuclear contributions to the 24+k=3n peaks by 
comparing intensities above and below the Néel point. 

It is nevertheless possible to test the validity of the 
“umbrella” model by comparing the relative intensities 
of the purely magnetic reflections (2h+k=3n+1), 
inasmuch as they depend only on the angle between the 
normal to the reflecting plane and the hexagonal axis. 
Inspection of Table I indicates that excellent agreement 
between calculated and observed intensities is obtained 
with the model. Normalization of the magnetic intensi- 
ties, by comparison with the nuclear reflections, yields 
a value of 2.90 uz for the component of the magnetic 
moment perpendicular to the hexagonal axis. For a 
total moment close to the theoretical “spin-only”’ value 
of 4 ws, the angle of inclination of the spin to the ¢ axis 
corresponds to approximately 45°. Calculated intensities 
for the collinear model are also given in Table I. It can 
be seen immediately from the table that the collinear 
model is unsatisfactory. 


DISCUSSION 


CrSe represents an unambiguous example of a non- 
collinear antiferromagnetic spin arrangement. Angular 
arrangements of spins have been assumed by Yafet and 
Kittel* and Lotgering® to explain the magnetic proper- 
ties of ferrites as well as some oxides and sulfides, but 
heretofore clear-cut experimental evidence for the ex- 
istence of such arrangements has been lacking. After the 

*Y. Yafet and C. Kittel, Phys. Rev. 87, 290 (1952). 

5 F. K. Lotgering, Philips Research Repts. 11, 190, 337 (1956). 
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experimental determination of the structure, our atten- 
tion was drawn to the work of Hirone and Adachi® who 
considered the magnetic properties of the NiAs struc- 
tures in the molecular-field approximation. They showed 
that triangular spin configurations were stable over 
certain regions of the molecular-field coefficients of first, 
second, and third nearest neighbors. Indeed, the order- 
ing in CrSe corresponds to a generalized form of their 
ordering of the third kind if the spins are tilted out of the 
basal plane, and corresponds exactly with it if yu, is zero. 

The noncollinear spin arrangement would also be ex- 
pected to influence the susceptibility below the Néel 
temperature and may conceivably account for the 
anomalous behavior. 

It is perhaps interesting to examine the possible mag- 


° T. Hirone and K. Adachi, J. Phys. Soc. Japan 12, 156 (1957). 
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netic space groups which allow the proposed model; 
these include both ordinary as well as Shubnikov 
groups.’ P62m and P62’m’, where the primes indicate 
antielements, restrict the Cr moment to the basal plane 
perpendicular and parallel to the unit-cell edges, re- 
spectively. P321 and P3im’ correspond to the more 
general cases in which the Cr moment has both a per- 
pendicular and parallel component with respect to the ¢ 
axis. The last group P3 permits the moments to have an 
arbitrary direction, simply maintaining threefold sym- 
metry. It is seen that an independent determination of 
the space group below the transition could enable one to 
restrict the possible structures. 

™N. V. Belov, N. N. Neronova, and T. S. Smirnova, Kristal 
lografiya 2, 315 (1957); G. Donnay, L. M. Corliss, ii H. 


Donnay, N. Elliott, and J. M. Hastings, Phys. Rev. 
(1958). 
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Experimental evidence indicates that halogen vacancies and interstitials may be formed by x irradiation 
of KCl at low temperatures. The validity of a mechanism based on multiple ionization depends upon 
several factors; among them efficiency of ionization and the availability of sufficient kinetic energy to 
remove the interstitial from the immediate vicinity of the vacancy. These two conditions are considered 


in some detail and found to be satisfied. 


1. INTRODUCTION 


F the several mechanisms that have been suggested 

for the production of defects in alkali halides by 
ionizing radiation, the Varley mechanism! (and its 
modifications) is the only one that (1) accounts for the 
production of interstitial halogen ions and (2) describes 
the defect production in terms of bulk properties of the 
crystal rather than in terms of dislocations or impuri- 
ties.?~ It is consistent therefore with evidence for the ex- 


* A large part of the work here reported was done when the 
authors were at the Carnegie Institute of Technology, Pittsburgh, 
Pennsylvania. 

1 J. H. O. Varley, Nature 174, 886 (1954) and J. Nuclear Energy 
1, 130 (1954). 

2 F. Seitz, Revs. Modern Phys. 26, 7 (1954). 

3J. H. Crawford, Jr. and C. M. Nelson, Phys. Rev. Letters 5, 
314 (1960). 

*P. V. Mitchell, D. A. Wiegand, and R. Smoluchowski, Phys. 
Rev. 121, 484 (1961) and P. V. Mitchell, Ph.D. Thesis, Carnegie 
Institute of Technology (1960). 


istence of interstitials®.* and also with recent experiments 
that strongly suggest that production of F centers at 
liquid He temperature depends only on bulk properties.’ 
According to Varley, a certain number of halogen ions 
become multiply ionized by the absorbed radiation. 
These ions are positively charged with respect to the 
lattice. Hence, a small perturbation, either by lattice 
vibrations or by other means, may be sufficient to 
eject a multiply ionized halogen from a normal lattice 
site to an electrostatically more favorable interstitial 
position. The vacancy left behind would capture an 
electron to become an F center. One of the objections 
to this process is that the ejected ion is very close to the 
vacancy and prompt recombination is likely. Also, the 

§ W. Kaenzig and T. O. Woodruff, Phys. Rev. 109, 220 (1958), 
and private communication. 

®*D. A. Wiegand and R. Smoluchowski, Phys. Rev. 110, 991 
(1958). 

7H. Rabin and C. C. Klick, Phys. Rev. 117, 1005 (1960). 
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recent optical measurements on KCl by Konitzer and 
Markham and the spin resonance measurements by 
Kinzig and Woodruff® indicate that F centers and inter- 
stitials produced at liquid He temperature are at least 
several lattice spacings apart. One of the purposes of this 
paper is to suggest a modification of the Varley mecha- 
nism which avoids this difficulty. The point here empha- 
sized is that the doubly ionized halogen is in a highly 
excited state in the crystal. The suggested mechanism 
shows how, through a de-excitation collision, this in- 
ternal energy can be converted into kinetic energy of 
the ions, and thus result in a well-separated interstitial 
and vacancy pair. 

In order for a Varley-type mechanism to operate, the 
following requirements must also be satisfied; (1) the 
efficiency of multiple ionization must be sufficiently 
large, (2) the multiply ionized halogen must exist for a 
sufficiently long time. The stability of a doubly ionized 
halogen against capture of a conduction electron has 
already been considered® and it was shown that under 
reasonable circumstances the capture time is longer 
than 10-” sec. In a recent article, however, Dexter’? 
has discussed the possibility of a multiply ionized halo- 
gen capturing an electron from neighboring ions. If the 
holes on the multiply ionized halogen are treated on a 
band model and if they are assigned an effective mass 
equal to the free electron mass, Dexter finds that the 
holes would separate a distance of 1 A in a time of the 
order of 10~'® sec. Whether a band description is ap- 
propriate in treating the two localized missing electrons 
is, however, not completely obvious." In the present 
paper, requirement (1) with particular reference to 
KCl at low temperatures, is considered first. On the 
basis of the Bohr-Bethe theory of the penetration of 
radiation through matter it is shown that the efficiency 
for the production of the multiple ionization of halogen 
ions is about twice as large as the efficiency of F-center 
production in KCl at liquid He temperature. Further, 
the process whereby the internal excitation produced 
by x rays is converted into kinetic energy of individual 
atoms which then produce the defects is described in 
some detail. 


Ii. EFFICIENCY FOR PRODUCTION OF 
DOUBLY IONIZED HALOGENS 


It is the purpose of this section to estimate the number 
of multiple ionizations that occur on Cl- ions when a 
KCl crystal absorbs monochromatic x rays. The estimate 
is based on the assumption that each inner shell (K or 
L) ionization is followed by the ejection of at least one 


8 J. D. Konitzer and J. J. Markham, J. Chem. Phys. 32, 843 
(1960). 

®R. E. Howard and R. Smoluchowski, Phys. Rev. 116, 314 
(1959). . 

101). L. Dexter, Phys. Rev. 118, 934 (1960). 

11H. Froehlich, Proc. Phys. Soc. (London) A74, 643 (1959), 
and private communication. 
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additional electron. Such an Auger process” is known to 
be more probable than competing radiative processes 
when the ionized inner shell level is less than about 
15 kev." For argon, in which the K electron has 
roughly the same binding energy as in Cl- (~3 kev), 
the calculations of Dexter and Beeman" together with 
the measurements of Parratt'® show that, following a K 
ionization, an Auger process rearrangement is an order 
of magnitude more probable than a radiative transition. 
The relative probability of the ejection of an M electron 
after an L ionization would be even more likely. Let us 
assume that photons, having an energy E much greater 
than the binding energy of the inner shell electrons, are 
absorbed by the KCl crystal. Direct ionizations are 
produced by these photons, but most of the total num- 
ber of ionizations come about through collisions of the 
ejected electrons. Almost all (about 90%)" of the direct 
ionizations occur in the K shell. Since the binding ener- 
gies of K electrons in both Cl- and K* are about 3 kev, 
the absorption of each photon produces approximately 
one electron with an energy of about (£-3) kev. Each 
of these ionizations is in turn followed by an Auger 
ejection of one or more electrons of energy of the order 
of 1 kev. The additional ionizations produced by the 
fast electrons are considered below. 

According to the Bohr-Bethe'’'* theory, the proba- 
bility of the ionization of a particular bound electron 
(by interaction with a fast electron traversing the ma- 
terial) is roughly proportional to the reciprocal of its 
binding energy. The binding energies of K, L, and M 
electrons in Cl- are approximately 3000, 200, and 20 ev, 
respectively. Thus the relative number of K, L, and M 
ionizations occurring on Cl~ ions (due to interaction 
with the fast secondary electrons) are px, px, and pm, 
respectively, where 


Pa= (Ma Te) / (dX Ne (i. 


Here , is the number of electrons in the a shell (a= K, 
L, M) and 7, its ionization potential. We find that 
px~0.1%, pr~10%, and pu~~90%. Having estimated 
the relative number of ionizations occurring in each 
shell, the efficiencies of these ionizations (in units of 
electron volts absorbed per ionization) may be found 
from an estimate of the over-all efficiency of ionization. 
This may be obtained from data on so-called “fast- 
stage” coloration in KCl, whereby a vacancy already 
present in the crystal captures an electron produced 

2 The possible importance of an Auger process was pointed 
out early by R. L. Platzman, in Symposium on Radiobiology, 
edited by J. Nickson (John Wiley & Sons, Inc., New York, 1952). 

FE, H. S. Burhop, The Auger Effect (Cambridge University 
Press, New York, 1952). 

4C. D. Broyles, D. A. Thomas, and S. K. Haynes, Phys. Rev. 
89, 715 (1953). 

15D), L. Dexter and W. W. Beeman, Phys. Rev. 81, 456 (1951). 

16 L. G. Parratt, Phys. Rev. 56, 295 (1939). 

17H. A. Bethe and J. Ashkin, Experimental Nuclear Physics, 
edited by E. Segré (John Wiley & Sons, Inc., New York, 1953), 
Vol. 1, p. 166. 

18N. Bohr, Kgl. Danske Videnskab. Selskab, Mat-fys. Medd. 
18, 8 (1948). 
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Fic. 1. Adiabatic potential curves for Cl. and for a 
CI*Cl- configuration. 


by the ionizing radiation. At this stage of coloration, 
about 30 ev are absorbed for each F center formed.‘ 
This provides a lower limit on the efficiency of the 
production of an electron-hole pair. (An upper limit is, 
of course, the band-gap energy which is about 10 ev in 
KCl.) If one supposes that roughly half of the ioniza- 
tions on a given shell occur on Cl- ions, one obtains the 
following efficiencies for ionizations in the K, L, and M 
shells of Cl- ions, respectively : nx = (1/2E+10-*/60)* 


ev per ionization, 7, = 600 ev per ionization and ny¥=65 
ev per ionization. In our description, nz and nw are 
independent of the energy of the x rays while nx de- 
creases with increasing /. In particular, for E= 20 kev, 


it has the value n«= 25 000 ev per ionization. Thus at 
this energy, most of the multiple ionizations originate 
from ionization in the L shell with an efficiency of 1 
multiple ionization per 600 ev. This is about twice as 
large as the efficiency of one F center per 1300 ev ab- 
sorbed energy observed by Rabin and Klick’ in the 


production of F centers in KCl at 4°K 


Ill. EXCHANGE DE-EXCITATION 


The electron affinity of Cl is 3.75 ev, while the ioni- 
zation potential of Cl is 13.01 ev. Thus, if an electron is 
captured from a Cl- into the ground state of Cl by the 
Cl*, approximately 9 ev of energy becomes available. 
During its formation, the Cl* ion receives recoil kinetic 
energy of the order of a few hundreths of an electron 
volt, and so is immediately displaced from its equi- 
librium position. Since the Cl- and K* subtend approxi- 
mately equal solid angles at the site of the Cl’, it is as 
likely that the Cl* will initially move towards a Cl as 
towards a Kr. 

In Fig. 1, we show the adiabatic potential curves for 
the interaction of two C] atoms in various states. Curve 
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A represents the initial approach of the Cl- and Cl* ions 
starting at the interionic distance indicated by the 
dashed vertical line. The distance at which the Cl- 
and Cl* begin to repel one another can be estimated 
using the fact that the equilibrium distance of a KCl 
molecule is 2.8 A, and noting that the ionic radius of 
Cl* is approximately 0.5 A smaller than Kt. The mini- 
mum would thus occur at about 2.2 A which is just 
where curve A crosses the repulsive curve!’ of Cl+Cl, 
i.e., the 32,+ state shown on curve B. Invoking the 
“no-crossing principle” gives the full curves of Fig. 1. 
The probability for a transition between curves of this 
type (i.e., the probability of “mutual neutralization”) 
has been considered by various authors.*®* It is very 
difficult to calculate this quantity accurately. It is pos- 
sible to say, however, that since the separation of the 
two full curves at the crossover is small, the transition 
will be highly probable. (This condition may not, of 
course, be satisfied for other halides.) After making the 
transition to curve B, the two neutral chlorine atoms 
will move apart with at least 3 ev of kinetic energy. 
Recently Klick™ has suggested that the system Cl-+CI* 
makes a transition to a bonding state shown in Fig. 1 
as curve C. Such a transition is, however, extremely im- 
probable due to the large separation between curves 
A and C. 

The production of an interstitial chlorine sufficiently 
separated from a chlorine vacancy can now be envisaged 
as follows: the two chlorine atoms move apart along a 
[110] direction in a series of focussed collisions in 
analogy to the “dynamic crowdion” discussed by Vine- 
yard.** Because of the large amount of energy available, 
it is probable that an electron will be transferred from 
the Cl to the Cl in such collisions, with the energy 
being carried off by the Cl. This results in the formation 
of an interstitial chlorine atom or H center, several 
lattice constants away from the vacancy. The vacancy 
and the other chlorine atom recapture electrons lead- 
ing to a normal F center. This is the required final 
configuration. 


ACKNOWLEDGMENTS 


The authors are grateful to Dr. U. Fano, Dr. G. 
Herzberg, and Dr. L. G. Parratt for advice and discus- 
sions. The research was supported by AEC and ONR 
contracts. 

9 R. K. Asundi and P. Venkateswarlu, Indian J. Phys. 21, 101 
(1947). 

”L. D. Landau, Physik Z. Sowjetunion. 2, 46 (1932) 

21 C, Zener, Proc. Roy. Soc. (London) A137, 696 (1932). 

”D. R. Bates and H. S. W. Massey, Phil. Trans. Roy. Soc. 
(London) A239, 269 (1943). 

*%H. S. W. Massey and E. H. S. Burhop, Electronic and Ionic 
Impact Phenomena (Oxford University Press, New York, 1952). 

*C. C. Klick, Bull. Am. Phys. Soc. 5, 185 (1960). 

*5 J. B. Gibson, A. N. Goland, M. Milgram, and G. H. Vineyard, 
Phys. Rey, 120, 1229 (1960). 





PHYSICAL REVIEW VOLUME 


122, 


NUMBER 5 JUNE 1, 1961 


Neutron Diffraction Investigations of Metallic Cerium at Low Temperatures 


M. K. Witxrnson, H. R. Cuitp, C. J. McHarGue, W. C. Kornter, anp FE. O. WoLLAN 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 


(Received January 16, 1961) 


Neutron diffraction experiments have been performed on metallic cerium at a series of temperatures 
between room temperature and 4.2°K in an attempt to clarify the anomalous behavior which has been 
observed in previous specific-heat and magnetic-susceptibility measurements. Results on three specially 
prepared samples show that the interesting magnetic behavior can be correlated with the three crystallo- 
graphic phases present in the samples. There is a change in the electronic configuration of the cerium atoms 
when the collapsed face-centered cubic phase is formed, and antiferromagnetic ordering occurs in the 


hexagonal close-packed phase at about 12.5°K. 


INTRODUCTION 


HE anomalous behavior that has been observed 
at low temperatures in specific heat'? and mag- 
netic susceptibility*~> measurements on metallic cerium 
has caused considerable interest in the magnetic prop- 
erties of this metal. Both types of experiments have 
shown a large anomaly with considerable thermal 
hysteresis in the temperature range from 90°-190°K 
and a smaller anomaly at 12.5°K. Furthermore, the 
results are strongly dependent on the previous history 
of the sample. Lock* found that repeated thermal 
cycling of a specimen between room temperature and 
20°K eliminated the thermal hysteresis in the suscepti- 
bility measurements near 100°K and approximately 
doubled the paramagnetic susceptibility below 50°K, 
while Parkinson and Roberts* observed an increase in 
the specific-heat peak at 12.5°K after similar cycling. 
Recent x-ray investigations by McHargue and Yakel® 
have suggested that these anomalous results may be 
associated with the phase transformations that occur 
in metallic cerium at low temperatures. These experi- 
ments showed that three crystallographic forms exist 
below room temperature and that the relative concen- 
trations are dependent both on the sample temperature 
and on the condition of the sample. At room tempera- 
ture both a face-centered cubic structure (fcc) and a 
hexagonal close-packed structure (hep), with an ABAC 
stacking sequence of close-packed planes, were ob- 
served. However, observations on samples cooled below 
about 100°K showed that these phases could transform 
to another face-centered-cubic structure (fcc’), in 
which the volume was decreased 16.5% beiow that of 
of the original fcc phase. For increasing sample tem- 
peratures, a large hysteresis existed in the phase 
transformations. 
The collapsed fcc’ structure has been found pre- 


1}), H. Parkinson, F. E. Simon, and F. H. Spedding, Proc. 
Roy. Soc. (London) A207, 137 (1951). 

2 D. H. Parkinson and L. M. Roberts, Proc. Phys. Soc. (London) 
B70, 471 (1957). 

3 J. M. Lock, Proc. Phys. Soc. (London) B70, 566 (1957). 

'F. Trombe, Compt. rend. 198, 1591 (1934). 

‘> C. H. La Blanchetais, Compt. rend. 220, 392 (1945). 

6 C. J. McHargue and H. L. Yakel, Jr., Acta Met. 8, 637 (1960). 


viously’ under different conditions of pressure and 
temperature, and the explanation suggested for the 
existence of a second fcc structure with a decreased 
volume has involved the promotion of a 4/ electron 
to a 5d level.®” This electron transfer has also been 
suggested as the mechanism responsible for the anom- 
alous behavior of the magnetic susceptibility in the 
temperature region near 100°K. Consequently, it was 
of interest to investigate the magnetic properties of 
cerium under known crystallographic conditions. Neu- 
tron diffraction techniques are ideal for such an investi- 
gation, and these experiments would also give informa- 
tion on the cryomagnetic anomaly at 12.5°K. Lock 
suggested that this anomaly was due to an antiferro- 
magnetic transition, and since x-ray patterns taken at 
room temperature showed that his samples were almost 
entirely the fcc phase, he inferred that the magnetic 
ordering occurred in this phase. An alternative explana- 
tion was offered by Parkinson and his co-workers, who 
suggested that the observed behavior might be due to 
excitation of electrons between energy levels produced 
by Stark splitting of the ground state. 


EXPERIMENTAL PROCEDURE 


The cerium used in this investigation was obtained 
from the Institute for Atomic Research, Iowa State 
College, and had the highest purity of any material 
available. It was melted in tantalum crucibles in a 
vacuum to outgas and to reduce volatile impurities. 
Spectroscopic and gas analyses indicated a purity 
of 99.9%. 

Neutron diffraction measurements were obtained on 
three specimens which were prepared to give different 
concentrations of the crystallographic phases as a func- 
tion of temperature. The following methods were used: 

(a) Sample I was melted and cast in a cylindrical 
tantalum crucible which was approximately the size 
of the sample to be investigated. The crucible was then 
stripped away and the specimen was machined to the 

7 A, W. Lawson and L. Y. Tang, Phys. Rev. 76, 301 (1949). 

§ A. F. Schuch and J. H. Studivant, J. Chem. Phys. 18, 145 

05 
OW. HL Zachariasen, quoted in reference 7. 

10 L. Pauling, quoted in reference 8. 
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Fic. 1. Variation of crystallographic phases in three cerium 
samples with decreasing temperatures. Normal fcc (a9=5.15 A); 
hep (a=3.68 A, c=11.91 A); collapsed fcc (a9=4.85 A). 


proper dimensions, after which it was vacuum annealed 
at 350°C. 

(b) Sample II was melted and cast in a tantalum 
crucible considerably larger than the desired sample 
size. After the crucible was stripped away, the specimen 
was given a reduction of about 50% in cross-sectional 
area to the proper dimensions by cold-rolling. 

(c) Sample III was the same specimen as sample 
II, but at the conclusion of the investigations on that 
sample, it was thermally cycled 100 times between 4.2°K 
and room temperature. This procedure was followed in 
an attempt to duplicate the thermal cycling used by 
Lock and by Parkinson and Roberts. 

The samples were polycrystalline cylindrical rods 
about 5-cm long and 1-cm diam. They were sealed in 
a helium atmosphere within thin-walled aluminum cells 
and mounted in a double-jacketed vacuum cryostat. 
Diffraction patterns were obtained at a series of tem- 
peratures from room temperature to 4.2°K. 


EXPERIMENTAL RESULTS 
Crystallographic Phase Determinations 


The crystallographic phases at the various sample 
temperatures were determined from the nuclear re- 
flections, and the phase percentages that were observed 
as the sample temperatures were decreased are shown 
in Fig. 1. Results for increasing sample temperatures 


McHARGUE, 


KOEHLER, AND WOLLAN 

were considerably different because of thermal hysteresis 
in the phase transformations. The points are plotted 
at the specific temperatures where data were obtained, 
and the straight lines merely connect the points without 
indicating the proper percentages at the intermediate 
temperatures. The feet on the points represent the 
estimated errors in the determinations, and these errors 
were due primarily to insufficient resolution in the 
diffraction patterns and preferred orientation in the 
samples. 

The pha%es at room temperature and at 77°K for 
sample I agreed very well with those determined by 
x-ray analysis® on a sample prepared similarly. However, 
the phases in sample II did not agree with those ob- 
served by x-ray techniques for another sample which 
was cold-worked in a similar manner. Whereas the x-ray 
results indicated a sample which was essentially 100% 
fcc at room temperature, sample II contained about 
25% of the hcp phase at that temperature. This dif- 
ference may be associated with slightly different sample 
treatments, or it may indicate that the surface layer 
examined in the x-ray analysis was not representative of 
the bulk specimen. 


Paramagnetic Scattering Analysis 


The paramagnetic scattering from a magnetic ma- 
terial is proportional to u,”f?, where u, is the effective 
magnetic moment per atom in the paramagnetic state 
and f is the magnetic form factor. For rare-earth ions, 
in which the magnetic electrons obey Russell-Saunders 
coupling, »»=[g’J(J+1) ]}'. Therefore, the paramag- 
netic scattering can be interpreted in terms of the spin 
and orbital angular momentum associated with the 
magnetic electrons within the atoms. 

This type of analysis is particularly good for metallic 
cerium, since there is practically no diffuse scattering 
from the sample other than the paramagnetic scattering. 
There are two isotopes, Ce and Ce™, which constitute 
99.55% of the element, and since both have even-even 
nuclei, there is no nuclear-spin incoherent scattering. 
Furthermore, the two isotopes have closely the same 
values of nuclear coherent scattering amplitudes," so 
that isotopic incoherence is essentially negligible. The 
only other sources of diffuse scattering, in addition to 
the magnetic scattering, are multiple scattering and 
disorder scattering due to lattice distortions. Both of 
these should be small for the samples that were investi- 
gated, and reasonable estimates could be made. 

The diffuse scattering at small angles is shown in 
Fig. 2 for the three cerium samples at various tempera- 
tures. These curves, which have been corrected for 
background effects, show that a large decrease in scat- 
tering is associated with the presence of the fcc’ phase, 
an effect which would occur if the formation of this phase 
required a change in the electronic configuration of the 
atoms. Calculations have been made for the para- 


"'W. C. Koehler and E. O. Wollan, Phys. Rev 
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magnetic diffuse scattering which would be expected 
with various possible electronic configurations, and 
these values have been compared with the experimental 
results. The intensities of all curves shown in Fig. 2 
can be explained satisfactorily if the atoms in the fcc 
and hcp phases have one 4/ electron in the */'s state and 
the atoms in the fcc’ phase do not have a magnetic 
moment. Of the many configurations considered, this 
combination is the only one which gave satisfactory 
agreement with all of the data, and as shown in Table I, 
the agreement is well within experimental error. 

Previous predictions that the formation of the fcc’ 
phase involves the promotion of a 4f electron to a 5d 
level are consistent with these results if the 5d elec- 
trons have compensating spins. The intensity of the 
diffuse scattering would not permit even a spin-only 
value for the magnetic moment of the atoms in this 
phase. 


Investigations of Magnetic Ordering 


The neutron diffraction patterns at 4.2°K for all 
three samples showed the presence of three additional 
very weak reflections, and Fig. 3 shows the development 
of these reflections in sample III. Although the intensi- 
ties were very small, the reflection at a scattering angle 
near 13 deg was scanned with the sample at various 
temperatures above 4.2°K. Sample temperatures in 
this region were obtained with a small heater between 
the cerium and the container of liquid helium, and tem- 
peratures were measured with a calibrated copper- 
constantan thermocouple. The intensity of the reflection 
could be represented satisfactorily by a Brillouin-type 
curve which became zero at a temperature near 12.5°K. 
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Therefore, the anomalies that were observed in the 
specific heat and magnetic susceptibility measurements 
at this temperature are undoubtedly associated with an 
antiferromagnetic transition. 

The relative intensities of the antiferromagnetic re- 
flections in the three samples at 4.2°K, when correlated 
with the three crystallographic phases existing at that 
temperature, indicated that these reflections must be 
associated with the hcp phase, and other analyses have 
substantiated this result. The reflections cannot be as- 
sociated with the fcc’ phase, since their intensities dis- 
agree violently with the amount of this phase present at 
4.2°K. Furthermore, the largest of the three reflections 
cannot be indexed by any sensible enlargement of the 
unit cell corresponding to the fcc structure. Of course, 





NUCLEAR REFLECTIONS $f 
NORMAL fee 
hep 
COLLAPSED fcc 


(00) 


















































SCATTERING ANGLE (deg) 


Fic. 3. Neutron diffraction patterns from cerium (sample 


III) at 77°K and 4.2°K. 
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Taste I. Comparison of calculated diffuse scattering with experimental values (extrapolated to 20=0 


Diffuse scattering (neutrons/min) 
Temperature Phase concentrations (%) Paramagnetic Other 
Sample (°K) fec hep fee’ (calculated)* (estimated ‘ote Observed 


I 298 100 15 | 16.5 
77 10 f 10 13.8 1 15.0 

40 9. 1 10.8 

1 


50 7 2 90 


1.0 15.0 
1.0 13.3 
1.0 al 8.0 
1.0 7.3 
1.0 14.8 
1.0 13.5 
1.0 12.0 


* Calculated values when the atoms in the fcc and hep phases have one 4/ electron in the *F 5/2 state and there is n 
in the fcc’ phase. 


since the fcc phase is practically absent in all three ferrimagnetic layers of moments of the type shown in 
samples at 4.2°K, it is not possible to show that this Fig. 4(a), and calculations have been made for several 
phase does not also experience antiferromagnetic order- models in which stacking sequences of +—-+ and 
ing, but the largest reflection certainly appears to be ——-+-+ were considered. Since only three reflections 
the result of a transition that occurs in the hcp phase. were observed and these reflections were too weak to be 
All three antiferromagnetic reflections can be indexed measured accurately, it has been impossible to find a 
satisfactorily for a hexagonal cell with the same c axis unique structure. However, there are models for both 
as that of the chemical cell (ABAC stacking sequence) stacking sequences that predict the proper relative in- 
and an a axis which is twice that of the chemical cell. _tensities within experimental error, provided the mo- 
Such a magnetic structure can be formed by stacking ments are oriented parallel to the c axis. The best 
agreement was obtained for a model wit] 
arrangement, and this model is shown in Fig. 4(b). 
Calculations of the value for the atomic magnetic mo- 
ments varied between 0.50 we and 0.75 ue for the var- 
ious models, and for the model shown in Fig. 4(b), the 
value was 0.62 up. 

A determination of the magnetic moment was also 
obtained from the change in the diffuse scattering above 
and below the transition temperature, but this method 
was hindered by the change in diffuse scattering which 
accompanied the formation of the fcc’ phase. However, 
the maximum value of the ordered moment allowed by 
this calculation was 0.90 uz, and a more realistic value 

was 0.60+0.3 us. Of course, the diffuse scattering analy- 
sis does not prove that any of the proposed magneti 
structures are correct; it merely verifies that they pre- 
dict a satisfactory value for the atomic moment in the 
ordered lattice. 


DISCUSSION 


In the rare-earth elements, the 4f sub-shell of elec- 
trons is progressively filled starting with cerium, and 
the magnetic properties of these elements arise from 
this incomplete shell. Since the 4/ electrons are screened 
by eight electrons in the 5s and 5p sub-shells, the atoms 
within the metals should behave in a manner similar 
to the free atoms, except at low temperatures where 

crystal field effects can become important. The rare 

6) BEST ARRANGEMENT OF LAYERS earths usually become trivalent ions in compounds, and 

Fic. 4. Possible antiferromagnetic ordering in the they also have these trivalent characteristics in metals. 
hcp phase of cerium. The results of the neutron diffraction investigation 
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on metallic cerium are consistent with these interpreta- 
tions. At room temperature where the fcc and hep 
phases were observed, the paramagnetic scattering from 
the cerium atoms corresponded to that from a trivalent 
ion with one 4/ electron in the 2's; ground state. How- 
ever, when the fcc’ phase was formed, the remaining 
4f electron was presumably transferred to the conduc- 
tion band, thereby giving the cerium atoms a tetrava- 
lent character and leaving them with no unpaired elec- 
trons. The low temperature data, however, indicate that 
the energy levels of the */'s state are actually split by 
the crystal fields. The value of the atomic magnetic 
moment at 4.2°K for atoms in the ordered antiferro- 
magnetic lattice is considerably smaller than the maxi- 
mum value of 2.14 yu, associated with this state. It 
should be mentioned that this effect was observed only 
in the coherent magnetic scattering at low temperatures. 
The absence of a change in the paramagnetic scattering 
indicates that the level splitting is small compared to 
the energy of the thermal neutrons incident on the 
samples. 

The interpretation of the neutron diffraction results 
also appears to be completely consistent with the 
magnetic susceptibility measurements of Lock. From 
room temperature down to about 110°K, his results 
showed a Curie-Weiss behavior and gave an effective 
atomic moment in good agreement with that predicted 
for the free trivalent cerium ion in a *F¥y ground state. 
Furthermore, if the anomalous behavior near 100°K 
was caused by a 4f— Sd transition, Lock was able to 
predict that in cerium which is cooled for the first time, 
about half of the available 4/ electrons are transferred. 
For the two samples (samples I and II) in this investi- 
gation which were previously uncooled, the phases that 
existed at room temperature and the phase transforma- 
tions on cooling were different, but both samples showed 
about one-half of the sample transformed to the fcc’ 
phase at low temperatures. Of course, the reason that 
Lock’s thermally-cycled sample showed no hysteresis in 
the magnetic susceptibility measurements is indicated 
by the phases that existed in sample III. This tempera- 
ture cycling procedure apparently suppresses the trans- 
formation to the fcc’ phase and the corresponding 
electron transfer which is involved. 
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The antiferromagnetic structures that have been sug- 
gested to account for the magnetic ordering in the hcp 
phase cannot be considered definite because of the very 
weak reflections that were observed. However, the 
satisfactory agreement of the moment values obtained 
from the antiferromagnetic models with the value ob- 
tained from the diffuse scattering analysis indicates 
that these models are definite possibilities. It is also 
of interest that the experimentally determined moment 
values agree quite satisfactorily with those predicted 
from crystal field calculations. Murao and Matsubara” 
have calculated the level splitting of the *F state in 
the fcc phase, and their results predict a value of 0.71 us 
for the atomic moment at low temperatures. Trammell 
has extended these calculations to the hcp phase, and 
his results predict the same value for moments in the 
A layers but a slightly smaller value for the moments 
in the B and C layers where the crystal symmetry is 
different. Of course, if different moment values actually 
do exist for atoms in the two symmetries, then models 
of the —+—-+ stacking sequence would give a mag- 
netic structure that is slightly ferrimagnetic instead of 
antiferromagnetic. 

Since the samples studied in this investigation con- 
tained only a small amount of the fcc phase at 4.2°K, 
it was not possible to make a definite determination 
concerning magnetic ordering in this phase. However, 
because of the similarity of this phase to the hcp phase 
and the presence of a 4f/ electron in the atoms, it seems 
logical to expect that antiferromagnetic ordering might 
also occur in the fee phase. In fact, it is possible that 
the very small specific heat peak which has been ob- 
served? at about 7°K is the result of this antiferro- 
magnetic transition. 
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The hyperfine structure of Fe*’ in yttrium-iron garnet [Y;Fe2(FeO,)3] has been obtained through the 
Méssbauer effect. A 0.002-in. thick slice of a single crystal of yttrium-iron garnet, cut normal to a [110] 
direction, was used as an absorber of recoil-free gamma rays emitted by a stainless steel source. The iron in 
yttrium-iron garnet is located in two nonequivalent sites, tetrahedral and octahedral, each of which has an 
axially symmetric electric field gradient. Data were taken with the magnetization aligned in a [111] and in 
a [100] direction in order to produce the simplest absorption pattern. For each direction of magnetization, 
the absorption lines of Fe*’ at both sites have been resolved. The magnetic field at an Fe’ nucleus has been 
found to be 3.9105 oe at a tetrahedral site and 4.7105 oe at an octahedral site when the crystal is at 
room temperature (~300°K). The quadrupole coupling was found to be 7.5 10-8 ev in the tetrahedral 


site and 9.0 10~* ev in the octahedral site. 


INTRODUCTION 


HE yttrium-iron garnet, Y3Fe.(FeO,)s3, although 

a recent discovery, has already become one of 
the most thoroughly studied magnetic materials. The 
temperature dependence of the bulk magnetization of 
yttrium-iron garnet and of substituted garnets has 
been extensively studied' and provides an important 
experimental verification of the theory of ferrimag- 
netism.? One feature which has up to now remained 
unknown is the actual value of the magnetic field at 
the iron nuclei in this material. It would be of particular 
interest to obtain the temperature dependence of the 
field at iron nuclei in both the tetrahedral and octahedral 
sites since measurements of the bulk mangetization 
give no direct information on these two types of iron 
separately. In iron metal, it has been shown with the 
Méssbauer effect® that the field at the nucleus and the 
magnetization have the same temperature dependence.‘ 
The same tool appears particularly well suited for a 
study of the iron garnets. In addition to the magnetic 
field at the nuclei in the two types of sites, the electric 
quadrupole coupling may also be obtained. 

The Fe? Méssbauer effect’ utilizes the gamma-ray 
transition between the ground and first excited states 
of the nucleus and requires a source containing radio- 
active Co*’ and an absorber containing stable Fe*’. Any 
naturally iron-bearing substance may be used as an 
absorber since the natural abundance of Fe*” is 2.14%. 
The Co*” in the source decays by electron capture 
with a half-life of 270 days to an excited state of Fe*’. 
This state decays in part directly to the ground state 
of stable Fe®” and in part to the spin $ first excited 


* A preliminary account has appeared in Bull. Am. Phys. Soc. 
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state. This level is located 14.4 kev above the ground 
state and has a half-life of 10-7 sec. 

The hyperfine structure of the 14.4-kev transition 
between the ground and first excited states can be 
resolved with the Méssbauer effect. The nuclear mag- 
netic moments of the spin 4} ground state and of the 
spin $ first excited states are known as the result of 
resonance® and Méssbauer experiments,’ respectively 
The quadrupole moment of the first excited state is 
known to be large and negative.* In the general case 
where the magnetic field at the nucleus is in an arbitrary 
direction and in which the electric field gradient (EFG) 
is not restricted by symmetry considerations, the hyper- 
fine splitting of the excited state is difficult to obtain. 
The situation is considerably simplified when the EFG 
tensor has axial symmetry as it does in the present 
case. The energy of the magnetic sublevels can then 
be expressed in terms of two parameters, (1) the angle 
@ between the direction of the magnetic field H and 
the axis of the field gradient and (2) the ratio Xd of 
quadrupole to magnetic hyperfine coupling. The requi- 
site numerical calculations have been done by Parker.’ 

Yttrium-iron garnet is a cubic ferrimagnetic crystal 
containing trivalent iron, in which there are eight 
formula units in a unit cell. Iron nuclei occupy two types 
of sites, tetrahedral and octahedral, which are present 
in a ratio of 3:2. Neither the tetrahedral nor the octa- 
hedral site has cubic symmetry, although the crystal 
as a whole is cubic. However, each site has sufficient 
symmetry to insure that the EFG tensor at the iron 
nucleus is axially symmetric. In the tetrahedral site, 
the iron nucleus is equidistant from four oxygen ions 
placed at the corners of a distorted tetrahedron as 
shown in Fig. 1. This tetrahedral figure has a fourfold 
rotary inversion axis in a [100] direction, which is con- 
sequently the axis of symmetry of the EFG tensor at 


®G. W. Ludwig and H. H. Woodbury, Phys. Rev. 117, 1286 
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7S. S. Hanna, ie Heberle, C. Littlejohn, G. 3, Perlow, R. S. 
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hfs OF Fe*t? IN Y-Fe GARNET 
TABLE I. Characteristics of iron sites in yttrium-iron garnet 
for the two cases used in the experiment. 


Field direction 
111 


Intensity” 


100 


Iron site Intensity” 


Angle* Angle* 


Tetrahedral 54°44’ 6 90° 
70°32’ 3 0° 


0 1 54°44’ 


Octahedral 


* Angle between direction of magnetization and axis of electri 
gradient tensor. 

> Relative number 
given angle 


field 


of iron atoms occupying sites characterized by the 


the tetrahedral site. In the octahedral site, the iron 
nucleus is equidistant from six oxygen ions placed at 
the corners of a distorted octahedron, as shown in Fig. 2. 
This octahedral figure has a threefold axis of rotation 
in a [111] direction, which is similarly the axis of sym- 
metry of the EFG tensor at the octahedral site. Since 





lic. 1. Oxygen atom location around tetrahedral iron site. 
The symmetry axis of the tetrahedron (and of the crystal as a 
whole) lies in a [100] direction. Dots indicate lines of equal length. 


there are four [111] directions and three [100] direc- 
tions, there are seven different angles @ when H is 
taken in an arbitrary direction. In this case, the absorp- 
tion spectrum would be particularly difficult to analyze, 
since it would consist of a superposition of seven distinct 
six-line absorption spectra, due to Fe’ nuclei in seven 
nonequivalent sites. 

In order to produce the simplest absorption spectra, 
the direction of magnetization in the crystal (which 
may be determined by an external magnetic field) was 
chosen to minimize the number of values of 6. There 
are two particularly advantageous cases: H in the [100 } 
or [111 ] direction. When the magnetic field is in a [100] 
direction, all symmetry axes of the octahedral sites, 
which are the [111] directions, make an angle of 55° 
with it. For the tetrahedral sites, there are two values 


FROM MOSSBAUER EFFECT 


G, 
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Fic. 2. Oxygen atom location around octahedral iron site. 
The symmetry axis of the octahedron lies in a [111] direction. 


of 6, 90° and 0°, with the former occurring twice as 
often as the latter. When the magnetic field is in a [111] 
direction, all symmetry axes of the tetrahedral sites, 
which are the [100] directions, make an angle of 55° 
with it. For the octahedral site, the values are 70° and 
0°, with the former occurring three times as often as 
the latter (see Table I). 


EXPERIMENTAL 


A diagram of the experimental equipment is shown 
in Fig. 3. The source was Co*’ diffused into type 310 
stainless steel, in which the 14.4-kev gamma-ray line 
is unsplit."” The source was mounted on a loudspeaker 
which was driven by a symmetric sawtooth voltage 
motion. The absorber was a 0.002-in. thick, (110) slice 
of a single crystal of yttrium-iron garnet. It was me- 
chanically polished according to the method described 
by Dillon and Earl," but was not etched. The crystal- 
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# 





SOURCE 
» Y3Feo (FeQ,) 3 
ABSORBER 


LOUDSPEAKER | 


MAGNET 
POLE PIECES 


Fic. 3. Experimental equipment. 


10 G. K. Wertheim, Phys. Rev. Letters 4, 403 (1960). 
1 J. F. Dillon and H. E. Earl, Am. J. Phys. 27, 201 (1959). 
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Fic. 4. Resonant absorption of 14.4-kev Fe®? gamma ray 
in yttrium-iron garnet magnetized in [100] direction 


lographic orientation of the crystal slice was determined 
by x-ray diffraction.’ The plane of the absorber was 
chosen normal to a [110] direction since this plane con- 
tains the required [111] and [100] directions. The 
direction of magnetization in the absorber was deter- 
mined by application of an external magnetic field of 
500 oe parallel to the plane of the absorber. Data were 
taken at room temperature (~300°K) with the mag- 
netic field in a [111 ] and a [100 ] direction. The 14.4-kev 
gamma rays transmitted by the absorber were detected 
with a conventional thallium-activated sodium iodide 
scintillation counter spectrometer, set for an energy 
interval of from 10 to 20 kev. Absorption spectra were 
obtained by recording counts for equal intervals of 
time at each velocity. Counts corresponding to positive 
and negative velocities were recorded separately. 
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Fic. 5. Resonant absorption of 14.4-kev Fe5? gamma ray in 
yttrium-iron garnet magnetized in [111] direction. 


12 The crystal was oriented by Mrs. M. H. Read. 


K. WERTHEIM 
RESULTS AND DISCUSSION 


The data obtained are shown in Figs. 4 and 5. When 
the field is in a [100] direction, three sets of lines due 
to Fe’ in the three nonequivalent sites are found. 
These are an octahedral site in which 6=55°, a tetra- 
hedral site in which @=90°, and a tetrahedral site in 
which 6=0°. As expected, the last set of lines is weaker 
than the other two. When the field is in a [111 } direc- 
tion, only two sets of lines are found, corresponding to 
the tetrahedral sites in which 6=55°, and the octa- 
hedral sites in which @= 70°. The octahedral sites for 
which 6=0° have not been resolved. This is in accord 
with their very low intensity. 

The hyperfine patterns for @=0°, 55°, 70°, and 90 
were computed for a range of values of \ using the 
nuclear magnetic moments of the ground and excited 
states and the calculations of Parker. The first step 
in the data analysis was to separate the lines due to 
nuclei in octahedral sites from those due to nuclei in 
tetrahedral sites by comparing the experimentally ob- 
tained absorption patterns with those computed. After 
this separation was made, the magnetic field at each 
site was obtained from the ground-state splitting, which 
is given by the separation of lines 2 and 4, and lines 
3 and 5. Since there were two sets of data, two inde- 
pendent determinations were made. When the magneti- 
zation was in a [100] direction, the magnetic field at 
the site of the iron nuclei was found to be 3.90 10° 
oe for the tetrahedral site and 4.67 X 10° oe for the octa- 
hedral site. When the magnetization was in a [111] 
direction, the values obtained are 3.94 10° oe for the 
tetrahedral site and 4.8110° oe for the octahedral 
site. The agreement between the two determinations 
was satisfactory. The average values obtained are 
(3.92+0.05)K105 oe for the tetrahedral site and 
(4.74+0.07) X 10° oe for the octahedral site. The latter 
value is comparable to other measured magnetic fields 
at trivalent iron sites; e.g., Kistner and Sunyar™ have 
found the field at the iron nucleus in FeO; to be 
5.15 X 10° oe at room temperature. It should be pointed 
out that although the bulk magnetization of yttrium- 
iron garnet as a function of temperature is known, the 
magnetic fields of the tetrahedral and octahedral sites 
cannot be extrapolated to 0°K since the temperature 
dependence of the two sites is not known. Further meas- 
urements at low temperatures are needed to determine 
the temperature dependence of the two sites. 

By comparing the relative positions of the six lines 
composing each spectrum with the calculated relative 
positions, the ratio of the quadrupolar to magnetic 
hyperfine coupling, A=egQ/4uH, was found to be 
0.10+0.02 for both tetrahedral and octahedral sites. 
The error in X is large, because the splitting of the 
excited state is particularly insensitive to \ in the region 


'8Q. C. Kistner and A. W. Sunyar, Phys. Rev 


Letters 4, 412 
1960). 
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6=55° and A=0.1, where the strongest absorption 
spectra were obtained. The value of obtained cor- 
responds to a quadrupole interaction eg?= (7.51.5) 
<10-* ev for the tetrahedral site and egQ= (9.0+-1.8) 
10-8 ev for the octahedral site. A better value of egQ 
could be obtained above the Curie temperature (272°C) 
where the splitting of the 7=% state would be purely 
quadrupolar. 
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Magnetic Susceptibility of Cerous Magnesium Nitrate 
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The most striking features of the behavior of cerous magnesium nitrate at liquid helium temperatures— 
extremely anisotropic susceptibility with gi;~0, a large temperature-independent term in x1, the spin- 
lattice relaxation time varying as the twelfth or higher power of T in the region of 2?>K—have until very 
recently received no detailed explanation. A measurement of x, between 4° and 300°K was undertaken to 
elicit information on the energies of the excited doublets within the J= $ ground multiplet, and thus to 
provide a guide for the reassessment of the crystal field parameters. We find 5; and 62 to be 30 and (roughly) 
200 cm=, respectively, in contrast to the 113 and 150 cm™ of existing theory. The results are at variance 
with the published data for x, above 85°K, but are in fairly good agreement with the recent findings of Leask 


and Wolf at low temperatures. 


I. INTRODUCTION 


HE salt cerous magnesium nitrate (CMN), 

Ce2Mg;3(NOs) 12° 24H.O, exhibits interesting and 
unusual features in its behavior at low temperatures. 
Its paramagnetism arises from the Ce** ion. Its *F; 
ground state is split by the crystalline electric field 
into three Kramers doublets characterized roughly by 
Jz=+3, +3, +}.' In the liquid-helium region, the 
salt obeys the Curie law very accurately, the two highest 
doublets being essentially unoccupied; the effective 
spin is } and the g factor is extremely anisotropic’: 
gi < 0.05,'4 and g,~ 1.84.2 The interactions which cause 
deviations from Curie’s law at very low temperatures 
are extremely small and their effect upon the suscepti- 
bility does not become significant until 0.01°K or 
lower.*® This feature and the concomitant one of 
very small specific heat below 1°K have already been 
made use of quite extensively in low temperature 


LR. 
A215, 
A, 

( 


J. Elliott and K. W. H. Stevens, Proc. Roy. Soc. (London) 
437 (1952). 

H. Cooke, H. J. Duffus, and W. P. Wolf, Phil. Mag. 44, 
1953). 

C. Wheatley and T. L. Estle, Phys. Rev. 104, 264 (1956). 
E. Radford, Proceedings of 


623 
3 J. 
‘R. P. Hudson, R. S. Kaeser, and H. 

the Seventh Conference on Low-Temperature Physics, Kingston, 

Ontario (University of Toronto Press, 1960). 

5 J. M. Daniels and F. N. H. Robinson, Phil. Mag. 44, 630 


(1953). 


thermometric and magnetic cooling applications.® Fi- 
nally, the spin-lattice relaxation time 7 is strongly 
temperature dependent in the liquid helium region,’ 
and in the customary Casimir-DuPré type of investiga- 
tion one finds that 7 increases from immeasurably small 
(<10~ sec) to immeasurably large (>10- sec) in 
lowering the temperature from 2.2° to 1.7°K. This 
type of behavior was confirmed by us in a series of 
relaxation-time measurements*’ undertaken mainly to 
derive an independent estimate of the magnetic con- 
tribution to the specific heat as a check upon adiabatic 
demagnetization data. 

To improve the understanding of the behavior of 
CMN and, in particular, to seek information on the 
splittings in the ground state, we decided to study the 
departures from Curie law behavior which set in at 
higher temperatures as the populations of the excited 
levels become significant. While this work was in 
progress, we learned that Wolf and collaborators were 


®See various review articles, for example: E. Ambler and 
R. P. Hudson, Repts. Progr. in Phys. 18, 251 (1955); M. J. 
Steenland and H. A. Tolhoek, Progress in Low-Temperature 
Physics (North-Holland Publishing Company, Amsterdam, 1957), 
Vol. II, p. 292; E. Ambler, Progress in Cryogenics (Heywood & 
Company, London, 1960), Vol. II, p. 233; R. P. Hudson, Progress 
in Cryogenics (Heywood & Company, London, 1960), Vol. III, 
(to be published). 

7R. P. Hudson and R. S. Kaeser (to be published). 
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independently engaged upon a similar program and had, 
in fact, identified the first excited state as Jz= +3 and 
placed it at approximately 25 cm™ above the ground 
doublet. Subsequently, these workers have shown‘ 
that a consistent picture may be developed to explain 
both the temperature dependence of + between 1.7°K 
and 2.2°K and the X, vs T behavior between 10°K and 
20°K, based upon such a location for the J/z= +3 level; 
confirmatory data are supplied by specific heat meas- 
urements” and by the relaxation-time measurements in 
this laboratory.’ The investigations reported here 
covered the temperature region 4°-300°K and lead to 
estimates of the splittings for both excited doublets, 
6, and do. 


Il. EXPERIMENTAL PROCEDURE 


The susceptibility of a small (6.0 mg) single crystal 
of CMN was measured by a modified Faraday method 
in an apparatus" following the design of Senftle and 
colleagues."* A small hole was drilled in the center of, 
and perpendicular to, a plane face of the crystal (i.e., 
along the ¢ axis) to accommodate a quartz fiber sus- 
pension 40 u diam. The “perpendicular susceptibility” 
X, was measured. 

The apparatus was originally designed for the meas- 
urement of very weak (semiconductor) susceptibilities. 
The elastic constant of the quartz spiral was calibrated 
by means of a standard paramagnetic specimen in the 
same magnetic field as was used for the actual measure- 
ment. Since CMN has a susceptibility ranging from 
10-500 times larger than susceptibilities usually meas- 
ured by the apparatus, the measuring field was reduced 
accordingly. As a result, it became apparent that it 
would be most satisfactory to calibrate the apparatus 
by normalizing the data to the known value of g, in the 
low-temperature region. Initially, we adopted the value" 
1.838 for g,; and we also made a second computation 
with the value 1.832, as found directly by Leask and 
Wolf® in their measurements in the helium-hydrogen 
region. 

After determining the susceptibility at 4.2°K, the 
temperature was allowed to rise: first, by slowly re- 
ducing the thermal contact between the sample chamber 
and the liquid helium; and second, by allowing the 
liquid helium to boil off. During the first stage, the 
pressure of the transfer gas in the annular space sur- 
rounding the sample chamber was reduced in steps. 
Between steps, the rate of heating was allowed to reach 
a steady value to permit a measurement. At pressures 


§C. B. P. Finn, R. Ohrbach, and W. P. Wolf, Proceedings of the 
Seventh International Conference on Low-Temperature Physics, 
Kingston, Ontario (University of Toronto Press, 1960). 

®M. J. M. Leask and W. P. Wolf (to be published). 

1 C. A. Bailey (unpublished). 

1 W. R. Hosler (unpublished). 

2 F, E. Senftle, M. D. Lee, A. A. Monkewicz, J. W. Mayo, and 
T. Pankey, Rev. Sci. Instr. 29, 429 (1958). 

130. Leifson, thesis, University of California, 
published). 
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below about 25 4 Hg, the heat transfer no longer de- 
pends appreciably on pressure and the second stage 
must be commenced. The rise from 4.2°K to room 
temperature required about 7 hr. During the entire 
measurement, the inner (sample) chamber contained 
helium gas at a pressure of 10 mm Hg. The temperature 
was measured at the wall of the inner chamber (at 
about 4 mm from the crystal) by means of a silver-gold 
vs gold-cobalt thermocouple. 

The accuracy of the measured value of temperature 
thus depends upon the quality of the thermometer 
calibration, the smallness of the heat leaks from the 
surroundings to both the thermometer and the specimen 
via their respective suspensions, and the efficiency of 
the gas in the sample chamber in maintaining equality 
of temperature between the thermometer and the speci- 
men. Hence, a very slow rate of rise of temperature is 
required for a reliable measurement of T; this condition 
is furthest from realization in the region immediately 
above 4.2°K, as is shown by the point at ‘“4.7°K” 
(Fig. 1) which was evidently at 5.1°K in reality. It is 
interesting that the error on this particular point is in 
the direction opposite to that normally experienced in 
the low-temperature region (see Discussion). 


Ill. THEORETICAL 


The theory of the Ce** ion in a field of C3, symmetry 
as developed by Judd" can account moderately well for 
the g values in the ground doublet by a suitable choice 
of the parameters in the crystal field potential and by 
taking into account the mixing of the */'7/. states into 
the basic */5,2 multiplet. It is, however, inadequate to 
explain the large temperature-independent term in the 
low-temperature susceptibility,’ still less the over-all 
behavior of X, between 4° and 300°K. 

Using the parameters given by Judd, one derives" 
for the ‘“‘perpendicular susceptibility” 


Nr 71.835" 0.0012 
X,=—— ( +0.10)+( +006 J. 162/T 
4kZ & T 


(1) 


Here, X; N is the susceptibility per Ce** ion, B is the 
Bohr magneton, & is the Boltzmann constant, and Z is 
a normalizing factor, >>; kT), to take into 
account the distribution over the various levels. Four 
terms multiplied by Boltzmann factors appropriate to 
the J= 3 levels which are effectively zero at room tem- 
perature and below (the energies of these levels are 
2000-3000 cm!) are omitted from this expression. 

At liquid helium temperatures, the above expression 


exp | —§ 


MBR. Judd, Proc. Roy. Soc (London) A232, 458 (1955). 
46 We are indebted to J. C. Eisenstein for the derivation of this 
formula. 
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reduces to 
X, = Np?/4k{ (1.8352/T)+0.10). (2) 


It will be observed that Judd’s choice of parameters 
gives the correct value for g, (the fit to g,, is much less 
satisfactory) but the second term, representing tem- 
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perature-independent paramagnetism, is less than half 
that found experimentally.? Moreover,the first excited 
doublet, J.= +4, lies at 35-40 deg (see above) rather 
than the 162 deg appearing in Eq. (1). 

To interpret our X, vs JT data we make use of the 
generalized form of Eq. (1), 


X= (NB?/4kZ){[(g2/T) +B’ +E’ ]+[(0/T)+C'—B’] exp[—8:/T]+[(g2/T)—C’— F’] exp[—52/TJ} 
[(A/T)+B+E]+ (C—B) exp[—8:/T]+[(D/T)—C—E] exp[—8./T] 


1+exp(—6,/T)+exp(—6./T) 


The value for (B+) can be found from the data for 
the lowest temperatures where the susceptibility obeys 
the relation X,=A/T+(B+E). The best value for 6, 
is specified quite stringently by the course of X, vs T in 
the range 10°-40°K. If 4. is so large that its effect is 
negligible in this region (the data are consistent with 
such a picture, in fact up to 60°K), we may write 


Xx,(T <40°K) 


[(A/T)+B+E]+(C—B) exp(—6,/T) Pa 


1+exp(—6,/T) 


whence one derives 
AX exp(6,/7T)—X,= (B—C) (4a) 


where AX=Xo—X, and X»=A/T+(B+E). By fitting 
the data to Eq. (4a), the value of 5; may be fixed to the 
nearest degree and the value of (B—C) is obtained 
simultaneously. Now knowing (B—C) and (B+), 
we obtain (C+£) immediately. 

For the value of g;, only an educated guess may be 
made: If one neglects the influence of the J=j states, 
then one finds g3= (18/7) sin’@, and gi= (18/7) cos*@, 
where @ is a parameter specifying the mixture of the 
basic J, states in the wave functions." For g;=1.84, 
6=32° and g;=0.73. Alternatively, Eq. (1) (which is 
known to have serious shortcomings) gives g3=0.55. 
Fortunately, in the region of temperature where the 6» 
terms of Eq. (3) together contribute significantly to 
the magnitude of X,(7>60°K), D/T will be small if 
gs~1, and a quite large uncertainty in g; will be of 
minor importance. 

We now rearrange Eq. (3a) into the form 


exp(82/T)=[%.— (D/T)+C+E] 
[ax— (B—C+X,) exp(—6:/T) P, 


and plot the logarithm of the right-hand side against T—' 
to derive 52. 

A correction for the diamagnetism was applied, using 
data quoted by Mookherji.'* The contribution amounts 
to 1% at 25°K, 3.7% at 100°K, and 10% at 300°K, 
so that the expected uncertainty in this correction will 
not materially affect the interpretation of our results. 


16 A. Mookherji, Indian J. Phys. 23, 410 (1949). 


(3b) 


IV. RESULTS 


The paramagnetic susceptibility is presented as a 
plot of X, vs 1/T in Figs. 1 and 2. As explained in Sec. 
II, we converted our relative susceptibility measure- 
ments into absolute values by demanding that the slope 
of X, vs 1/T at the lowest temperatures corresponded to 
the known value of g, (i.e., gi). The points of Figs. 1 
and 2 have been normalized to g,= 1.832, as found by 
Leask and Wolf. In cgs units per gram we find 


Xo=[(411.4/T)+29.3]X 10-. 


Leask and Wolf obtain 28.85 for the constant term, 
with no diamagnetic correction. When this is applied 
(+0.37), our figure of 29.3 is to be compared with 
their 29.22. Thus by forcing our X, vs 1/T slope to fit 
theirs (or the known g value), the actual values of X, 
come into excellent agreement in the liquid helium 
region. If we normalize our data to g,= 1.838," the con- 
stant term is changed to 29.5. 

The data of Leask and Wolf, summarized by a curve, 
are included in Fig. 1. Their actual points were obtained 
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Fic. 1. ‘Perpendicular susceptibility,” x1, for CMN against 
reciprocal of absolute temperature: curve A and circles, this 
research; curve B, data of Leask and Wolf® (interpolation be- 
tween 10°K and 4°K); curve C, data of Mookherji.'® 
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Fic. 2. x; against 1/7 in the high-temperature region: 
©, this research; x , data of Mookherji.'* 


below 4.2°K and in the range 10°-20°K. As may be 
observed, the two sets of data diverge in the latter 
region. Though the actual separation is small, it never- 
the less leads to a substantial difference between the 
values for 6, derived by them (38.4 deg) and by us 
(43 deg). 

Analyzing the complete data as described in Sec. III, 
we find 6.= 300+50 deg, (B+ E)= 29.27, (B—C)= 235.0, 
and hence (C+ £)=4.3. The curves through the experi- 
mental points in Figs. 1 and 2 were computed using 
these values together with A=411.4, D=65.3, and 
6,=43 deg. Also shown in both figures are the results 
obtained by Mookherji.'® Apart from the immediate 
neighborhood of room temperature, the disagreement 
is very pronounced. 


V. DISCUSSION 


As already mentioned, the observed variation of X, 
with T indicates that the crystal field parameters used 
in previous applications of the theory are incorrect. 
Unfortunately, it is not a simple matter to adjust these 
parameters and produce a better accord with the sus- 
ceptibility while maintaining the correct g values.'? A 
systematic search for the right parameters is being 
conducted in a machine calculation program. 

At low temperatures our data are in quite good nu- 


17 J. C. Eisenstein (private communication). 


AND W. 


HOSLER 


merical agreement with those of Leask and Wolf, but 
the differences are still sufficient to lead us to the figure 
of 43 deg for 5,, while they obtain 38 deg. The latter 
figure seems to be preferable on the sum of the various 
experimental findings,’*~"’ yet the discrepancy seems to 
be outside experimental error. Undoubtedly our greatest 
source of error lies in the thermometry, and experience 
has shown! that the true temperature of the salt will 
be less than that indicated by the thermocouple, a 
difference which is in the direction of the observed 
divergence. But we believe that it is unlikely that our 
temperatures, above 10°K at least, are in error by 
more than 0.25°K; and, moreover, that the accuracy 
should improve with rising temperature. Yet the di- 
vergence is observed to increase as T rises from 10° 
to 20°K. Under our conditions of measurement, we 
should not expect difficulties arising from the anisotropy 
of the salt, such as one might encounter in using the 
same apparatus to measure the much smaller g,,. It is 
not impossible that the differences are real, the proper- 
ties of CMN varying from specimen to specimen. 

The uncertainty in 6, (+16%) 
scatter in the data is magnified in such an analysis as 
that of Eq. (3b). Measurements of X,, at high tempera- 
tures would be very valuable for providing additional 
information on d:. Such data exist but are probably 
erroneous (see below). A calculation of the matrix ele- 
ments involved in Eq. (3a), using the approximate 
wave functions referred to in Sec. III together with our 
derived values for the splittings, gives surprisingly good 
agreement with the observed values viz., B=29.4, 
C=4.0, and E=1.1. In view of our neglect of admix- 
tures from the J/=7/2 levels, this agreement must be 
regarded for the present as somewhat fortuitous. 

Mookherji'* has studied both X, and X,, over the 
range 85°-300°K Starting at the latter temperature 
with values some 15% larger, our X, diverges rapidly 
from his until they differ by a factor two at 85°K. The 
curve through Mookherji’s points shows no evidence of 
turning upwards at the low-temperature extreme to- 
ward the by-now-well-established course of X, with 
1/T below 20°K. 


is large because the 
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We attempt to give a logically coherent definition of the term “sputtering threshold,” and establish criteria 
which may determine an experimental threshold. The Silsbee chain mechanism and the experimentally 
observed preferred direction of emission from single crystals are used to establish a threshold theory. Two 
models are required, one generally applicable when the mass ratio is less than one, and another when it is 
greater than one. Single-crystal threshold laws are obtained, and polycrystalline laws follow for face-centered 
cubic crystals by averaging the single-crystal forms. An approximate technique for the evaluation of surface 
atomic binding energies is presented so that the thresholds can be compared with experimental results. In 
all cases the theoretical thresholds are less than or comparable to experimental “thresholds.” 


INTRODUCTION 


ECENTLY reported attempts to measure sput- 

tering thresholds by Morgulis and Tishchenko,! 
Wehner and Stuart,? and McKeown* depend upon 
experimental techniques which have reached a high 
degree of sophistication. This effort seems to warrant 
rather careful theoretical analysis to attach meaning 
to the term “sputtering threshold,” and a discussion 
of what may be expected from threshold measurements. 
Some questions are raised which can only be answered 
by further experimentation. We extend the Silsbee 
chain mechanism‘ as developed by Leibfried,® present 
a new theory of the single-crystal sputtering threshold, 
and treat the polycrystalline threshold problem. 


SUBLIMATION, EVAPORATION, AND SPUTTERING 


During the last decade a series of experiments has 
lead to successively lower reported values for the 
“sputtering threshold.” Thresholds have been reduced 
from the 50- to 300-ev range reported by Wehner® to 
the recently reported values in the 5- to 15-ev range. 
As these energies approach the corresponding heats of 
sublimation, we must inquire whether a sputtering 
threshold really exists, or whether threshold measure- 
ments are actually chasing a will-of-the-wisp. To 
answer this question, we consider the sublimation 
process in some detail. 

Suppose we begin with a perfect crystal at absolute 
zero. As soon as the temperature is raised above 0°K, 
defects begin to form, and the statistical probability 
exists that some surface atom will acquire sufficient 
energy to break away from the surface, i.e., the crystal 
now has a vapor pressure. 


* This work was supported by Air Force Cambridge Research 
Center contract. 
+ Permanent address: University of Toledo, Toledo, Ohio. 
1N. D. Morgulis and V. D. Tishchenko, (a) Soviet Phys.— 
JETP 3, 52 (1956); (b) Bull. Acad. Sci. USSR, Phys. Ser. 20, 10, 
1082 (1956). 
2R. V. Stuart and G. K. Wehner, Phys. Rev. Letfers 4, 409 
(1960). 
3D. McKeown, Bull. Am. Phys. Soc. 5, 286 (1960). 
. H. Silsbee, J. Appl. Phys. 28, 1246 (1957). 
3. Leibfried, J. Appl. Phys. 30, 1388 (1959). 
. K. Wehner, Phys. Rev. 102, 690 (1956). 


Historically, we have always thought of the subli- 
mation process as a purely surface phenomenon, but 
the Silsbee chain mechanism forces us to re-examine 
the analysis. In brief, the Silsbee mechanism shows 
that if by means of a statistical fluctuation a lattice 
atom acquires energy and momentum in one of the 
close-packed directions of the lattice, the energy will 
propagate along the close-packed “chain” for a con- 
siderable distance. Applied to the sublimation problem, 
this mechanism seems to indicate that in a more general 
sense sublimation may be initiated well below the metal 
surface by the formation of a high-energy atom, which 
then transmits that energy to a surface atom along a 
chain. In all cases it is the surface atom which “sub- 
limes.” This approach suggests that the sublimation 
rate will be a volume effect rather than a surface effect. 
Evaporation from a liquid surface should be a much 
simpler process, because there is no evidence that the 
chaining mechanism will operate in a liquid. 

At temperatures well below the normal melting point, 
we expect to find that high-vacuum sublimation exhibits 
the characteristic spot patterns of single-crystal sput- 
tering. Yurasova’ unsuccessfully attempted to find such 
a pattern in copper. However, this experiment does not 
invalidate the mechanism, because it was conducted at 
950°C, which is very close to the normal melting point 
of copper. At such temperatures the defect density 
near the surface will be very large, perhaps approaching 
the “liquid surface layer”? model suggested by Gurney.® 
These defects will effectively disrupt the close-packed 
chain structure near the surface and lead to liquid-like 
sublimation near the melting point. Evidence sup- 
porting this model has been published by Bol’shov.® 
At temperatures well below the melting point, we may 
expect the characteristic spot pattern superimposed 
upon a uniform cosine “haze” produced by the liquid- 
type “surface sublimation.” Although it might well 
require a millenium to complete, a sublimation spot- 
pattern experiment on copper (run near room tem- 

7V. E. Yurasova, Soviet Phys.—Tech. Phys. 3, 1806 (1958). 

’C, Gurney, Proc. Phys. Soc. (London) A62, 639 (1949). 


* V. G. Bol’shov, Bull. Acad. Sci. USSR, Phys. Ser. 20, 10, 1020 
(1956). 
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perature, where most sputtering experiments are 
performed) would be very instructive. Experiments in 
the range 600-700°C appear more practical and may 
exhibit the effect. If the bulk sublimation effect does 
exist, it might be detectable as a change in vapor 
pressure across a solid phase change in a metal or alloy. 

Suppose we now add the additional complication of 
ion bombardment. We expect at least three noticeable 
effects: 


1. It will raise the crystal temperature. The effect 
can be controlled by decreasing the bombardment 
intensity, at the expense of total yield. Cooling the 
target will help, but only if the temperature gradient 
across the target can be kept small. 

Ion bombardment will increase the “surface” 
defect density, which tends to decrease the mean 
surface binding energy, but for experiments run at 
room temperature many of the defects will be self- 
annealing. The resulting surface structure approximates 
the basic crystal fairly closely in most cases, but 
Wehner” has some evidence that bombardment tends 
to rearrange the diamond-type lattice of germanium 
into body-centered cubic (bcc). 

3. Finaily, if the ions are sufficiently energetic, they 
initiate mechanical sputtering. Here, mechanical sput- 
tering refers to a momentum-energy exchange mechan- 
ism which frees the end member of a close-packed 
chain. Our ignorance of true surface conditions suggests 


that this bulk material approach will ultimately be 
more fruitful than a detailed examination of Henschke’s 
“single-collision mechanism.’ Experimentally, we can 


hope to establish a “‘spot-pattern threshold,” i.e., an 
energy at which the patterns first appear after some 


reasonable period of time. 


Because sublimation effects must inevitably obscure 
the threshold for large angles of incidence and for 
sputtering from preferred surface positions, it appears 
that the sputtering threshold is a meaningless concept, 
except in the single-crystal case. Perhaps, on mono- 
crystals, the appearance of spots will define a relatively 
sharp threshold. We shall assume that this threshold is 
detectable, and derive a theory of its dependence upon 
ion energy and angle of incidence. 

Because of the high density of defects near the 
surface, there probably is little correlation between 
sputtering thresholds and the displacement energy 
needed for radiation damage studies. A more promising 
approach would be a correlation between angles of 
emission and the variation of cross sections with energy. 
Wehner” is just beginning to obtain the data required 
for these studies. The researches of Gillam" indicate 
that sputtering measurements may also produce useful 


1” G. K. Wehner, General Mills Rept. No. 1930, February, 1960 
(unpublished). 
1 E. B. Henschke, Phys. Rev. 106, 737 


(1957). 
2 E. Gillam, J. Phys. Chem. Solids iL, 55 ( 


1959). 
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information about the range of 


metals at low energies. 


heavy particles in 


ENERGY TRANSPORT BY CHAINS 


The original suggestion of energy transport by close- 
packed chains was’ made by Silsbee.‘ His analysis was 
considerably extended by Leibfried,® who made a study 
of the effect of a chaining mechanism upon radiation 
damage. The first part of this section is a somewhat 
shortened recapitulation of the Leibfried presentation, 
which should be consulted for details. 


Chains without Dissipation 


We consider a collision between two hard-sphere 
atoms of radius ry, where r7=4R, R being the distance 
of closest approach upon collision. The interaction 
distance R may be determined from the relation 
E=2V(R), where £ is the kinetic energy of the moving 
atom, and V(R) is the interaction potential between 
pairs of atoms. Let D be the distance between atomic 
centers in the chaining direction. 

Consider the mth member of a chain, with energy 
E,, which moves in the @, direction (see Fig. 1). From 
simple geometry, we obtain 


sind ,41= sin@,,[ a cos@,,— (1—a? sin’6,,)! ], (1) 


where a= D/R, and conservation of energy 
mentum require that 


Eas 1 k 


and mo- 


n(1—a? sin’6,,). (2) 


If 0.41<6,, part of the energy will be focused along 
the chain, with the result that energy is transported 
for many atomic diameters. From Eq. (1) we readily 
establish that the maximum focusing angle is deter- 
mined by cos@#r=a/2, which is equivalent to the re- 
quirement that D<2R. We shall be interested in energy 
ranges where a2; therefore, if we set a= 
limiting angle may be expressed as sin’6; 
have assumed 7?/4<1, Le., In our work we 
make the somewhat more restrictive approximation 
that sin’é,=0,2=7. Upon substituting a=2— 7, and 
by using the small-angle approximation, Eq. (1) 
becomes 


2—n, the 
n, where we 
ns <0.2. 


Ons 1=On| 1—n+8,? ]. (3) 
Now if 6n41—9,, is small, we can write 
,1=6,+ (d6,/dn) (1) 
and Eq. (3) is reduced to the differential equation 
d0,,/dn= (—n+6)0. (4) 
We have tacitly assumed that ” may become large; 
therefore, the differential *equation is a fair approxi- 
mation to the difference equation. Upon integration, 
we obtain 
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Fic. 1. This figure shows the dynamic variables in a single 
collision process. For clarity it is drawn with D>2R; i.e., for the 
case where chaining cannot occur. 


and after some algebra, 


—ne 2yn 


0,2= 


(1 =e 212 — 9 6,2) 


For later use it will be convenient to define 


Xn= (1 —_— 2729 ‘,?) 
and 
x= — 07, ‘Ay?. (6) 


After following the same type of manipulation, a 
differential equation which governs the energy transport 
to the mth atom is obtained: 


dE/dn= —4(1—n)0,7E. 
Again integrating, we find 
E,= Eo 1— (00?/n) (1—e?™) PO, (7) 


where £» is the original energy, and 6) the original 
direction of the first member of the chain. Usually 
n<1. Note that in this special case there is an asymp- 
totic energy E,,=Eo(1—6?/n)? which will continue 
down the chain indefinitely. Such a transport mechan- 
ism will operate until the chain is interrupted by a 
vacancy, dislocation, or impurity atom. 

For chains produced by collisions in real crystals, the 
angle 6) is unknown. However, we can obtain the 
probability of any given £,,: 

f(Ex)= 5L1, (EoE.)*), 
and average to obtain the mean F,,: 


E. = Eo 3. 


Chains with Dissipation 


We now re-examine the chain problem on the as- 
sumption that between each collision some small frac- 
tion of the particle energy is lost to the surrounding 
lattice atoms. Equation (1) is not modified, but Eq. 
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(2) becomes 


Enyi=E,(1—©)(1—a? sin’,). (8) 
The 6, analysis is unchanged, but the energy analysis 
is more complicated. After manipulation, the energy 
differential equation becomes 


dE/dn= — (486,2+ 6), (9a) 


where we have set B= (1—n)(1—e). 
This equation is more conveniently written with x 
as the independent variable, 


dE dx ¢ dx 


—=28 
E x 


—, (9b) 
2n (1—n/0°?—x) 

The integration is now straightforward, and we finally 
obtain 


En= Eve~*"(1— (00/n) (1—e-2™") PF. (10) 


In the sputtering threshold work we shall be interested 
only in cases where 7 is very small. To this approxi- 
mation we find that 


E,= Eve~"(1—20en PF, (11) 


and ¢ completely dominates the energy loss mechanism. 
It is a straightforward but rather messy calculation to 
obtain the average energy after m collisions. Finally, 
we find 


“ 1 1—exp[_— 2nn(1+286) ] 
£,.= (— \(- Rae ES =) Bo (12) 
28+1 1—exp(—2nn) 


and again the lattice loss mechanism is dominant. 

Unfortunately, there are no direct measurements of 
chain losses available at the present time. Calculations 
by Vineyard et al.* indicate that lattice losses per 
collision are fairly small, perhaps only a few percent of 
the atom’s energy. These results seem to favor a con- 
stant-loss mechanism, rather than the constant frac- 
tional loss used in this analysis. The constant-loss 
mechanism leads to a discontinuous function for E, 
which is not particularly amenable to calculation. 
Silsbee,‘ using analytic procedures, plots a more com- 
plicated energy dependence for the loss function. In 
the absence of a definitive experiment we accept the 
Leibfried mechanism,® the general results of the pre- 
ceding analysis, and assume that e<0.05. 


THEORY OF THE SPUTTERING THRESHOLD 


All low-energy sputtering experiments performed on 
single crystals exhibit preferential sputtering in di- 
rections approximating the close-packed directions of 
the crystal. The resulting spot patterns persist to the 
lowest bombardment energies. We use this preferred 
emission direction to provide a basis for a theory of the 


18 G. H. Vineyard, J. B. Gibson, A. N. Goland, and M. Milgram, 
Bull. Am. Phys. Soc. 5, 26 (1960); G. H. Vineyard, ibid., p. 175, 
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sputtering threshold as defined previously. The de- 
pendence upon preferential sputtering distinguishes 
this theory from the work of Henschke" and Langberg." 
We shall see that the chain mechanism produces a more 
tractable theory of the sputtering threshold. 

In much of the succeeding work we shall make 
reference to “chain,” or “‘chain direction” where the 
term “close-packed direction” might be more appro- 
priate. Furthermore, a chain may consist of only éwo 
atoms, although in some instances it will be considerably 
longer. These semantic liberties will simplify presen- 
tation of the material. 

A threshold theory based upon the Silsbee effect will 
be independent of the surface configuration so long as 
the surface is clean. Surface irregularities should neither 
enhance nor defeat the mechanism, although they will 
certainly affect the surface binding energy, and hence 
numerical values obtained from the theory. A high 
density of defects may change the close-packed direc- 
tions from those characteristic of the underlying crystal, 
but near room temperature some sort of close-packing 
must exist. Defects would disrupt long-chain effects, 
initiated far below the surface, but near threshold these 
effects are not energetically possible. It will be con- 
venient to think of chains consisting of two or three 
atoms, although ten-member chains are plausible at 
the energies under consideration, but because a maxi- 
mum efficiency mechanism is required at threshold, 
chains inevitably will be quite short. Again, efficiency 
considerations suggest that we examine only those 
cases in which energy is transmitted exactly in the 
chain direction. Thus, we set @™0. As n is to be small, 
we may take e-"*~1 and as a first approximation 
consider a mechanism. We shall see that 
dissipation effects would be fairly simple to include, 
but that 40 introduces larger complications. 

Still another general consideration is that, regardless 
of the bombarding ion, a surface atom requires a certain 
energy to sputter. This binding energy will depend upon 
the surface temperature, the defect state of the surface, 
and the position of the atom on the surface. We expect 
this energy to be considerably less than the macro- 
scopic heat of sublimation. For numerical work, we 
write Hyx:, but the only experimental data refer to 
polycrystalline samples. 


loss-free 


We assume that the end member of a chain is sput- 
tered. At this stage we have made two requirements 
upon the particle which delivers the sputtering energy 
to the chain: It must deliver H,,:, and it must be mor ing 
in the chain direction so that it can make a maximum 
efficiency energy transfer to the chain. We write 
Hin=TmEa, where T,=4u/(1+y)?, and p=mion 
Mstom, the mass ratio. To deal with a dissipative 
medium, replace Hy: by Ayx: exp(e’), where 7 is the 
mean-chain length. 

The following effects influence the production of a 


4 FE. Langberg, Phys. Rev. 111, 91 (1958). 
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Fic. 2. Illustration of the angles involved in the 
process and the relation between the thre« 
polycrystalline section of the manuscript 


averaging 
angles used in the 


particle A with the requisite energy and direction of 
motion. 


Angular Considerations 


For a given angle of incidence 7, a reorientation angle 
6 will be required (Fig. 2). Two effects limit the possible 
scattering angles 6, for the two-body interactions which 
ultimately produc e the angle 6 

The mass ratio places limitations upon the maximum 

value @max Of 8,. From collision kinetics we have 

tand, = (sin#?,,)/ (u+cos? 13) 
where 9, is measured in the laboratory system (lab) 
and #, is the center-of-mass system (c.m.) scattering 
angle. By differentiation, we find that cos®max= —1/p 
which is obviously a real restriction for w>1. When 
substituted into Eq. (13), the condition gives tan@max 
=(y2—1)-!. The graph of this function appears in 
Fig. 3. 

The crystal lattice sets a limiting minimum scattering 
angle, in the sense that a maximum impact parameter 
exists. All impacts which exceed the maximum parame- 
ter are actually smaller angle impacts upon another 
atom. If for the face-centered cubic (fcc) crystal we 
assume equal radii for bullet and target atoms, the 
maximum impact parameter is (1/V2)D. The resulting 
minimum scattering angles are also shown in Fig. 3. 
This method of establishing the minimum scattering 
angles contains two obvious sources of error: The atom 
size (cross section) depends on the energy; therefore, 
larger impact parameters are possible at higher energies; 
and, of course, the incident ion need not have the same 
radius as a lattice atom. Both of these effects will 
usually reduce the minimum scattering angle. 

Careful examination of Fig. 3 is very instructive. 
We first note that for 1>1 the range of possible scat- 
tering angles is very restricted, while for u<1, the range 
is quite large. This examination suggests that for u<1 
it will be convenient to reorient the incident ion, while 
for u>1 we should look for another mechanism. 





SPUTTERING 
Energy Considerations 


The minimum scattering angle has a profound effect 
upon the scattering mechanism because it sets an upper 
limit upon the factor 


r,=1—T,, sin*(?,/2), (14) 


where r,=,/E measures the fraction of energy re- 
tained by the bullet after a collision. Suppose we 
compare the effect of m equal small-angle collisions 
such that 3},=0/n. If m is large we may find that the 
combined retention of n such collisions, R,=(r,)" 
=[1—T,, sin?(#,/2)]" will be greater than R,. The 
minimum angle limitation shows that if the reorien- 
tation is to be 50 deg, for example, we need not consider 
the possibility of ten 5-deg collisions, although it may 
be pertinent to consider the possibility of two 25-deg 
scatterings as well as the single 50-deg interaction. 
When u>1, we need consider only the case of equal 
angle interactions, for it will always give a retention 
factor greater than a combination of m arbitrary angles. 
That is, [1—7,, sin?@,/2) ]}"= (1—2,)">]],” (1-34), 
where t,=1—r,, t;=t,+a;, the a; may be positive or 
negative, and >> ;* a;=0. 

We observe that if the incident particle has an 
energy /y in the beam, it will have an energy E,= /oR,, 
when it has finally been reoriented into the chain 
direction. For any particular case, we may have to 
examine more than one value of m to determine which 
will maximize R,. The minimum angle condition 
indicates that we may use R,; whenever the mass ratio 
is small, and it is a reasonable first approximation 
whenever p<. 


Mechanism I. w<1 
By combining the preceding results, we obtain 
Ainwi=RriTmEo, 
and the threshold energy may be written 
En<= (A inzi/Tm)t na", (15) 


where #, measured in the c.m. system corresponds to 
6/n in the lab system. Usually we may set n= 1, so that 


E.n<= (Hari/Tm)[1—T» sin?(8/2) Pr. (16) 


Equation (15) was derived on the assumption that 
the original incident particle is reoriented into the 
chain direction. An alternative mechanism is possible 
if we assume that /4 is delivered to the chain by a 
moving lattice atom, rather than by the incident 
particle. If we assume that maximum energy is trans- 
ferred to a lattice atom in the first collision, that atom 
will receive an energy £,=T7,,/9. From this point on, 
the remaining » collisions all occur between identical 
particles, so that r,’=1—sin®(#,,/2)=cos*(#,/2). Now 
Tm<1, so that r,’<r, and this process is less efficient 
than the mechanism leading to Eq. (15). 
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Fic. 3. From this figure we can see how considerations of energy 
transfer and lattice spacing limit the allowable scattering mechan- 
isms. The maximum scattering angle curve is exact. Note that it 
terminates at 90° when »=1. The minimum scattering angle is 
approximate. See the body of the paper for a discussion of its 
validity. 


Because of the relation 6,+Y,=2/2, which applies 
when the masses are equal, as well as the identical 
nature of the colliding particles, it is apparent that 
E,’, the energy transferred to the th lattice atom, is 
given by 


E,! = E, sin?"6,,= E; cos?"Va, 
where y,, is the recoil angle (lab), so that 
T= t,*=Cos* Wa, 


which is just R,=r,". We conclude that the alternative 
mechanism gives the same results whether one atom is 
assumed to make » collisions terminating at the chain, 
or » atoms make collisions so that the final recoil has 
the proper termination at the chain. 


Mechanism Il. p>1 


When the mass ratio is greater than unity, angular 
considerations restrict the possible scattering angles so 
much that the mechanism leading to Eq. (15) cannot 
usually operate. When u™~1 it may be appropriate to 
consider this possibility, but in most cases we must 
fall back upon the alternative mechanism which leads 
to 


En? = (Hiani/Tm) sec?*(8,,/2). (17) 


Except at very large angles of incidence, at least two 
collisions will be required to scatter the moving lattice 


atom into the chain direction. Now for equal-mass 
collisions, 0=0/2, so that setting 0,=0/n we obtain 

Eun? - (Mri ‘ spt sec?"0,. (18) 
When u*1, i.e., for use in the u<1 case, 


sin?(30)=${1+-u sin*@—cosé(1—p? sin*@)'}; (19) 
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so that we have from Eq. (15), 
En = A irPins, 
Bin<= (1/Tm){1—4T nl 1+u sin’, 


—cos6,(1—p? sin’6,)* }} (20) 


Upon collecting results, the two simplest cases give, 
for mass ratio greater than unity, 


Area 4 
sec!(30) = . (21) 
| T» (1+ cos)? 


and, for mass ratio less than unity, 


yea 


En<=—({1-34T,,[1+u sin’ 
7 


—cos0(1—p? sin?@)']}—". (22) 
For the remainder of the work we shall consider only 
these two threshold laws. 


Single-Crystal Thresholds 


We may immediately obtain expressions for the 
sputtering threshold as a function of angle of incidence 
upon the fcc lattice by determining the angle 8 which is 
appropriate for the specified crystal plane. In cases 
where more than one possibility exists, we chose the 
value of 8 which requires the smallest value of #. With 
this restriction, 

Bioo= 45°, 


Biro 
Bi 


60°, 
= 35.26°, 


and, in general, 2=x—(8+7). When these values are 





SPUTTERING THRESHOLD NORMALIZED TO NORMAL 
INCIDENCE 
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Fic. 4. A single curve is sufficient to describe the angular de- 
pendence of the sputtering ratio on a single crystal for all u>1. 
By actual computation we find that the second mechanism leads 
to lower thresholds than the first for all mass ratios greater than 
~0.7; so that the curves are valid for u~>~0.7. We have not 
determined whether an »=2 first mechanism will lead to still 
lower thresholds. Although the method of presentation obscures 
the dependence, the normal incidence thresholds are strong func- 
tions of the crystal orientation. Thus for (110), &,.> (60°,0°) = 16.0, 
for (100), 127 (45°,0°) = 46.6, and for (111), > (35.26°,0°) = 119. 
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substituted into Eqs. (21) and (22) we have 


Ew? = (Hari Tm) (4 {{ 1—cos(8++2) PS, (23) 
and 
Eu 


HiypPu (24) 


We note that the factor ®,27 (8,1) =4/[1—cos(8+2) F, 
which occurs when yu> 1, is independent of uw. Thus, the 
variation of threshold with angle should have the same 
form for all mass ratio greater than 2.5, (see Fig. 3), 
and a general law will probably be valid over the entire 
mass ratio range greater than one. The factor ®,27 (G,7) 
is exhibited in Fig. 4 for the three values of 8 appro- 
priate for the fcc lattice. 
The corresponding factor, 


$<(B,i,n)= (1/Tn){1—3T nf 1-+p sin?(8+i) 
+cos(8+ i)[ 1—p? sin?(6+7) }!]} J 


appears in Fig. 5 for two mass ratios which are currently 
of experimental interest. Figure 6 shows the variation 
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Fic. 5. Here we have plotted angular dependences of the single 
crystal threshold for two systems which represent extremes of the 
mass ratio. We note that there is little crystal orientation effect 
for small mass ratios, but that orientation effects become quite 
pronounced when the mass ratio approaches unity. 


of ©,<(8,0,u) as a function of uw for the three values of 
8 appropriate for the fcc lattice. For comparison, two 
of the second-mechanism are included. The 
third falls off scale. Apparently, the second mechanism 
will lead to a lower threshold than the first as wu ap- 
proaches one. 

Equations (23) and (24) suggest that when i¥0 
anisotropies should exist in the thresholds for different 
portions of the spot pattern. For example, on the (110) 
surface of a fcc crystal these equations predict one 
threshold for the “‘far” spots, and another for the “‘near”’ 
spots if the crystal is oriented so that the [100] direc- 
tions in the surface are either perpendicular or parallel 
to the projection of the beam upon the surface. This 
anisotropy should continue to higher energies, until 
statistical processes begin to control the activation of 
chains. At the present time, only high-energy data 
seem to be available; in this connection, see Yurasova, 
Pleshivtsev, and 


curves 


Orfanov,'® who report isotropic 


16 V. E. Yurasova, N. V. Pleshivtsev, and I. V. Orfanov, Soviet 
Phys.—Tech. Phys. 37, 689 (1960). 
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MASS RATIO (INCIDENT ION/LATTICE ATOM) 
Fic. 6. Here we show the dependence of the factor @<(8,0,n) 
upon the mass ratio. We note that the second mechanism is 
actually more efficient than the first for 4>~0.7; see the re- 
striction in the caption of Fig. 5. We may obtain single-crystal 
sputtering thresholds at normal incidence by multiplying Hy: 
times a value read from this curve. 


patterns in the 10- to 40-kev range for argon sputtering 
single-crystal copper at large angles of incidence, and 
Rol,'® who reports angular dependences which are 
independent of the angle of incidence. 


POLYCRYSTALLINE THRESHOLDS 


The results of the previous section are of considerable 
theoretical interest, but they are not directly applicable 
to the presently available experimental data. Here we 
shall use a rather rough approximation technique to 
calculate polycrystalline sputtering thresholds. 

If we assume that there are no preferred orientations 
in the polycrystalline sample, we can average the single- 
crystal threshold expressions over all allowable angles 
6. That is, we are comparing the result of an average 
over all angles, with the experimental average of single- 
crystal data over all crystal orientations. The results 
should be at least approximately comparable. 

During the process of integration, we must be very 
careful that we always deal with the smallest possible 
reorientation angle @. An examination of Fig. 2 will 
indicate that when 0<i<2/4 we must change close- 
packed directions in mid-integration, while when 
a/4<i</2, one close-packed direction is sufficient. 
As a concrete example, suppose we consider close-packed 
directions which make an angle of 45° with the normal. 
Using Fig. 2, think of the normal line and line of inci- 
dence as fixed, and allow the surface and close-packed 
directions to rotate about 0. Then so long as A lies in 

'6P. K. Rol, Dissertation, Amsterdam (1960). 
authors (DEH) would like to record an extended and very re 
warding correspondence with Dr. Rol which has contributed 
greatly to his studies of sputtering. 
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the range =), there is a minimum reorientation to reach 
chain A. However, as soon as A moves outside of ©, 
the minimum reorientation will be to chain B, and @ 
will lie in Zs. Expressed analytically, when O0<i< 4/4 
we integrate 7/2—i<@<3m/4, and then subtract the 
integral of @ in the range 34/4>0>2/2+i. When 
7/4<i<n/2 this difficulty does not occur, because A 
never moves out of the range %,. All possible orien- 
tations are included if the crystal is also rotated about 
the normal, but this motion does not affect the average, 
because close-packed directions describe cones about 
the normal. The method of averaging is valid only 
when the close-packed directions are mutually 
perpendicular. 


Threshold for y>1 


Case A. r/4<i<x/2 


For this case, we perform a straightforward average 
of P,.7 (8) over the range $4—i<0<94—i, 


1 1 $ 
“4odo= 24 cot ) +cor( ) 
3 2 2 
{| —— || 
1+tan(3i) 1+tan(3i) 
4 Hya{ i i 
=—— |. cot’ (- )+eor(; ) 
oe TU 2 2 
: ee js |} es 
3L1+tan ($i) 1+tan(}i)J 


is the large-angle polycrystalline tlireshold law when 
>1 
ui. 


f 


Case B. O<i<n/4 


Here we evaluate the integral 


a 
f- 
lr- 


9" 


sect ( yoyd0-+ f sec!(40)d6, 
r+ 


and obtain 
4 Hawt 3 3 
‘| - tant( ") -+an(- “| 
T T., 8 8 
[= {- al 
3L1+tan(47) 1—tan(37) 


1+tan(}i) 1—tan(}i) 
ee ee 
1—tan(}i) 1+tan($i) 


Es? (i)= 
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Fic. 7. Polycrystalline threshold values of fcc metals vs angle 
of incidence for mass ratios >1. The results are normalized to the 
threshold at 0° angle of incidence. 


for the small-angle polycrystalline threshold when 
u>1. The ratio E>(i)/E>(0) is plotted in Fig. 7. 


Threshold for »<1 


We follow exactly the same procedure when yu<1, 
but the analysis is much more complicated because 
now there is no simple relation between # and @. From 
Eq. (13) we obtain 


| pu cosd +1 
d@= 
Qu [ (u? +1)/2yu +cosd? 


dd, (27) 


so that we may write the integral required for averaging 


as 


"1 dé 
J [1—T,, sin?(d/2 
, ‘ 


Now the indefinite integral of Eq. (28) is a standard 
form (Pierce, Table of Integrals, No. 306). Upon setting 


I(x) fr-7.sineaoy] 1d, 


1+ yp cos? 
dd. (28) 


{{ (u?+1)/2u |+cosd} 
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Fic. 8. Polycrystalline thresholds values vs angle of incidence 
for Ht, and He*, and Ar* on Cu and Ag. The results are norma! 
ized to the threshold at 0° angle of incidence. 
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for mass ratios <1 at normal incidence. 


Fic. 9. A plot of E./H, 


we find after manipulation that 


T(x) 
(1—p) 


where x corresponds to # evaluated for a particular 
value of 6 through Eq. (19). By using Eq. (19) we find 
that 

—p sin?é+cosé(1—,? sin’6)!, (30a) 


sinO[ u cos6+- (1—y? sin’@)? (30b) 


i 


1+p sin’?é@— cosé— 1- pw? sin’@ : 


tan(4x) (30c) 
iT sin’@)3 


sin6[_u cosé+ (1- 
Now let 
correspond to x, (2 
correspond to Xo(2), 
correspond to 


correspond tO X4(2 


with a partially filled 
one surface, is the 


Fic. 10. Schematic of a metal surface 
atomic layer. Atom A, being bound on only 


least tightly bound. 
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TABLE I. Comparison of theoretical and experimental threshold values. 


- Heat of Threshold 
Bombarding Target sublimation" Theoretical Experimental? 


Wehner® 


Crystal 
structure 


Hg* Ag oe ch 20 fcc 

Ni . ‘ 8. 70 fcc 

Cu 3.53; 4. 50 fcc 
Rh ae 9.: 70 fcc 
Pd 03, |' 13. 50 fcc 
Ag 8 9.13 40 fee 
Pt : 16.4 70 fcc 
Au . 11.4 40 fcc 
Pb 5 5.94 20 fcc 
Th 07 20.5 120 fcc 
V fs 23.9 120 bec 
Cr 0: 18.0 60 bec 
Fe 12, 18.0 60 bec 
Nb . ‘ 26.0 bec 
Mo 15 20.6 bec 
Ta 8.02; 23.5 bec 
W (8.80)! 25.7 bec 
Ti 4.84, S hep 
Co 4.40. 18.3 hep 
Zr 6.14, 20. hep 
Hf (7.37, ]4 21 hep 
Si [3.919 }4 21. dia 
Ge 4.07; 15.2 


liz 
{ {9.57}¢ 22.7 + 


rhom 
Morgulis and Tische 

1.87, 
{1.74}e 
2.84; 
4.40. 
6.14; 
{5.22}¢ 
(8.80)! 
1.366 
{1.74}e 
1.87, 
2.84; 
6.14, 


hep 
rhom 
fee 
hep 
hep 
fee 
bec 
hep 
rhom 
hep 
fee 
hep 
fee 
bee 
bee 
hep 
hep 


BODE WUe De: 
88 Sy oes AP 


— Ww 
nN > © 


5. 
3 
4. 
4 

8. 
4. 
2. 
2 

& 
1. 
1. 
| 

3. 
5. 
5 


oo © 


McKeown? 
Ar* Au 3.90; 2.50 


Stuart and Wehner* 
Ar* Cr 4.03, 11.8 5 bec 
Hg* Cr ‘4.03; 18.0 15 bee 





Heats of sublimation from C. J. Smithells, Metals Reference Book (Butterworths Scientific Publications, Ltd., 
noted, 

b Lower experimental limit is assumed. 

¢ Experimental values are ‘‘cut-in"’ thresholds. 

1{[ J} Value from Langberg dissertation, Princeton University, 1956 (unpublished). 

¢{ | Value from F. Seitz, Modern Theory of Solids (McGraw-Hill Book Company, Inc., New York, 1940 

*( ) Approximate value. 

& See reference 1. 

b Value computed from 1.6-ev binding energy. 

i Hg** ions. 

) See reference 3. 

k See reference 2 


London, 1955), 2nd ed., unless otherwise 


Case A. O<i<r, 4 Case B. da <i<he 


By using the integrals and definitions developed The “large” angle threshold formula for u<1 is 
above, we write down the polycrystalline sputtering : 
threshold for “small” angles and <1, as B,<(i)= y aM 1a) —T(ay)}. (32) 
. 2 Ane t Tx 
E s<(i)=———{21 (x3) —I'(41)—I("2)}. (31) 


x Tm Figure 8 is a normalized evaluation of these expres- 
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sions for helium and argon sputtering copper and silver. 
Figure 9 illustrates a plot of .</H)«: for mass ratios 
less than 1, at normal incidence. 


COMPARISON WITH EXPERIMENT 
AND CONCLUSIONS 


Because of the dependence upon Hj,., it is very 
difficult to make a direct comparison between the 
preceding results and experiment. In the polycrystalline 
case there is a great temptation to set Hy, equal to 
the atomic heat of sublimation, but we shall see that 
this assumption has no basis in either theory or 
experiment. 

Figure 10 shows a schematic drawing of a metal 
surface with a partially filled atomic layer. Atom 4A, 
which rests upon a filled plane is least tightly bound; 
B, having contact with two surfaces is next; and so on 
through atom £, which contacts 5 surfaces. Our primary 
concern is with the liberation of atoms from state A, 
B, or C. The bombardment process introduces vacancies 
at the surface; therefore, we expect a considerable 
enhancement of the usual number of atoms in these 
states. We note that the theory does not depend upon 
this surface activation except through the numerical 
value chosen for H,,:, but in many respects this bom- 
bardment activation is equivalent to the first stage of 
the momentum transfer model proposed by Kingdon 
and Langmuir,'’ many years ago. 

An alternative picture of this activation can be made 
in purely energetic terms if we assume that the states 
A, B, and C are at least metastable. Here we postulate 
that some earlier bombarding atom, whether it actually 
produced a sputtering event or not, supplied enough 
energy to activate a surface atom from an energy state 
corresponding to the pictorial state # into an energy 
state corresponding to A, B, or C. If the new state is 
metastable, a subsequent event can then sputter the 
atom. 

Only for tungsten do we have direct experimental 
measurements of H,,; for an atom in state A. 
Sokol’skaia'* reports a value of 1.6 ev, with a heat 
of sublimation of 8.9 ev, which confirms earlier esti- 

17K, Kingdon and I. Langmuir, Phys. Rev. 22, 148 (1923). 


18]. L. Sokol’skaia, Bull. Acad. Sci. USSR, Phys. Ser. 20, 10, 
1044 (1956). 
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mates by Stranski and Suhrmann”™ and Miiller.”’ To 
facilitate comparison of our results with experimental 
data, we shall arbitrarily assume that 17, tH ,, where 
H, is the atomic heat of sublimation. This is equivalent 
to assigning two atomic bonds per “direction” in the 
fcc case. Numbers obtained in this fashion may be in 
error by as much as a factor of two, but probably will 
not be high. Polycrystalline thresholds for a number of 
metal-ion combinations are shown in Table I. The 
theoretical values are consistently lower than Wehner’s 
“cut-in thresholds,’® comparable to or lower than the 
results of Wehner and Stuart? and McKeown,’ and 
definitely higher than the mercury-cobalt results re- 
ported by Morgulis and Tishchenko. However, a 
careful analysis of the Morgulis and Tishchenko ex- 
perimental setup, insofar as such an analysis is possible 
from the published description, indicates that there is 
considerable probability of an admixture of Hg** 
in the discharge. In terms of Hg** the reported thresh- 
old of ~16 ev, which is quite good agreement with the 
theoretical prediction if we consider the uncertainty in 
Hix. and recall that cobalt is hexagonal close packed 
so that the polycrystalline averaging procedure is no 
longer valid. The more comprehensive data reported 
by Morgulis and Tishchenko'” are also higher than 


ions 


the theoretical thresholds for all metal-ion pairs except 


those involving cobalt. For tungsten, where the binding 
energy is experimentally excellent 
agreement between theory and experiment for helium 
bombardment where the theory is clear-cut, and some- 
what poorer agreement with argon where the theoretical 
model is more ambiguous. 

We conclude that a simple collision model coupled 
with the chaining mechanism is sufficient to explain 
presently reported experimental values, but we must 
reiterate that there is still no direct evidence that a 
true experimental threshold actually exists. 


known, there is 
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The electronic band structure of gray tin was investigated through magnetoresistance measurements on 
oriented n- and p-type single crystals at 77, 195, and 273°K. From these measurements the low-field magneto- 
resistance coefficients were evaluated. Magnetoresistance anisotropy was observed in n-type crystals at 
195 and 273°K, but was not observed in either m- or p-type material at 77°K. Two possible explanations 
for the temperature-dependent anisotropy are proposed. The observed anisotropy satisfies, within the 
experimental uncertainty, the symmetry condition for ellipsoidal energy surfaces located along the [111] 
directions. Hall and conductivity measurements on samples used in the magnetoresistance study revealed 
a temperature-dependent mobility ratio greater than unity which supports the assumption that the mag- 
netoresistance anisotropy observed in the intrinsic range should be assigned to the conduction band. Under 
this assumption and that of isotropy of lattice scattering, a lower limit of 2.3 is found for the electronic 


effective-mass anisotropy parameter. 





I. INTRODUCTION 


HE availability of gray tin single crystals! enables 

one, by means of magnetoresistance measure- 
ments on oriented samples, to obtain experimental 
information on the energy band structure of this semi- 
conductor. The relation between the phenomenological 
magnetoresistance coefficients?* and the energy band 
structure for cubic semiconductors has been well estab- 
lished by extensive work on germanium and silicon.‘ 
For gray tin, however, previous magnetoresistance 
measurements,*—* because they were all made on poly- 
crystalline specimens, did not yield the coefficients re- 
quired for a similar analysis. 

The present paper reports magnetoresistance meas- 
urements on oriented specimens of gray tin. Measure- 
ments of the longitudinal and transverse magnetoresist- 
ance as a function of crystal orientation and magnetic 
field strength were made on n-type samples at 77°, 
195°, and 273°K and on a p-type sample at 77°K. The 
phenomenological coefficients were evaluated at each 
temperature and, using the results of magnetoresist- 
ance calculations for ellipsoidal surfaces of constant 
energy in k space,” the effective mass anisotropy was 
estimated. 


* This work was supported by the Office of Naval Research. It 
is based upon the thesis submitted by one of the authors (O. N. T.) 
to the Graduate School of Northwestern University in partial 
fulfillment of the requirements for the Ph.D. degree. 

j Present address: Honeywell Research Center, 
Minnesota. 
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II. SPECIMEN PREPARATION AND 
EXPERIMENTAL PROCEDURE 


The single crystals of gray tin used in this work were 
grown from mercury solution' using Vulcan tin of 
99.999% purity. Crystals grown at —25°C or below 
are always m type due to the presence of m-type im- 
purities in the original tin. At these temperatures, the 
solubility of mercury in gray tin is sufficiently low that 
the p-type conductivity resulting from mercury in 
solid solution is negligible. All m-type crystals used in 
this study were grown under these conditions and had 
carrier concentrations of approximately 10'%cm~*. The 
p-type crystals were grown from a solution doped with 
indium. Samples in the form of rectangular parellele- 
pipeds having dimensions of the order of 5 mmX0.5 
mm X0.3 mm were cut from the crystals with an 
“Airbrasive” sandblast unit. During cutting the crystal 
was cooled with liquid nitrogen to prevent transforma- 
tion to the metallic phase. The long dimension of each 
sample coincided with either the [100] or [110] 
crystallographic axis, and one of the smaller dimensions 
was along the [001 | axis. Sample orientation was veri- 
fied by Laue patterns to be within 2° of the specified 
direction. 

The sample holder was provided with current elec- 
trodes and four potential probes for conductivity and 
Hall effect measurements. The current electrodes con- 
sisted of 1-mil thick copper foil and the potential probes 
were 1.5-mil copper wire. The electrodes were soldered 
to the sample with a 23% indium—77% gallium alloy 
having a melting point of 16°C. The current electrode 
solder spots covered the entire ends of the crystal 
while the probe spots were kept as small as possible, 
usually about 0.1 mm in diameter. The sample length- 
to-width ratio was sufficient in all cases that negligible 
shorting of the Hall voltage by the current electrodes 
occurred. For some n-type samples, the extra probes 
for Hall measurements were attached after the mag- 
netoresistance measurements had been completed. 


~ 187. Isenberg, B. R. Russell, and R. F. Greene, Rev. Sci. Instr. 
19, 685 (1948); J. Volger, Phys. Rev. 79, 1923 (1950). 
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rane I. Characteristics of gray tin samples used in the magnetoresistance study 


T=273°K 
oO Ro 


ohm~'cm~") (cm?/coul) 


Sample 
N1 

N2 

N3 


2080 
2640 
2340 
2310 
2300 
2460 
2160 
2310 
2300 
1210 


A constant current, dc potentiometric method was 
used for all voltage measurements. Sample currents 
in the range from 10-50 ma were used. A Weiss-type 
electromagnet provided magnetic fields up to 12 kgauss. 
All measurements were made with the sample in a 
liquid bath, thus eliminating thermal effects. Constant- 
temperature baths having temperatures of 77°, 195°, 
and 273°K made use of the normal boiling point of 
nitrogen, the normal sublimation temperature of carbon 
dioxide, and the normal boiling point of butane, re- 
spectively. On using liquid propane and liquid butane, 
a continuous range in temperature from 83-273°K was 
obtained. All temperatures were 
copper-constantan thermoc ouple. 


measured with a 
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Fic. 1. Conductivity of a typical n-type sample and two 
indium-doped p-type samples. 


(ohm~'cm™!) 


2000 


T=77°K 
A) Ro Roo 


(cm3/coul) 


Carriers 


cm?/v-se per cc 


1600 —61 0.97 X 10° 
44 105 
26x 10 
3110 
15x 10 
60 10 
1.40 105 
1.40 10 
1.6 10 


4.4x< 10° 


1.02 10"7 
0.87 10" 
0.89 107 
0.87 * 10" 
0.7510" 
0.69 10 
0.80 10 
0.80 10" 
9.110" 
5.7 1018 


1 
1800 1 
1790 - I 
1710 I 
1820 1 
1815 
1810 
230" 
400 


Ill. SPECIMEN CHARACTERISTICS 


The temperature dependence of the conductivity of 
a typical n-type sample and of two p-type samples is 
shown in Fig. 1. Hall curves for the same samples are 
shown in Fig. 2. In Table I values of the conductivity 
and Hall coefficient at 77° and 273°K are tabulated 
together with Roo» products and carrier concentrations. 
The values of the zero-field Hall coefficient Ry were ob- 
tained by extrapolation. The carrier concentrations 
were calculated from the low-temperature Hall co- 
efficients assuming degeneracy. Since all samples but 
P2 are not quite extrinsic at the lowest measurement 
temperature, the calculated values are 
be generally higher 
concentrations. 

An interesting conclusion to be drawn from the p-type 
curves is that the mobility ratio 6 is temperature de- 
pendent. For sample P1, which shows a Hall crossover 

rative 


presumed to 


than the actual impurity 


at 94°K, the maximum (neg Hall coefficient is 
significantly greater in absolute value than the Hall 
coefficient in the exhaustion whereas the re- 
verse is true for sample P2 which crosses over at 230°K. 
Application of the method of Breckenridge ef al."* yields 
mobility ratios of 6.0 at 133°K and 2.0 at 278°K; these 
temperatures are the positions of the maxima for P1 
and P2, respectively.'® The mobility ratio at an inter- 
mediate temperature can be evaluated by applying 
Hunter’s method" to the conductivity curve of sample 
P2. This yields the value 3.3 at 192°K. The three values 
of are consistent with a 7~! temperature dependence 
and are larger than most previous determinations of 
the mobility ratio,®'” although some measurements of 
Becker® yielded a ratio of 10 at 100°K. 

4R. G. Breckenridge, R. F. Blunt, W. R. Hosler, H. P. R. 
Fredrickse, J. H. Becker, and W. Oshinsky, Phys. Rev. 96, 571 
(1954). 

16 The values of 5 are assigned to the temperatures of the Hall 
maxima because the exhaustion Hall coefficient is independent of 
b. The location of the maximum of P2 involves a slight extrapola- 
tion. In applying this method we ne that the temperature 
dependence of 6 is weak in comparison with that of the minority 
carrier density. 

'6L. P. Hunter, Phys. Rev. 91, 579 (1953) 

17 A. N. Goland and A. W. Ewald, Phys. Rev 
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104, 948 (1956). 
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ic. 2. Hall coefficient of a typical n-type sample and 
two p-type samples. 


IV. EVALUATION OF THE PHENOMENOLOGICAL 
MAGNETORESISTANCE COEFFICIENTS 


The phenomenological equation relating the elec- 
tric field E and current density J in cubic crystals is?“ 

E=p[J+A(JXH)+BJH#?+CH(J.H)+DT73), (1) 
where 7 is a diagonal tensor having components H,’, 
H,?, and H; in a coordinate system (1,2,3) coinciding 
with the cubic crystal axes, po is the electrical resistivity, 
A is the Hall coefficient, and B, C, and D are the phe- 
nomenological magnetoresistance coefficients. Terms in- 
volving the magnetic field to greater than the second 
power are neglected in this equation. If wH<«10*, the 
relation between the magnetoresistance and the phe- 
nomenological coefficients is* 


Ap/ pol? = B+C(S-my+D>Y er’, 


where « and » are the direction cosines of J and H, 
respectively. For the specific directions of current and 
magnetic field used in this work, the magnetoresistance 
ratio Ap/(poH*) measures the following combinations 
of coefficients. 


(2) 


Measured 
coefficients 
100 


B+C+D 
001 B 
001 B 


110 B+4D 
110 B+C+4D 


T direction H direction 


100 
100 
110 
110 
110 


A. n-Type Samples 
Although the three coefficients may be evaluated from 
measurements on a single specimen with the current 
in the [110] direction, the apparatus used required 
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remounting (and therefore resurfacing) of the crystal 
to change the magnetic field from the [001] to the 
[110] direction. Since n-type crystals of uniform purity 
and quality were available, it was usually more con- 
venient to use both the [100] and the [110] current 
directions in obtaining the coefficients. Magnetore- 
sistance measurements were made on seven oriented 
n-type samples. The experimental results for two sam- 
ples, V5 [110}'* and N9 [100], will be discussed in 
detail. However, these results are typical of all of the 
n-type samples investigated. 

The variation of the magnetoresistance ratio with 
the angle between the current and the magnetic field 
directions for sample V5 is shown in Fig. 3. The expected 
sine-squared dependence of the magnetoresistance on 
the angle between I and H is verified. The dependence 
of the magnetoresistance effect on the magnetic field 
strength for samples V5 and N9 at 77°, 195°, and 273°K 
is shown in Fig. 4. Certain general features common 
to all curves obtained at a single temperature will now 
be discussed. At 77°K the transverse magnetoresistance 
curve only approaches a slope of 2 at the lowest fields. 
At the highest fields Ap/po approaches a linear magnetic 
field dependence. The longitudinal magnetoresistance 
is always at least a factor of 10 smaller than the trans- 
verse effect. Only the order of magnitude of the longi- 
tudinal effect is significant, however, since the true 
effect is small and the measured values probably reflect 
more the changing of the pattern of current flow with 
magnetic field strength than the true longitudinal 
magnetoresistance. The negative longitudinal magneto- 
resistance values are undoubtedly a result of this phe- 
nomenon since they were not reproducible when the sam- 
ple was remounted. The reliability of the transverse mag- 
neto resistance values at 77°K is established by the good 
agreement of the results obtained on samples having 
width and thickness variations as large as a factor of 
two. At 195°K the transverse magnetoresistance follows 
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Fic. 3. Dependence of the magnetoresistance ratio upon the 
angle between the current and the magnetic field for the n-type 
specimen N5. 


‘8 The numbers in the brackets refer to the crystallographic 
direction of the longest dimension of the sample, i.e., the’direction 
of the current 
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an H? dependence for fields below 3 kgauss, while the 
longitudinal effect has an H? dependence over the entire 
range of fields investigated. The longitudinal effect is 
small compared to the transverse effect, but has a 
definite measurable value which depends upon crystal 
orientation. At 273°K both the longitudinal and the 
transverse magnetoresistance have an H* dependence 
for all magnetic fields investigated. Although the longi- 
tudinal effect is smaller than the transverse effect, it 
has an appreciable value, indicating a significant 
anisotropy. Here again the magnitude of the longi- 
tudinal effect varies with crystal orientation. Although 
the longitudinal curve in Fig. 4(f) contains only four 
points, all crystals of the same orientation confirm this 
result. 


H (gauss) 
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Fic. 4. Dependence of the transverse and longitudinal magnetoresistance ratios 
upon the magnetic field strength for samples V5 and N9 at 77°, 195°, and 273°K. 


To evaluate the low-field magnetoresistance coeffi- 
cients, it is necessary to determine Ap/(poH?) as H ap- 
proaches zero. At 273 and 195°K the magnetoresistance 
in the low-field region follows an H? dependence and 
hence Ap/(poH*) is, within the experimental error, a 
constant. At 77°K neither the longitudinal nor trans- 
verse effect has reached the H? region even at fields 
as low as 250 gauss, as may be seen from replots of 
the data such as those shown in Fig. 5 for the trans- 
verse effect. However, approximate zero-field values 
of the transverse effect may be extrapolated from these 
curves. For the longitudinal effect, a replot of the data 
is not useful due to the randomness of the experimental 
points. The experimental results of the magnetoresist- 
ance measurements for all of the »-type crystals are 
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TABLE II, Results of the magnetoresistance measurements on n-type samples expressed in terms of combinations 
of the phenomenological coefficients. All magnetoresistance coefficients have units of gauss“? 107. 





77°K 

B B+4D B+C+D B+C+4D 
N3 [100] 5 15 

N4 [100] 10 

N9 [100 } ~—1 

N5 [110] 

N6 [110] 

N7 [110] 

N8 [110] 


Sample 


B B+C+D B4+C+4D B 


195°K, 273°K 
B+3D B+C+DB+4+C+4D 


0.190 
0.192 
0.220 


0.550 
0.510 
0.570 
0.530 
0.540 
0.510 
0.583 


0.29 


0.625 





summarized in Table II. In view of the difficulty in 
obtaining reproducible zero-field values of the longi- 
tudinal effect at 77°K, the tabulated values for it must 
be considered only order-of-magnitude estimates. Since, 
however, the quantities B+C+ 3D and B+C+D are, 
in every case, only a few percent of B, it is concluded 
from these estimates that there is no measurable 
anisotropy at 77°K. At the higher temperatures where 
a measurable anisotropy exists, the individual coeffi- 
cients are evaluated from the data of Table II by com- 
bining the results from two or more samples of different 
orientation. At 273°K, data on seven samples are avail- 
able and one can use the average values of B, B+-C+-D, 
and B+C+4D from all crystals to calculate average 
values of B, C, and D, or one can choose two well 
matched crystals such as V4 and N7 and combine the 
results to obtain the coefficients. The results of both 
calculations are shown in Table III together with the 


TABLE III. Phenomenological magnetoresistance coefficients 
of n-type gray tin. All magnetoresistance coefficients 
have units of gauss“? 10~°. 





Coefficient 
0.510> 
—0.456> 
0.138" 


110> 


0.134¢ 0.1408 





* Evaluated using average values of B, B+C+D, and B+C+4D for 
all m-type samples. 

»b Evaluated using data for samples N4 and N7 only. 

¢ Evaluated using data for samples N5 and N9. 


4 Evaluated assuming that the measured values of 


B+C+D 
B+C+4D are negligible compared to B. 


and 
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lic. 5. Magnetic field dependence of the reduced magnetoresistance 
ratio, Ap/(pol/*), for the n-type specimens at 77°K. 





coefficients at 195°K which were evaluated from N5 
and N9 data. 


B. p-Type Sample 


The phenomenological coefficients for p-type gray 
tin have been evaluated by using a procedure similar 
to, that for n-type material. However, in p-type gray 
rtin the impurity concentration varies between crystals. 
‘Consequently, it was necessary to use a sample having 
its long dimension in the [110] direction to permit the 
evaluation of all of the coefficients from the one crystal. 
The magnetoresistance measurements were made only 
at 77°K since moderately doped material becomes 
n type at higher temperatures. More heavily doped 
material remains p-type. at higher temperatures, but 
the scattering due to ionized impurities is also more 
dominant at the higher temperatures. Until more pure 
tin is available, it is not possible to study the magneto- 
resistance of p-type material in a region where lattice- 
scattering predominates. 

Magnetoresistance measurements have been made on 
one p-type crystal, sample P1 [110]. The variation of 
the magnetoresistance ratio with the angle between 
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Fic. 7. Magnetic field dependence of the reduced magnetoresistance 
ratio, Ap/(poH?), for the p-type specimen P1 at 77°K 


I and H was checked and again the sine-squared de- 
pendence was verified. The dependence of the magneto- 
resistance effect on the magnetic field strength is shown 
in Fig. 6. The transverse effect has an H® dependence 
in fields below approximately 2000 gauss as is verified 
by the replot of the data in Fig. 7. The extrapolated 
zero-field value of Ap/(pof”) is 2X10~* gauss~*. The 
longitudinal effect did not reproduce exactly when the 
crystal was remounted, but the order of magnitude 
remained the same and the values were always of the 
order of one percent of the transverse effect. Therefore, 
as in the case of the n-type material, it is concluded 
that p-type gray tin shows no measurable anisotropy 
at 77°K. 


V. DISCUSSION 


At 77°K neither p- nor n-type gray tin shows a meas- 
urable anisotropy in the magnetoresistance. At 273°K, 
the low-field coefficients for the n-type material satisfy 
approximately the symmetry condition'® B= —C and 
D>0O indicating ellipsoidal energy surfaces oriented 
along the [111] directions. At 195°K, the low-field 
coefficients satisfy about equally well the symmetry 
conditions for [110] (i.e., B+C=D and D>0) or [111] 
oriented ellipsoids. When the value of the coefficient 
D is small compared to the coefficients B and C, it is 
difficult to distinguish between these two cases. How- 
ever, since the [111] symmetry condition applies at 
273°K where D has its largest relative value, it is as- 
sumed that this is also true at 195°K. 

For the case of [111] oriented ellipsoids, the relation 
between the magnetoresistance coefficients and the 
anisotropy parameter K may be written as” 


B+C+D/B-+ (Roop)? =2(K—1)?/(2K+1)(K4+2), (3) 
where K=K,,/K+, Kn=mi/m, K,=71/71, and Ryay is 


the majority carrier mobility. The evaluation of K in 
the present case is complicated by the fact that the 
anisotropy is observed only in the intrinsic region. 
Since, however, a mobility ratio greater than unity is 
indicated by the p-type Hall and conductivity data, 
we shall assume that this is true also for n-type material 
and substitute electron mobility for Roo, thereby at- 
tributing the observed anisotropy to the conduction 
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TABLE IV. Values of the anisotropy parameter K 


oK) 
Un 
n-type 


on 
273 


‘i 


band. To estimate K the previously determined" elec- 
tron mobilities of 3000 and 4850 cm?/v-sec at 273°K 
and 195°K, respectively, are used in Eq. (3). The result- 
ing estimated values of K shown in Table IV should 
be considered lower limits since the electron current 
anisotropy is reduced by the hole current which is as- 
sumed to be isotropic and is not negligible. 

The interpretation of the magnetoresistance results 
depends not only on the energy band structure, but 
also on the scattering mechanism. In gray tin of the 
purity used in this work, the scattering by ionized 
impurities is dominant at 77°K and scattering by lattice 
vibrations is dominant at 273°K. In germanium it has 
been shown” that K,~1 for lattice scattering, while 
ionized impurity scattering is anisotropic with K, 
values greater than unity. If the relaxation time behavior 
for gray tin is similar, the decrease in the measured 
mobility anisotropy with decreasing temperature could 
be the result of the greater anisotropic scattering from 
ionized impurities at the lower temperatures. Assuming 
this to be the case, the value of K at 273°K is a lower 
limit for the effective-mass anisotropy in the conduction 
band. 

A second possible explanation of the temperature- 
dependent anisotropy can be seen from Herman’s pre- 
dictions on the energy band structure of gray tin.”° 
He indicates the lowest lying minimum in the conduc- 
tion band is a spherically symmetric band located at 
k=0. A second set of minima slightly higher in energy 
are located along the [111 ] reciprocal axes. The increase 
in the thermal energy gap of gray tin with increasing 
impurity concentration” indicates the density of states 
near the bottom of the spherically symmetric band is 
small, and hence it becomes degenerate at moderate 
carrier densities and the energy levels are filled well 
above the bottom of the conduction band. Thus the 
conduction electrons occupy states in the spherically 
symmetric band at low temperatures and at higher 
temperatures, where gray tin is intrinsic, an appreciable 
number of electrons are excited into the second aniso- 
tropic band. Since the fraction of the total current 
carried by the electrons with an anisotropic effective 
mass is small, the mass anisotropy in the [111 ] minima 
must be large to produce the measured anisotropy in 
the mobility. On the basis of the present measurements, 
it is not possible to determine which, if either, of these 


7 
) 


models is the correct explanation of the temperature- 
dependent anisotropy. 
1? R. A. Laff and H. Y. Fan, Phys. Rev. 112, 317 


°F, Herman, J. Electronics 1, 103 (1955) 


21 A. W. Ewald and E. E. Kohnke, Phys. Rev. 97, 607 (1955). 
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A perturbation expansion in powers of r,~+ has been used to investigate the ground-state energy of a dilute 
electron gas, the result being, in rydberg units per particle, E= —1.792/r,+-2.66/r,§+-b/r,2+-O(1/r,5") 
+terms falling off exponentially with r,t. The dimensionless parameter r, is the radius of the unit sphere in 
Bohr radii. The term in r,~ is the energy of a body-centered cubic lattice of electrons as calculated by Fuchs; 
the 7,4 term is the zero-point vibrational energy of the lattice, as obtained from a calculation of the normal 
modes, the result differing only by a small amount from the values estimated by Wigner; and br, is the 
first-order effect of anharmonicities in the vibration. The constant } has been estimated, its magnitude being 


smaller than unity. 


The vibrational part of the specific heat has been calculated, and a first-order approximation has been 
obtained for the exponential terms in the energy. Part of this energy comes from exchange, which leads to 
the result that, except for very low densities (7,2 270), the electron spins are antiferromagnetically aligned. 
An order of magnitude for the Néel temperature has been calculated. 


INTRODUCTION AND SUMMARY 


N electron gas, as conceived by Wigner,' consists 

of a large number of electrons moving in a uni- 
formly spread out positive charge having the density 
required to give the system charge neutrality. For 
many purposes the model is useful as an approximation 
to the solid state. 

A convenient measure of the electron gas density is 
the dimensionless parameter r,, defined as the radius 
of the unit sphere divided by the Bohr radius, the unit 
sphere enclosing a volume equal to the volume per 
electron of the gas. 

Although properties may be calculated both for the 
high-density (r.<<1) and low-density (r7,>>1) cases, the 
greatest attention has been given the high-density 
problem, and recently Gell-Mann and Brueckner* have 
given an exact treatment for the energy in this region. 
The direct applicability of this result to the study of 
solids is questionable since most frequently the inter- 
mediate range of r, is of interest; for example, in the 
alkali metals r, varies between 3 and 6, which might 
seem to correspond more closely with the low-density 
case to be considered here. In general, the intermediate 
case requires an interpolation between high- and low- 
density results, and the existence of an exact expression 
for the former indicates the need for a likewise exact 
formulation of the latter. Wigner! first considered the 
dilute electron gas problem and pointed out that in the 
limit r,—> © where the kinetic energy becomes neg- 
ligible, the Coulomb interactions dominate in deter- 
mining the wave function and the electrons tend to 
arrange themselves in a regular lattice with energy 
proportional to r,~'. Wigner also made an estimate of 
the correction to the energy due to the oscillatory 
motion of the electrons about their lattice points, the 
result being 3 r,~! ry per particle. As Wigner’s approxi- 


1 E. Wigner, Trans. Faraday Soc. 34, 678 (1938). 
2M. Gell-Mann and K. A. Brueckner, Phys. Rev. 106, 364 
(1957). 


mations suggest, the exact expression for the energy, 
E, involves an expansion in powers of r,~}. In the third 
section the lattice formation is discussed, and in the 
fourth section this expansion is carried out. The fol- 
lowing is a summary of the present calculations and of 
the principal results obtained: The Hamiltonian, H, 
consists of the kinetic energy of the electrons and the 
Coulomb interactions of the system. If V, is a set of 
states for the N electrons and A is the operator which 
projects the antisymmetric part of ¥, (A=).+P,, 
where P, is a permutation operator), the matrix 
elements of H—E are (N!)"f(AV,*)(H—E)AV,dr, 
with the integral denoting an integration and sum- 
mation over all space and spin coordinates of the NV 
electrons. In the present case the antisymmetrized 
functions are not orthogonal. Since H is symmetric, 
the elements become /§WV,*(H—E)AV,dr, which can 
be written /V,*(Her—E)Vadr, with Hn=HA—E 
X (A—1);i.e., in a formal sense the matrix representing 
H—E in terms of the nonorthogonal antisymmetrized 
functions is the same as that representing H.¢—E in 
terms of the orthogonal nonantisymmetrized functions. 
For a perturbation calculation the latter is somewhat 
more convenient. In the present problem the electrons 
are almost distinguishable and A—1 may be expected 
to affect the energy only in a perturbative way. If 
(H—E)(A—1) is called the exchange Hamiltonian, 
then H..= H+ H.,. Next, let 


As= Hecries t+ H’, (1) 


where H’= H—Hecriest Hex, and Hegeries indicates the 
Hamiltonian obtained by expanding the potential 
energy in a Taylor series in powers of displacements 
of the electrons from a set of lattice points. An exact 
solution for the eigenvalues of Hocries is obtained as a 
power series in r,~' (assuming this series to possess 
some manner of convergence) and the H’ is treated as 
a perturbation, it being understood that in each order 
the energy term in H’ is replaced by an approximation 
from the previous order. 
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In first-order perturbation the ground-state energy is 
E= Eot+(H’)= Eot(H — Hecries) +(Hex), (2) 


where £o is the ground state of Hycries. The first term 
in Eo is just the energy of a lattice of electrons in a 
background of positive charge, which according to 
Fuchs* is —1.79186 r,-' ry per particle for a body- 
centered cubic lattice. In agreement with Wigner, it is 
assumed that the bec lattice has the lowest energy, 
although the difference between it and other simple 
lattices is extremely small. The next nonvanishing 
terms in Hgcries are Quadratic in the electron coordi- 
nates. By means of a normal coordinate transformation, 
these terms together with the kinetic energy operators 
give a sum of oscillator Hamiltonians. The frequencies 
for these electronic lattice vibrations, or phonons, have 
been calculated for 512 points in the Brillouin zone, 
and by numerical integration 2.66 r,-! ry is obtained 
for the zero-point energy.* The remaining terms in 
Heeries ae treated as a perturbation on the oscillator 
functions, giving energy terms proportional to r,~°, 
T.; - etc. 

As r, approaches infinity, the matrix elements of H’, 
calculated with eigenfunctions of Hycries multiplied by 
a spin function, approach zero exponentially with r,', 
giving some justification for treating H’ as a pertur- 
bation. Thus the energy may be written 

—1.792 2.66 6b 
+0(1/r,') 


bat 


8 Ts 


Ts 


+terms falling off exponentially with r,*. (3) 

The exact expression for the constant d is given in 
Appendix II. A rough numerical estimate shows it to 
be less than unity and therefore the term has only a 
small effect on the energy. 

An estimate of the exponential terms in the energy 
may be obtained from the first-order term (H’). Since 
an exact evaluation of this integral is difficult the fol- 
lowing approximation has been made. The unperturbed 
wave function, itself a perturbation series, is approxi- 
mated by the first term in the series, which is a product 
of oscillator functions in the normal coordinates. This 
function in turn is approximated by setting all the 
frequencies equal. The resulting expression describes a 
set of electrons oscillating independently about their 
lattice points. (This “Einstein model’ is in fact the 
wave function used by Wigner for the zeroth order 
r,4 term, and gives for that case a coefficient only ten 
percent higher than the correct result.) The value of 
(H — Hecries) per particle in this Einstein approximation 
is 4.557, P(1.25r,4) — 1 ]+3.94r,“[P(1.44r,')—1], 


8K. Fuchs, Proc. Roy. Soc. (London) A151, 585 (1935). 

4 Note added in proof. Rosemary Coldwell-Horsfall and A. A. 
Maradudin, J. Math. Phys. 1, 395 (1960), recently have published 
a value 2.638 r,~!, obtained by the method of moments. Their 
value for the specific heat per electron is 56.21 kr,9/? (kT) ry. 
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with P(x) the probability integral, which for large x 
differs from unity by a factor proportional to exp(—.*). 
The quantity (H— Heri 
fact that the series expansion for the Hamiltonian does 
not converge for large displacements from the lattice 
points and gives only approximate values for the matrix 


is not zero because of the 


elements. 

The evaluation of (H,x), still in the independent- 
oscillator approximation, may be given, for large r,, in 
terms of exchange integrals,® the sign of which deter- 
mines whether the lattice is ferromagnetic or anti- 
ferromagnetic. Although the result indicates ferro- 
magnetism as r,— ©, it occurs only for values so large 
that the Curie temperature (strength of the coupling) 
is infinitesimal. For values of r, of physical interest, 
the above approximation gives an antiferromagnetic 
ground state. A rough estimate of the Néel temperature 
for large r, is 


6~1.6X 105[ (13r,-'—3.2r 


— (10.57, —2.4r 


‘) exp(—1.55r,’ 


) exp(—2.06r.!)], (4) 


in degrees Kelvin. 
With exponential terms 
energy becomes 


included, the ground-state 


1.792 
E~— 


2.66 b 21 4.8 1.16 
4 


t. a £2 r 7,7" 


2.06 0.66 
Xexp(— 2.06r )-( —— Jew —1.55r,'). (5) 


r,” 4 


It is difficult to estimate the of the ex- 
ponential terms without investigating higher orders in 
the perturbation series; the terms 
contribute relatively little to the energy for low density. 
They are ten percent of the total at r,=6, and com- 
pletely negligible in the range of r,> 10. 

Finally, the specific heat per particle has been calcu- 
lated in a zero-order approximation. The result for the 
vibrational part, which is extremely small except for 
large r, and high temperatures, is 


l4pT%y 9/2. (6) 


accuracy 


however, above 


C.=1.6X10 


with & the Boltzmann constant and 7 the absolute 
temperature. For T small compared with @ a magnetic 
part should be added to (6), which part, according to 
the calculation of Kubo,* also should vary as 7°, with 
the order of magnitude k(7/@)’. 


RANGE OF THE “LOW-DENSITY” 
APPROXIMATION 


It is of some interest to discuss the range of the 
“low-density” region for which the calculations given 
here apply. The low-density region will be defined as 
that region of r, in which the probability density for a 

5 W. J. Carr, Jr., Phys. Rev. 92, 28 (1953) 

®R. Kubo, Phys. Rev. 87, 568 (1952) 
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Fic. 1. Energy of the electron gas plotted against r,. The open 
circles are points given by Eq. (5) with anharmonic terms neg- 
lected. The filled circles were calculated from the Gell-Mann and 
Brueckner? expression. In constructing the dashed curve con- 
necting the two end regions, consideration was given to the fact 
that it must fall below the sum of the Fermi plus exchange energy 
for plane waves. The open circle points below 7,=6 have lower 
accuracy, even if the approximations apply to this region, since 
for these points the exponential terms in (5) are appreciable. 


pair of electrons can be considered as that for a per- 
turbed lattice arrangement (with its zero-point motion). 
The only point one can investigate here is whether the 
perturbation series seems to break down at some value 
of r,. Insofar as the calculation has been carried, there 
is noe evidence of a “breakdown” above r, equal to 5 or 
6. This statement is so because the exponential and 
anharmonic terms are small down to these intermediate 
densities. Since the low-density perturbation calculation 
is based on the premise that the Coulomb energy 
(C.E.) is larger in magnitude than the kinetic energy 
(K.E.), it is not unreasonable to speculate thatthe 
region of applicability is roughly that for E<0, inas- 
much as E=0 corresponds to K.E.=|C.E.|. Thus 
according to Fig. 1, this rough estimate would indicate 
the low-density region extends down to an r, of about 
2.3. On the contrary, however, Noziéres and Pines’ 
estimate the low-density range to be above r,= 20.° 

Of course, there is a more important point to consider : 
namely, at what value of r, does another state become 
lower in energy than the perturbed lattice state con- 
sidered here. There is little reason to doubt that, at some 
density, energy bands, formed, for example, from polar 
states of the lattice, will become lower. Then (5) will 
give the ground state only to the extent the states which 

7P. Noziéres and D. Pines, Phys. Rev. 111, 442 (1958). The 
interesting observation is made that according to the Lindemann 
formula, the lattice would ‘‘melt” at r,~20. However, this formula 
is an empirical rule governing the thermal vibrations of nuclei, and 
its applicability to the zero-point motion of electrons in this 
problem is a matter which remains to be established. 

8 Note added in proof. Rosemary Coldwell-Horsfall and A. A. 
Maradudin, J. Math. Phys. 1, 395 (1960), point out the difficulty 
in choice of Lindemann constant. An uncertainty of a factor of 
two in this constant means a factor of 16 uncertainty in the r, for 
“melting.” 
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cross over lie not much lower. A plot of Eq. (5), with 
anharmonic terms neglected, is shown in Fig. 1. This 
plot indicates that the density at which the electron gas 
is stable corresponds to an r, in the neighborhood of 5. 


DISCUSSION OF THE LATTICE FORMATION 
The Hamiltonian for the system is 7+V, where T 
is the kinetic energy operator for the electrons and the 
potential energy V is given by 


drdr’ 


lr—r’| 2 


i4i |Ti—F;| 


dr 
—ep> f— (7) 
j |r—r;| 


The first term on the right is the self-energy of the 
uniform positive charge, the second the Coulomb energy 
of the electrons, and the third term the interaction 
between electrons and positive charge, in a self-evident 
notation. p is the density, given in terms of Bohr radii 
by (3/4m)r,—. 

The argument that as r,— © the electrons approach 
a lattice configuration is the following: If a wave func- 
tion can be found which minimizes the potential energy 
and still leads only to a negligible higher-order result 
for the positive kinetic energy, then obviously, to first 
order, the energy has been minimized and the ground 
state obtained. With surface effects ignored, a regular 
lattice of electrons would seem to minimize the potential 
energy,’ and of these, in accord with Wigner’s hypothe- 
sis, the body-centered cubic is assumed to have lowest 
energy. If the electrons now are constrained, not to the 
lattice points, but to regions about the lattice points 
of radius proportional to a positive fractional power of 
r,, say r,', then the change in potential energy is found 
by a Taylor expansion to be proportional to higher 
order terms in r,, and the kinetic energy, which is 
proportional to the inverse two-thirds power of the 
volume or r,~*‘, is also a higher-order term if {>}. 

The principal question in the argument is whether 
the body-centered cubic lattice really is the configu- 
ration of lowest potential energy. By means of an 
Ewald-type calculation, Fuchs* obtained a value 
—1.79186 r,-' ry per particle for the bcc case and 
—1.79172 r,-' for the fcc case. A similar calculation 
by the author for the simple cubic structure gives 
— 1.760 r;—. Kohn and Schechter” have obtained the 
value —1.79168 7, for the hexagonal close-packed 
lattice. Thus, at least for the simple structures, the 
body-centered cubic lattice does have the lowest energy 
although the difference is very slight. Possibly, when 


®For a discussion of this point see R. E. Peierls, Quantum 
Theory of Solids (Oxford University Press, London, 1955), pp. 7-9. 

1 W. Kohn and D. Schechter (unpublished). These authors 
note a mistake in the calculations of C. Herring and AG. Hill, 
Phys. Rev. 58, 132 (1940). The latter reported the hexagonal 
close-packed lattice as having the lowest energy. 
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zero-point terms are included, another lattice will have 
slightly lower energy for finite r,, but this question has 
not been considered. 

It may be argued that a lattice configuration is not 
consistent with the translational symmetry in the 
Hamiltonian. This objection can be removed by forming 
a new wave function which is a linear combination of all 
translations of the original lattice; the resultant func- 
tion will have uniform electronic charge density, as 
symmetry demands, but the energy will be unchanged. 


SERIES EXPANSION FOR THE HAMILTONIAN 


In this part of the problem the electrons are treated 
as distinguishable, with the jth electron close to the 
jth lattice point. 

It is convenient to write the potential energy in the 
following form: 


> dr dr 
V=Vo—e’p lf -f —] 
. j r—r;| ir—R,;| 


e 1 1 
a ae 
2 wL\|r—r;| |Ri—R;| 


where the R; are the lattice points of a body-centered 
cubic lattice with the spacing adjusted so there are 
equal numbers of lattice points and electrons, and Vo 


is given by 
a dr 
~~ ee 
] r—R;! 


e 1 
+-E Eo — 
2 ij |R,;—R;| 


e*p* drdr’ 
aaIE 
2 \r—r’ 


~ & 


with numerical value [ (—1.79186)/r,) |N ry. 

Let R,;+u,; be substituted for r; and (x/3)!r,agn; 
for R; where the components of n; are integers, all even 
or all odd, and az is the Bohr radius. After a Taylor 
expansion (see Appendix I) the potential energy in 
rydberg units becomes 


—1.792 1 _ 
——N+— > u? 
: I 


Ts rT. 


3\? 1 3\! 1 [(u—u,)- vi? 
SOs (Obes 
wm] r, iN Na? 4? 2! 


3\ 1 C(u;—u,)- Vii? 1 
eter 1k 
rir? 3! |n;—n;| 


where the u’s are now measured in units of the Bohr 
radius. 

Terms in (10) beyond the quadratic terms are to be 
treated as perturbations. 

In rydberg units the kinetic energy operator is 


(10) 


CARR, JR. 


—>); V7 and the unperturbed Hamiltonian, apart from 
the constant —1.792N/r,, becomes 


1 
Hy=—>, V7+ 
j 3 


3[(u;—u,)- (n;—n,) P 


n;—n;|° I" 
When placed in the form 


Hy=-)>j V7+>: >; Cin —n,;)U,U;, 


the components of the tensor C(n;—n,) are 


The remaining 
symmetry. 

Thus the problem to be solved is the well-known 
problem of vibrational waves in a lattice; however, 
the “phonons” in this case are electrons vibrating in 
the fixed field of the positive charge, in addition to 
their mutual fields. 

The solution of (12) is obtained by transforming to 
a set of 3N variables g, which reduce (12) to the oscil- 


lator form, 
Co 
H=> | but(k) ge? | 
k 0g%" 


The required transformation, which is given for 
notational purposes, is obtained by setting 


components are determined by 


(17) 


1 
— >), p exp(if-n \v (f,s)O¢ , (18) 
(2N)i t « 


where the subscript & has been replaced by a double 
subscript f, s, with s taking the values 1, 2, and 3, and 
f being a vector in the basic cell of reciprocal space. An 
arbitrary f can be written as +f+, where f+ is in the 
upper half-zone, and the variables Q are defined by 
QOrts=etetig_sts and Q_¢+,=Qtts—ig_rts. The vectors 





MAGNETIC PROPERTIES OF 


LOW-D 


ENSITY ELECTRON GAS 1441 


TasLe I. Values for w(fs) and v(fs) at particular points in f space [2w is the value of hy in rydbergs where » is the frequency ]. 


The numbers given for w are multiplied by r,!. For certain directions w(1) = 


w(f1) is a longitudinal branch and w(2) and w(3) are trans- 


verse. In degenerate cases the v’s are not specified because of the arbitrariness. The values for [000] refer to the limit as f approaches 


zero along a particular direction. The frequency of the f=0 longitudinal mode is the ‘ 


‘plasma” frequency. In some of the principal sym- 


metry directions more accurate values for the frequencies have been given by Clark (reference 12). If 


a 
rUnhnlat)=(8), 
c 
b = 
vUninlas=(2), v(—Sahnlasd=| i), 
c c 


then 


etc.; while the w’s are unchanged by cubic symmetry operations. 


v (fs) =v(—fs) instead of v(fs) = —v(—f, s). 


w(2) (3) 


110] 


0.085 0.228 (i) of 
ie 1 waded 
v2\0 v2 0 
0.330 0.330 ) Trans. 
0 
(° 
0.365 0.806 —0.593 is 0 
(041) ( 0.70) A) | 
0.419 0.570 v2 1 
0.423 See [110] 
1/1 


0.440 
0.499 ee 930 


(8/r)£ w(1) 
a 
1.668 


[200] Trans. 


[211] 1.676 0.244 


Trans. Trans. 


—0.367 0 
0.367 0930) (°) 

0 1 
0.569 


0.210 
0.507 


0.650 
0.502 


0.650 


0.707 


See [100] 
0.907 
0.299 


—0.423 
( 0. sat) 
0.299 0.641 


%) 

| 
2) (- 

3) ( 


0.563 0 
0. #27) (°) 
1 
a 607 1 0 
. 562 v2 1 


0.466 0.626 


0.393 0.835 0.795 


0.429 
0.429 


v which in the present case are real are defined by 
—fs)=v*(fs) in addition to 


v(f,s) - v*(fs’) =54.", (19) 


and 


G(f)v (fs) —w?(fs)v(fs) =0, (20) 


where the components of the tensor G are given by 
ba8 . 
Gas(f)=> Caa(n;) exp(if-nj) =—+G.s'(f), (21) 
j “Sy 


with Gas’ (f) => jxo Cas(n;) exp(if-n,;); and finally the 
frequencies, which are proportional to w, are given by 


0.781 —0.625 0.0036 [ 
0.570 0,705) (-o415 ) , 
0.257 0.335 0.910 


See [110] 


1 1 0.262\ | 
—{ -—1 0.262 
v2 0 —0.929/ | 


| [620] 
| 


| [622] 


Since the v’s are arbitrary in sign, it also is possible to take 


+ 
v(2) 


w(1) 


1.548 


w(2) & v(1) 


0.342 0.697 0.739 
(0557) ( 
0.095 


0.953 /0.736 
0.478 
0.478 
0.228 0.601 


0.533 0.830 
1 1 


0.748 0.774 0.931) — 0.366 
(0.300 ( 0.931 
0 0 
0.877 0.810 
(0.509) 
0.143 
e [110] 


1 /l 0.602 
1) (0.02 
v2\0 . —0.525 


See [100] 


0.985 877 —0.481 1 0 
x 0.620 — -1) 
“ 0.620 v2 1 


0.820 See [110] 


1.172 Trans. 1 /-1 
‘ A ') 
v3 1 


tO _ See [110] 
800 
[000 } : 0 


v(3) 


0.662 0.128 
—0.691 —0. (047) 
—0.289 0.953 
(~ 6/77 0 
0. (“os2t) -(-1) 
0.521 v2 1 
See [110] 
See [110] 
0 
1 


0.540 0.231 
- 0.625) (053) 
—0.564 0.813 





0.651 


0.481 
0.414 


0.371 
-0.311) 
0.851 


0.901 0.901 


Trans. 
to v(2) 


Long. Trans. 


det[Gas(f)—w*(f,s)5as |=0. (22) 


( 15) that G,.'+G,,'+G,,’=0. 


It is to be noted from 


CALCULATION OF THE OSCILLATOR 
FREQUENCIES 


The three-by-three determinant (22) gives a cubic 
equation in w*, with three positive roots. 

The G’s may be obtained from the calculations of 
Cohen and Keffer and the frequencies for various 
values of f, corresponding to 512 points in the basic 
cell, are given in Table I. Some of these points have 


11M. H. Cohen and F. Keffer, Phys. Rev. 99, 1128 (1955). 
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been obtained previously by Clark” who used an Ewald- 
type calculation. Due to the presence of the fixed 
positive charge, one of the branches is observed to 
behave like an optical mode, as explained by Clark. 

Because of the long-range nature of the Coulomb 
interaction, the frequency versus f curve appears to be 
discontinuous at f=0 (see reference 11), since from (15), 
(16), and (21) G’ goes to zero, at least at the center of 
the crystal, and therefore from (22) all three w’s equal 
r,—4. This is not the limit one obtains by letting f > 0, 
which is the physically interesting case. 

The unperturbed energies in rydberg units are given 
by Dox (2m,+1)(k). The ground-state or zero-point 
energy, for which all the quantum numbers n, are zero, 
has been obtained according to the method of numerical 
integration used by Cohen and Keffer." The result is 
2.66 r,-! rydbergs per particle, which compares with 
the value 3 r,-! obtained by Wigner.” 


PERTURBATIONS ON THE OSCILLATOR 
FUNCTIONS 


The third and higher order terms in the expansion 
(10) may be transformed to the g coordinates and 
treated as a perturbation, the unperturbed states being 

Wny---ngn= Yni( 41) ai ‘Wn3n (gan), (23) 
where y,,(q) is the mth excited oscillator function. More 
explicitly, y is a function of (w)!g or gr? An mth 
order term in the expansion (10) will contain terms of 
the type g"r.-“"*, which contributes a factor propor- 
tional to r,2"-"—" or r,-°"* to a matrix element. 
This contribution to the matrix element, divided by 
the difference between two unperturbed energies, is 
proportional to r,-™/**4. It would appear from this re- 
sult that the perturbation series is an expansion in 
powers of r,-'; however, parity considerations of the 
perturbation series'* show that the coefficients of odd 
powers of r,~! are all zero, so the series is really an 
expansion in powers of r,~?. 

Since the unperturbed energies contain a factor 7,-4, 
the next term in the series expansion of the energy is 
proportional to r,~*. Contributions of this power come 
from the fourth-order part of the expansion (10) 
(m=4) in first-order perturbation, and the third-order 
part (m=3) in second-order perturbation. These terms 
are calculated in Appendix II. 


2 C. B. Clark, Phys. Rev. 109, 1133 (1958). 

13 Actually Wigner states in a footnote that a more accurate 
calculation leads to the value 2.7 r,~!, in agreement with the 
present result. 

14 The wave functions have a definite parity. Thus in a product 
of matrix elements, 


SU nF (Qi )¥ mdt SV mF’ (qu) jdr- . ~S VF" (qe)¥ nd, 
where each wave function appears twice, the result is zero if the 


product FF’---F” changes sign when the sign of all the q’s is 
reversed. 


CARR, 


JR. 


EXPONENTIAL TERMS DECREASING WITH ,,' 


In the approximation of distinguishable electrons, 
the different spin'states are all degenerate. To deter- 
mine the separation among spin states, it is necessary 
to introduce an antisymmetric wave function; the de- 
generate levels will then be split according to the ex- 
change energy, which, as will be shown, decreases 
exponentially with r,!. For this calculation the Hamil- 
tonian must be taken in closed form, since one is 
interested in the overlap of the “tails” of the wave 
functions, and in this region of large displacement, u, 
the Taylor expansion (10), does not converge. In fact, 
the use of closed form for the Hamiltonian leads to 
exponential terms even without exchange. 

An antisymmetric wave function might be formed 
as discussed in the introduction, by starting with the 
wave functions (23), transforming the g;’s to the dis- 
placements uj;=r;—R,;, multiplying by a spin function 
£(o1,---@y), and operating on the result with },+P, 
which permutes the electronic space and spin coordi- 
nates r; and o;. Such functions, however, make the 
calculation of matrix elements difficult. Another set 
which is nearly as good for the problem may be con- 
structed by forming determinants from the complete 
basic set 


Pm - + -my = hm(r;— Rj) - **@myn\(fn— Ry JE(G1°* On), (24) 


where ¢,,(r—R) is a three-dimensional oscillator func- 
tion centered about R. The ¢’s are eigenfunctions of 
the first two groups of terms on the right-hand side of 
(11); i.e., the ground state differs from the ground 
state of (23) by the effect of correlation introduced by 
the electron interaction in the last group of terms in 
(11). Since the above set is complete, a solution of the 
secular determinant formed from the antisymmetrized 
®’s also should give the exact energy levels. 

Matrix elements between antisymmetrized ®’s readily 
may be calculated (Appendix III). These exact matrix 
elements are just the values that would be obtained 
from the Taylor expansion (10) for the Hamiltonian, 
plus additional terms proportional to exp(—cr,'), plus 
the exchange terms which also fall off exponentially 
with 7,4. The result confirms that with exponential 
terms neglected, the solution is that obtained by neg- 
lecting exchange and by expanding the interaction in 
a Taylor series; therefore, it is the series solution, Eo, 
calculated in the previous sections. An improved solu- 
tion is obtained by treating the first term of a perturba- 
tion expansion exactly, but neglecting the exponential 
part in all the higher terms. The result obtained in this 
way is simply £» plus the difference between the exact 
and the approximate diagonal elements. The ground- 


ys = 
wk Wi), 


whereas ®, 


16 The function ¥, is given by exp(—} 


is exp(—}r,-$2; u;*). Since 2, gi2=2; u;?, the two are equal in 
the approximation for which all the frequencies are the same and 
equal to r,-}. 
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state energy becomes 


f (A®,)H(A®,)dr 


fc4s.rar 


This result, although obtained in a slightly different 
way, is equivalent to the first-order perturbation result 
discussed in the Introduction. 

The problem of calculating the mean value of a 
Hamiltonian in terms of exchange integrals between 
nonorthogonal wave functions has been considered in 
a previous publication.® For small overlap, or large r,, 


E=Eo+ 





— [ etenitbat (25) 


f (A®,)H(A®,)dr 


f(4eorar 


where (P;;) is the average over the spin function & of 
the permutation operator P;;, and J;; is the two-body 
“exchange integral.” 

From Appendix III, in units of rydbergs and Bohr 
radii, 


f Hb ,dr— f PoHecriee® dt 


1 
=D L —10(2-4ARy)—-1], (27) 


ix~j 





is f Hb dr—3 DT Jad Pi)), (26) 


ixj 


4) 


where @& is the probability integral, which for large « 
has the asymptotic expansion 


exp(— x?) 1 
9(2)=1-———(1- +), 
x) at 


When the substitution R,;=(2/3)'*.,;; is made, the 

right side of (27) becomes approximately 

— Nr,*/4(2.06(1—.32r,-4) exp(—1.55r,*) 
+1.16(1—.24r,-4) exp(—2.06r,') ]. 


(28) 


(29) 


EXCHANGE INTEGRAL AND ANTI- 
FERROMAGNETISM 


The spin average (P;;) has its maximum value (unity) 
for a ferromagnetic state; thus if J; is positive, the 
ferromagnetic state has lowest energy. The correct 
expression for the exchange integral is® 


Jig= Gj|H(1,2)| )—Ti? G5] H(1,2) (19), 


where the letters i, 7 indicate ¢o(m—R,), ¢0(t2—R,) 
which are ground-state oscillator functions centered 
about lattice points i and 7; Tj; is the overlap integral 


(30) 
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S ¢0(t—R,)¢o(r—R,)dr; and H(1,2) is an effective two- 
body Hamiltonian given by 





—h? 1 1 
H(1,2)=—(wF + V2) eo f | + 
2m 


|\r—r;| |\r—r| 





+? Z 


k#¥i,j 


1 1 
dr o(e—-Ro)| 4 
lri—r| |re—t| 


e 
+ (31) 


[ri—re| 


It will be noticed that this exchange integral for two 
electrons in the many-body problem differs from the 
familiar hydrogen molecule exchange in that the effec- 
tive Hamiltonian (1,2) in the former case is a two- 
body Hamiltonian in the approximate field of all the 
other charges. 

Integrals of the type necessary to calculate J;; 
already have been evaluated by Boys.’* After inte- 
grating the second term on the right-hand side of (31) 
over a sphere to obtain const+e’p(27/3)(r,?+7,7), one 
finds for the exchange 


J y= exp(—Ir IRs) 2(2/m)'7,-* 


— 2Ri710 (2-4 ARg)—1 OR? 
2°(r,-?|R,;+3R,;-r1]) 
ARR)" 





425 


k+#i,j 


dr oe(e-Ro| 


Gr|Ri-r|) 6-4|Ri—t|) 
he | , (32) 


|R;—r| |R;-r| 
where @(x) again is the probability integral and the 
units are rydbergs and Bohr radii. 

For the present case of large r, (and assuming 
R,+~4R,;) the integral term in (32) may be approxi- 
mated sufficiently well by 
2D [2|4R-+4R,—R.|—|R—R,|7 

k#i,j 

—|R;—R.|-"], (33) 


which by manipulating subscripts may be written as 


4 
——+4 > (|2R4j—R.|"— Ri“). 


k+0 


(34) 


ij 
If i and 7 are nearest or next-nearest neighbors, the 
approximate value of (34) is given by —4R,;*. Thus 
by replacing ® with unity, and R,; with (/3)',n,;, 
(32) becomes approximately 
J j~=[1.67,57°—6n 7 nr) 
Xexp(—0.515n,7r,+). 
16S. F. Boys, Proc. Roy. Soc. (London) A200, 542 (1950). 


(35) 
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The only positive contribution to this integral comes 
from the |r;—rz|~' term in the Hamiltonian. 
For nearest and next-nearest neighbors, one has 


Jun. (1.67,-*—6.5r,) exp(—1.55r,4), (36) 


(37) 


Jann. © (1.67,-'— 77.) exp(—2.06r,'). 


The integral for the third-nearest neighbors is con- 
siderably smaller. 

Strictly speaking, as r,— ~ , the exchange integrals 
become positive and ferromagnetism should result. 
This occurs, however, only when r, has the large value 
of 270 or greater, for which case the exchange energy 
is so small as to have no physical interest. For cases of 
practical interest, one may assume the dilute electron 
gas is antiferromagnetic. Although the exact spin eigen- 
function of an antiferromagnetic state is a matter of 
some complexity, for the present purpose a two-sublat- 
tice approximation will be made. The spins on one 
sublattice are taken to be positive; those on the other 
negative. Thus, nearest neighbors are antiparallel, for 
which (P;;)=0. Next nearest neighbors, which are on 
the same sublattice, are parallel and (P;;)=1. 

Therefore, from (26) and (37), the exchange energy 
per electron is approximately 


(6/2)(77,>°—1.6r,-?) exp (— 2.06r,') (38) 


’ 


since there are six next-nearest neighbors. In the para- 
magnetic state, where there is little correlation between 
spins, the next-nearest-neighbor exchange energy would 
be approximately one-half the above, and the nearest 
neighbor contribution —}X (8/2)XJnn, since there are 
eight nearest neighbors. The difference between the 
energies of these two states, divided by the Boltzmann 
constant, gives an order of magnitude for the “‘Néel”’ 
temperature, 6. The result is given in Eq. (4). For r, 
=9, @~1000; for r,= 16, @~120; and for r,=25, 6~15 
in degrees Kelvin. 

Previously, various calculations have been made on 
a free-electron model which shows the dilute electron 
gas to be ferromagnetic. As already mentioned by 
Wigner,’ these calculations are incorrect because of 
the lack of correlation. In the free-electron model, the 
kinetic energy is proportional to r,-*, whereas actually 
the electrons occupy only a fraction, (r,*/r,)*=r,-4, of 
the total volume and therefore have a larger kinetic 
energy, proportional to 7,~*(r,*)? or r,-1. 


SPECIFIC HEAT 


In zeroth order approximation the specific heat 
coming from the vibrational spectra is that for a set 
of harmonic oscillators with the energy levels pre- 
viously given. For long wavelengths the expression for 
the “transverse” modes becomes [from Eq. (18) in 
reference 11 | 


(39) 


w= fr-4{0.177—0.306[S+ (S?—3P)*}}}, 


CARR, FR. 


where 


S=f(fef~+fefet+frf?) and P: 


After a change in units, the sound velocity, which is 
proportional to w,/f, for a transverse mode becomes 
2.2 10*,-4{0.177 — 0.306. S+ (S°—3P)*}}! in cm/sec, 
and the “low”’-temperature specific heat per particle is 


Cyv=62kr,2"[ (kT) ry P. (40) 


The only unusual feature of the calculation is that 
only the transverse modes contribute to Cy, since the 
longitudinal mode behaves like an optical branch.'? A 
numerical integration was used to obtain the average 
of the reciprocal cube of the velocity. The smallness of 
Cy is due to the large velocity, and it is obvious that 
(40) has interest, if any, only in the high-temperature 
region. The Debye temperature is given by 2.45 
<10'r,-! in degrees Kelvin and therefore the term 
“low temperature” includes all ordinary temperatures 
for reasonable densities. 


APPENDIX I 
In the Taylor expansion of 


1/|r,—r;] =1/|R;—R;+-u,-—u 


J 


in (8), the first term obviously is canceled; the next 
term 
; oe 


: o/s -¥,;1/|R;—R, 


(u;— U;) 


ixj 


which would be zero by symmetry except for the fact 
it diverges, must be canceled by a corresponding term 


from the integrals in (8). 
f dr | 
r—r 


The part of (8) given by 
dr 

=| f 

j r—R 
is a sum over the difference in potential at R; and that 
at r; due to a uniform charge density. For a large 
spherical region about R,, this difference is (24/3) 5; u;. 
The part of the integral outside this spherical region 
can be shown to cancel the above linear term in u. 


APPENDIX II 


The unperturbed wave functions, V., consist of 
products of one-dimensional oscillator functions, ¥,(qx), 
where m is the quantum number to which the oscillator 
is excited. The matrix elements of g 
=[(n+1)/2w(k) }! and (9%) n.n—1 
others zero. 

Consider the second-order perturbation from the 
ground state, Wo, caused by the quantity 


1 


are (Gk)n.n+1 
[n/2w(k) }*, with all 


F=>> > [(u;:—u,)-¥; 
iv n;—n,; 


17 The “longitudinal” mode is given by w,=r,-[3—0.354/? 


40.6125 2+0(/*) }. 
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Upon substituting for u from Eq. (18) in the text 
and replacing the subscript i with j+-m, one obtains 


F=(2N)1 D CLOT explif-m) 


mA0 j f 


1 
< Lexp (if-m,,) — 1] Orv (Es) - ¥ mr P$—. 
Mm! 


(A2) 


After the indicated differentiation the subscript m’ is 
to be set equal to m. 

When the bracket in (A2) is expanded and written 
as a six-fold summation, i.e., Dcertesse, a factor 
> exp[i(f+f’'+f”)-n,; appears on the right-hand side 
of (A2). This factor equals N if f” = —f—f’+ K, where 
K is a reciprocal-lattice vector, and zero otherwise. For 
a given value of f+f’ there is one, but only one, set of 
values for f’ and K which makes the delta function 
nonvanishing, since f’ must be in the basic zone. With 
the definition Qr,x=(Q+ and v(f+ K)=v(f), one has 


F=2-!N-4 ys Zz. Cexp(if-n».)—1] 


m0 ff'ss’s’’ 
xX [exp (#f’-n,.)— 1 ]{exp[—i(f+f) nm, ]—1} 


X0.0¢ eO-cereye LV (£5) + Om ILV(E,5’) Om] 


1 
x(v(—f-f, 8”): %¥a}— 
Nm 

=i(2N)-* Devsee BEL,S,3’,8””) 


XQOiQe Q-ce+t»0”, (A3) 


where 


B= > [sinf-n,,+sinf’-n,,—sin(f+f) -n,, ] 


m0 


X[v(f,s)- Vm ILv(f's’)- Vm] 


1 
x[v(—f-f's")-wa-, (Ad) 


n m 


a symmetric function in f and f’. 

The second-order perturbation of the energy is de- 
termined by } a#0|Foa|?/(Eo— Ea). The matrix element 
Foo is zero for more than three excitations, i.e., if V. 
differs from Wo by more than three one-particle func- 
tions Fo¢=0 because (A3) is cubic in the Q coordinates. 
Since, respectively, NV and N® times as many triple 
excitations as double and single excitations can be 
constructed, only the former need be considered. Con- 
sequently, for the nonvanishing values, 


| [Orv Q_-ce44"y0” Joa! 
=2-I[w(fs)w(fs’)w(f+f,s") *. (AS) 
If Q;, has a nonvanishing matrix element, then the 
corresponding element of Q_+. (which is equal to Q;.*) 
likewise does not vanish. Because of this fact and be- 
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cause of the six ways of permuting three Q’s, 
> [OreOr QO-ct4-1") 9°” loa B* (fifi’sisi’s1’”) 
fi’ 8191’ 81"" 
X [Otis1Otr’e1’Q - 1 +191” Joa* 
= 6B* (ff’ss’s’’) | (Or.Ov Q-ce4-ty2')oa|? 
— 6B (Ff'ss’s””){[OrsOr Q-ce40-»4” Joa}? 


The second term on the right of (A6), which is the 
square of the matrix element, goes to zero when 
summed over a since the nonvanishing elements are 
either purely real or purely imaginary and the squares 
will cancel in pairs. The first term, the square of the 
absolute value of the matrix element, is nonvanishing 
for eight triply excited states, a, because of the fact Qr, 
contains both gr, and g_¢.. With these considerations 
and the use of (A5), 


(A6) 


Foa\? 3 
ax0 Eo- Be IN ft'ss’s’’ 


X [w(fs)w(f's’)w (fF +P 3”) 
X [w(fs)+(f's’)+0(f +P 3"), 


| B(ff’ss’s!”) |}? 


(A7) 
where the substitution 


Eo— Ea= — 2[w(fs)+w(f's’)+w(f+f s”)] (A8) 


has been made. 

From Eq. (10) in the text it is seen that Eq. (A7) 
above must be multiplied by (3/7)*r,-8/36 in order to 
give the contribution to the energy (in second-order 
perturbation) of the third-order terms in the expansion 
of the potential energy. The value of the right-hand 
side of (A7) has been estimated in two ways: firstly, by 
using the independent oscillator model where the w’s all 
equal r,~-!; and secondly, by a numerical integration of 
the isotropic term in an expansion of the function 
F(£,f’) in terms of cubic symmetry. This isotropic term 
is just the value of the function in the [100] direction. 
The result of the first method is —17.5r,°N and that of 
the second is essentially the same. This estimate of 
(A7) gives a contribution to the energy of —0.4r,°N ry. 

In a similar way it is found, for the first-order 
perturbation part, that 


1 
(= E C(w—u,)-vy} ) 
ixj Ni; 


3 D» (fs) 7 1 
mmm ee I= 2 ——| — 
NmolLt « w(fs) J nm 


D,,(£,s) = (1—cosf-n’,,)[v(£,s)-Vm_P, 


(A9) 


where 


and n’=n after the differentiation. A numerical inte- 
gration over the points in f space given in Table I gives 
the value 10.6Nr, for the right-hand side of (9). This 
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value multiplied by (3/7)5r,-5/4! gives a contribution 
of 0.4r,N to the energy, which just cancels the second- 
order perturbation result. Within the accuracy of these 
estimates the constant } in Eq. (3) of the text is zero; 
its exact value is evidently smaller than unity. 


APPENDIX III 
The exchange part of the matrix element 
1/N! Sf (A®,) (H—E)A®,,dr 


will contain terms of the type /®,(H—E)P,®,dr. A 
permutation which interchanges the i and jth electrons 
will change uj=rj;—R, into u;+R,,;. Therefore the inte- 
grand will contain factors such as 


exp{—4r¥(u2-+u7)} exp{—FrL(u, 

+R,;)?+ (uj+R;i)? J}, 
or 
exp{—r.3[ (u;+3R,,)?+ (ujt+4R,,)?]} exp{ — 37. 7R,7}. 
The last exponential, equivalent to 


exp{ —4(x/3)'r,'n,7}, ‘ 


comes out of the integral and terms of this type always 
appear in the exchange. 

Next examine /®,(H— Hecries)Pmdt, which is done 
by comparing the difference between integrals of the 


CARR, 


JR. 
type 


fente-R: dn2(t2— Ro)mi (t1:— Ri) o> 


ri—Te 


when evaluated exactly and when evaluated term by 
term for a Taylor expansion of |r,;—r.2|~'. 

By using generating functions for the Hermite poly- 
nominals, the integral can be expressed as a differential 
operator operating on p; and pz» in the expression 


fevt-r- 1C (rx— Ri—ps)?+ (t2—R2— ps)? }dr 
r—f2| 
as pi, pe— 0. 


The exact value of the above integral is 
@[2 ty —? Rio+pis 
3y 9/2 
Rio+Ppi2 


wr, 
If 
* 
| r,—ro| is u,;—u.+R,- 1 
is expanded and the integration done term by term, 
the result obtained is the series expansion for z°r,°/? 
X |Rio+pi2|—. Thus the difference is proportional to 


@(x)—1 which vanishes exponentially as x ~. 
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Study of the Low-Temperature Transition in Magnetite and the Internal Fields Acting 
on Iron Nuclei in Some Spinel Ferrites, Using Méssbauer Absorption* 
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A study has been made of the internal fields acting on Fe®’ nuclei in some spinel ferrites, with particular 
reference to the low-temperature order-disorder transition in magnetite, using the techniques of Méssbauer 
absorption. For the Fe** ions at both the octahedral and tetrahedral sites in nickel ferrite (NiFe:O,) at 300°K, 
yFe.0; at 85° and 300°K, and magnetite (Fe;0,) at 85°K, the effective magnetic field at the Fe®’ nuclei 
is the same and equal to about 5.1 105 oe. In magnetite, the value of Herr in the Fe** ions is about 4.5 105 
oe at 85°K. Measurements on Fe;0, at room temperatures provide a microscopic confirmation of Verwey’s 
hypothesis that above the transition temperature of magnetite there is a fast exchange between the ferrous 


and ferric ions in the octahedral sites. 





INTRODUCTION 


HE study of the Zeeman effect associated with 

the recoil-free resonance absorption (Méssbauer 
effect)! of the 14.4-kev gamma rays of Fe*™ in ferro- 
and ferrimagnetic materials containing iron has 
provided information on the nature of the internal 
fields acting on the iron nuclei in these materials.?~® 
In particular, values for the effective magnetic field, 
H.4;,, acting on the nuclei have been obtained. This 
information has been most valuable for furthering our 
understanding of some of the basic aspects of ferri-, 
ferro-, and antiferromagnetism. 

In the present work, these techniques have been 
used in order to investigate the internal fields acting 
on iron nuclei in some magnetic compounds belonging 
to an important class of ferrimagnetic materials—the 
ferrites having the spinel type structure (i.e., structure 
resembling that of the mineral spinel MgAl,O,). The 
compounds investigated were magnetite Fe ;O,, ferri- 
magnetic yFesO3, and nickel ferrite NiFe,O4y. The 
study of magnetite is of particular interest since, as 
has been recently suggested,® the new techniques 
based on the Méssbauer effect are likely to throw 
some light on the unusual order-disorder transition 
taking place between 110° and 120°K. Magnetite is 
the simplest of the compounds X**(Y**),O, crystal- 
lizing in the spinel structure, space group Fd3m—O,/'. 
Verwey et al. have reached the conclusion that magne- 
tite has an inverse spinel structure, the unit cell 
having eight ferric ions and eight ferrous ions at the 
octahedral sites (B sites) each with six O?- nearest 

* Supported in part by the U. S. Air Force, Air Research and 
Development Command, through its European Office. 
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neighbors, and eight ferric ions at the tetrahedral sites 
(A sites) each with four O?~ nearest neighbors (this may 
be represented by the formula Fe**[Fe®+Fe*+ ]O,).?~° 
Between 110° and 120°K magnetite displays marked 
changes in many physical properties. Thus there is a 
sudden change in magnetization, an anomalous peak 
in the specific heat curve, and a sharp drop in the 
electrical conductivity as the temperatue is lowered 
through the transition region. Verwey advanced the 
hypothesis that the transition is of an order-disorder 
type particularly in order to explain the behavior of 
the electrical conductivity. He suggested that above 
the transition region there is a dynamic disorder 
between the ferric and ferrous ions in the octahedral 
sites associated with a fast electron exchange between 
ferric and ferrous states, leading to an increased 
conductivity, whereas below the transition region, the 
ferric and ferrous ions in the octahedral sites are 
separately ordered. Verwey, in fact, proposed a par- 
ticular ordering arrangement having orthorhombic 
symmetry (the disordered lattice has cubic symmetry), 
with the ferric and ferrous irons in mutually per- 
pendicular rows.’ The ordering scheme proposed by 
Verwey has been confirmed in some detail in recent 
years by neutron diffraction measurements on single 
crystals of magnetite carried out by Hamilton.” 

A direct test that the order-disorder transition 
proposed by Verwey really manifests itself in the 
microscopic magnetic properties is in principle possible 
through a measurement of the effective magnetic fields 
(H.+:) at the iron nuclei at different temperatures. 
In the ordered state (assuming for the sake of simplicity 
conditions near magnetic saturation) it is to be expected 
that the values of H.s_ at the iron nuclei in the octa- 
hedral sites, situated in ferrous and ferric ions, re- 
spectively, will be different in the two cases, since the 


7E. J. W. Verwey and J. H. de Boer, Rec. trav. chim. 55, 531 
(1936). 

8 E. J. W. Verwey and E. L. Heilmann, J. Chem. Phys. 15, 174 
(1947). 
2. J. W. Verwey, P. H. Haayman, and F. C. Romeijn, J. Chem. 
Phys. 15, 181 (1947). 

10 W. C. Hamilton, Phys. Rev. 110, 1050 (1958). 
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electronic configurations are different (the magnetic 
moments per free ion are indeed different—4.2 and 5 
Bohr magnetons, respectively). If, on the other hand, 
there is a fast interchange between the ferrous and 
ferric ions above the transition temperature, and this 
interchange is rapid compared to the Larmor precession 
frequency of an iron nucleus in the hyperfine field 
(~ 10°/sec), then a unique value of H.¢; will be observed 
pertaining to all the octahedral sites. The situation in 
magnetite is of course complicated by the presence of 
ferric ions in the tetrahedral sites, which, @ priori, may 
have associated with them a value of Her; differing 
from the value of H+; in the ferric ions in an ordered 
state at the octahedral sites. In fact, recent work on 
the iron garnets by the authors have shown that for 
these materials the two different Fe** sites have 
associated with them appreciably different values of 
H.t; even at conditions approaching saturation.® 
Nevertheless, it turns out that the values of Hers in 
the Fe** ions, corresponding to the tetrahedral and 
octahedral sites in magnetite, cannot be experimentally 
distinguished. In fact, the same value of H.s¢ was also 
found for the ferric ions in the other compounds of 
the spinel type investigated, yFesO; and NiFe2O,. 
Measurements of Hess in yFe2O3 and NiFe.O, are of 
interest in themselves and also as complementary 
studies to that of magnetite because of the structural 
resemblances and differences. yFe:O3; is crystal- 


lographically isomorphous with Fe;0,4, except that it 


has only ferric ions, these being distributed between 
the octahedral and tetrahedral sites, which are how- 
ever not fully occupied. Thus it has been suggested 
that the formula may be written (Fee; .33°+)O2.67(O?-)s9, 
where [Jo2.67 indicates 2.67 cation vacancies. Recent 
work indicates that the iron vacancies are predomin- 
antly at the octahedral sites." Nickel spinel is another 
example of a material with an inverse spinel structure; 
the Ni** ions are situated at the octahedral sites and 
the Fe** ions at the octahedral and tetrahedral sites; 
thus it may be represented by the formula 


Fe*[Nit+Fe* Oy. 


EXPERIMENTAL DETAILS 


The experimental technique used in this work is 
identical with that described in an earlier investigation 
on the iron garnets.® The absorption of the 14.4-kev 
gamma ray of Fe*™ embedded in stainless steel was 
measured in the various absorbers as a function of the 
relative velocity between source and absorber. The 
source, giving an unsplit Méssbauer line, was made by 
diffusing Co*’ into stainless steel and annealing at 
800°C. The source was mounted on a loudspeaker 
membrane and vibrated sinusoidally at 65 cps and the 
counting rate as a function of relative velocity recorded 
automatically on a multichannel pulse-height analyzer 


1G. A. Ferguson and M. Hass, Phys. Rev. 112, 1130 (1958). 
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as already described.® A scale of velocities was estab- 
lished by using as a frequent calibration the absorption 
spectrum of antiferromagnetic aFe,O; which has been 
previously investigated by Kistner and Sunyar,‘ and 
by the authors.® The radiation was detected by a 
large proportional counter. The absorbers consisted 
of the polycrystalline ferrite samples, in the form of 
powder, spread out to a thickness of about 25 mg/cm? 
and held rigidly between thin Lucite disks. Measure- 
ments were carried out room 
temperatures and at liquid air temperatures. The 
measurements at low temperatures were carried out 
with the absorbers immersed in liquid air contained in 
a Styrofoam container. 


with the absorbers at 


EXPERIMENTAL RESULTS AND DISCUSSION 


Figures 1(a), 1(b), and 1(c) show the experimentally 
observed spectra for yFesO; at 85°K, FeO, at 300°K, 
and Fe;0, at 85°K, respectively. Spectra were also 
observed for yFe2O; and NiFesO, at 300°K, but these 
latter spectra are not shown since they were almost 
identical with the spectrum shown in Fig. 1(a) for 
yFe,03 at 85°K, consisting of a pattern of only six 
lines, which is characteristic of a Zeeman splitting of 
the nuclear levels in Fe*’ produced by a single magnetic 
field at the iron nucleus. Now, in these materials, 
yFe.03 and NiFe2O,, the Fe** ions are situated in 
both types of lattice sites (octahedral and tetrahedral). 
The results therefore show that in these materials the 
values of the magnetic field at the iron nuclei of the 
Fe** ions are the same in the two sites. As in previous 
work,‘® the Zeeman spectra were analyzed in terms of 
four parameters: go and gi, the splitting 
parameters for the } and $ nuclear levels, respectively 
(from which the value H.¢, at the iron nucleus can be 
obtained); AZ, the shift between the center of gravity 
of the absorption lines and the emission lines of Fe®’ in 
stainless (chemical shift) ; the effective 
quadrupole interaction parameter, shifting only the 
substates belonging to the upper 3 level. The values 
for the parameters obtained in this way for yFesO; 
and NiFe.O, are shown in Table I. It is seen that for 
yFe2O; at both temperatures and for NiFe.O, at room 
temperature, the parameters are the same within the 
experimental errors. H.¢; for the three cases is about 
5.1105 oe. AE is about 0.04 cm/sec (3.510-8 ev) 
and |e! is smaller than 0.01 cm/sec. It is interesting 
to note that these values are very close to the value of 
H.+¢ obtained for antiferromagnetic aFe,O; at room 
temperature,* which again contains only Fe** ions at 
a single site. 


magnetic 


steel and « 


Turning now to the spectra obtained with magnetite 
absorbers shown in Figs. 1(b) and 1(c), we see that at 
both 85° and 300°K, more complicated spectra are 
obtained which cannot be described by a single set 
of parameters characterizing a single magnetic field at 
the iron nuclei. As in previous work on the iron garnets,® 
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Fic. 1. The absorption of the 
14.4kevy gamma ray emitted in 
the decay of Fe'™ embedded in 
stainless steel as a function of 
relative velocity between source 
and absorber. A. Absorption at 
85°K by yFe203. B. Absorption 
at 300°K by Fe;0,. C. Absorption 
at 85°K by Fe;0,. 
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these spectra have been interpreted as being due 
to the superposition of two Zeeman patterns, each 
characterized by a different set of parameters. A simple 
analysis shows that for Fig. 1(b) one Zeeman pattern 
consists of 6 lines at la, 2a, 3a, and 4, 5, and 6, and the 
second Zeeman pattern of greater intensity consists of 
six lines at 1b, 2b, 3b, 4, 5, and 6; the doublets at 4, 5, 
and 6 are unresolved. Similarly in Fig. 1(c), the 
stronger Zeeman pattern is made up of six lines at 





10 mm/sec 
VELOCITY 


Ic, 2c, 3c, 4c, 5, and 6c, and a relatively weaker pattern 
is made up of the lines at 1d, 2d, 3d, 4d, 5, and 6d; in 
this case only the doublet at 5 is unresolved. The 
splitting parameters and values of H.¢; were calculated 
for each of these component Zeeman spectra, and the 
results are given in the bottom part of Table I. 

It is seen from these results that the value of Hees 
(5.110° oe) associated with the relatively stronger 
Zeeman pattern obtained with magnetite at 85°K is, 


TABLE I. Results of analysis of measurement on yFe20;3, NiFe2O,, and Fe;O,. 


Material and temperature 


yFeel )s at 300 K 

¥ Feel )s at 85 °K 
NiFe2O, at 300°K 
Fe;O, at 85°K, ¢ lines 
Fe;0, at 85°K, d lines 
Fe;0, at 300°K, a lines 
Fe;0, at 300°K, 3 lines 


(cm/sec) 


0.595-40.020 


0.605+0.020 
0.605+0.015 
0.605+0.020 
0.54 +0.025 
0.590+0.020 
0.53 +0.02 


g 
(cm/sec) 
0.340+0.015 
0.355+0.015 
0.345+0.010 
0.345+0.015 
0.300+0.015 
0.335+0.015 

0.31 +0.01 


AE 


(cm/sec) 


(0.05 +0.005) 
0.04 +0.01 
0.035+0.01 
0.065+0.010 
0.115:+0.015 
0.045+0.010 
0.07 +0.01 


€ 
(cm/sec) 


—0.01 +0.01 


0.01 +0.01 
0.01 +0.01 
0.000+0.010 
0.000+-0.010 
0.00 +0.01 
0.00 +0.01 


(oe) 


(5.05+0.20) x 105 
(5.15+0.20) « 10° 
(5.1 +0.20)« 10* 
(5.1 +0.2 )10° 
(4.5 +0.2 )«10° 
(5.0 +0.2 )*«105 
(4.5 40.2 )«10° 








1450 BAUMINGER, COHEN, 
within the experimental accuracy, the same as the 
values of H.<¢ characteristic of the Fe**+ ions in the 
crystallographically similar materials yFe.,O; and 
NiFesO,y. Hence, the c¢ lines in Fig. 1(c) must be 
ascribed to the ferric ions situated at both the octahedral 
and tetrahedral sites. On the other hand, the value of 
H.t¢ pertaining to the relatively weaker d lines is about 
4.5X10° oe, which is appreciably smaller than that 
associated with the c lines. The magnetic moment of 
the free Fe?* ions is less than the magnetic moment of 
the free Fe** ions (4.2 ug as compared to 5.0 wg) and 
one might expect the Fe®* ions to give rise to a smaller 
value of Hy. This, together with the fact that the 
ratio of the intensity of the c lines to that of the d lines 
is approximately equal to the ratio of the number of 
Fe** ions to Fe*®+ ions in Fe;Q0,4, indicates that the 
weaker spectra in 1(c) must be ascribed to the Fe** 
ions in the octahedral sites."* Thus we conclude that 
at 85°K, below the transition temperature, the ferric 
and ferrous ions in the octahedral sites of magnetite 
produce distinct and uniquely defined effective magnetic 
fields at the iron nuclei. 

We will now discuss the interpretation of the spectrum 
obtained with magnetite at 300°K [Fig. 1(b) ]. Table I 
shows that Hs; for the relatively weaker a lines is 
about 510° oe, again the value characteristic of 
ferric ions in a spinel structure. The value of Hors 
pertaining to the relatively stronger 6 lines is about 
4.5X10° oe. A comparison of the intensities of the bd 
and a lines indicates that only about half the ferric 
ions in Fe;O,4 can contribute to the higher value of Hee; 
at 5X 10° oe and that the ferrous ions and the remaining 
ferric ions both contribute to the lower value of Her; at 
4.5X10° oe, which is uniquely defined within the 
accuracy of the measurements. It follows that there is 


2 Jn principle, the ratio of intensitiés of the Zeeman spectra 
produced at different sites could be affected by a possible difference 
in the binding of the atoms at the different sites, which may 
influence the Méssbauer efficiencies for recoil-free absorption. 
The fact that the ratio of the intensities between the c and d lines 
is about 2:1 shows that this effect cannot be large in this case. 
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OFER, AND SEGAL 
indeed a fast exchange between the ferric and ferrous 
ions contributing to the lower value of Her;, the 
exchange frequency being much greater than the 
Larmor frequency characteristic of the hyperfine 
interactions. It is clear that such an exchange can only 
occur in the octahedral sites, in which both ferric and 
ferrous ions are located. Thus, we conclude that the a 
lines correspond to the Fe** ions at the tetrahedral 
sites, and the 6 lines correspond to Fe ions in the 
octahedral sites which exhibit a fast exchange of the 
type Fe** $5 Fe**. 

These results, therefore, 
confirmation of the original hypothesis of Verwey 
concerning the nature of the low-temperature transition 
in magnetite.*® 

It is interesting to note the significant variations 
between the values of the chemical shifts AF obtained 
for the various cases, and the particularly large value 
of AE of 0.115 cm/sec for the Fe®* ions at the octahedral 
sites at 85°K, relative to the other cases. 

As indicated previously,’ a reliable value for the 
quadrupole interaction from 
measurements on polycrystalline materials because the 
shift in the magnetic sublevels due to the quadrupole 
interactions depends on the angle between the magnetic 
field and the direction of the electric field gradient, 
which are well defined with respect to the crystal- 
lographic axis. Thus, although Table I shows no 
evidence of an appreciable quadrupole shift in any of 
the cases investigated, it 
results to give a reliable upper limit for the quadrupole 
interaction at the iron nucleus. 


constitute a microscopic 


cannot be obtained 


is impossible from these 
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The thermal conductivity of single crystals of CaF2, MnF2, CoF2, and ZnF, has been measured over the 
temperature range from 3°K to 300°K. In this series, CaF: and ZnF»2 are diamagnetic, whereas MnF» and 
CoF; are antiferromagnetic. All four crystals have nearly equal thermal conductivities at room temperature, 
but differ at lower temperatures. CaF2, which is nearly isotopically pure, exhibits an exponential rise in con- 
ductivity with decreasing temperature characteristic of umklapp processes. ZnF2 shows only traces of such 
umklapp behavior because its conductivity is limited by isotope and impurity scattering. Small cusps are 
observed in the conductivities of MnF, and CoF; at their Néel temperatures of 67°K and 38°K, respectively, 
which indicate the presence of phonon-magnon scattering. Some experimental details concerning thermal 
conductivity measurements and the behavior of gold-cobalt thermocouples are also given. 





INTRODUCTION 


RYSTALS of MnF, and CoF, exhibit a transition 
from paramagnetic behavior to antiferromagnetic 
behavior at their Néel temperatures,’ Ty, of 67°K 
and 38°K, respectively. Anomalies in the thermal con- 
ductivity of antiferromagnetic crystals have been ob- 
served at Ty for MnO® and, in some recent experiments 
by the author, for CoO. The occurrence of such an 
anomaly is believed to be due to the rapid dying out of 
the phonon scattering caused by the magnetic system 
at temperatures below Ty. Therefore, anomalies in the 
thermal conductivity are to be expected in MnF» and 
CoF>. Other types of anomalies in thermal conductivity 
versus temperature curves for insulators have been 
found, for example, in NH,Cl® CH,,? and BaTiO3.° 
However, in these latter solids, an entirely different 
mechanism is responsible for the transitional behavior. 
The purpose of the present study is to determine the 
effect of the magnetic behavior of MnF: and CoF, on 
the thermal conductivity. In order to have similar dia- 
magnetic materials for comparison, crystals of CaF» 
and ZnF». were chosen. The problem here is to choose 
diamagnetic crystals which have nearly the same lattice 
dynamics as the antiferromagnetic crystals. Then the 
major differences will be in the magnetic properties. 


COMPARISON OF CRYSTALS 


The crystal structure of CaF, is cubic, and differs 
from the other three fluorides which all have the te- 
tragonal SnOz, structure. The CaF, crystal structure 
represents a simple cubic lattice of F~ ions only slightly 
enlarged by the introduction of the Ca** ions. The 
MnF>:, CoFs, and ZnF,2 represent what can be con- 
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sidered as a close-packed fcc lattice of F~' ions some- 
what distorted by the introduction of the smaller radius 
metal ions. Table I gives the ratio, r, of the metal ion 
radius to the fluorine ion radius, and the lattice con- 
stants,’ ado and ¢o of all four fluorides. The larger r for 
CaF, compared to the other fluorides can be thought of 
as the cause of the shift from a fcc to a simple cubic 
packing of F~ ions. The simple cubic array of F~ ions 
has larger ‘‘interstitial’’ volumes. For comparison, the 
value of r in MgF, is 0.48, and the structure is again 
tetragonal. 

The amount of distortion of the tetragonal crystals 
from true cubic can be visualized from the a@o/¢p ratio. 
This ratio should be v2 for a cubic crystal. The values 
of ao/ (coV2) in Table I vary from 1.04-1.06. This means 
the distortion from cubic is slight for MnF»2, CoFs, or 
ZnF>., and that the amount of this distortion is com- 
parable for all three. The thermal conductivity at 300°K 
and above is rather insensitive to details of the crystal 
structure. It depends”:-" on such average parameters as 
M, Vo, and 6. Table I shows that all four crystals are 
quite similar in these respects. 

The average sound velocities in Table I have been 
computed or estimated for a temperature of 0°K. For 
CaF. the elastic constant data of Huffman and 
Norwood” was used to compute the longitudinal and 
transverse sound velocities v; and v;. An average sound 
velocity of phonons, 5,, was computed from these by 
weighting in favor of the transverse velocity using the 
following approximation: 


2+[/m 
‘+10, ‘uP 


dg=v 


(1) 


This weighting is equivalent to the one used by Casimir® 


9 J. W. Stout and S. A. Reed, J. Am. Chem. Soc. 76, 5279 (1954). 

10 G. Leibfried and E. Schlémann, Nachr. Akad. Wiss. Géttin- 
gen, Math.-physik. KI. 4, 71 (1954). 

11 P, G. Klemens, Solid-State Physics, edited by F. Seitz and 
D. Turnbull (Academic Press, Inc., New York, 1958), Vol. 7, 

. 1, 46. 
. R. Huffman and M. H. Norwood, Phys. Rev. 117, 709 
(1960). 

13H. B. G. Casimir, Physica 5, 495 (1938). 
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TABLE I. Physical constants of some divalent fluoride crystals.* 


ao Co 


(A) A) @o/cov2 


W Ke RK 
p (105 cm G al W 
(g/cm*) 0°K 30°K 300°K 


cm w/cm 


deg) deg 


sec) 


5.462 see 
4.873 3.310 
4.695 3.180 
4.703 3.134 


1.041 
1.044 
1.061 


35.05 


34.66 103.38 


3.181 
3.925 
4.592 
4.952 


500 
510 
510 
510 


508 
(450) 
(450) 
(450) 


3.51 
(3.0) 
(2.9) 
(2.9) 


0.069 
0.082 
0.084 
0.090 


0.061 
0.056 
0.041 
0.054 


470 


380 





* ry =ratio of metal ion radius to fluorine ion radius, ao and co =lattice constants, Vo =molecular volume, M =1 
? =average sound velocity, @ = Debye temperature, Kg’ = value of thermal conduc tivity at T =@, calculated from | 
) =an estimated value 


of thermal conductivity at 7 =@ from Eq. (6), and ( 


in analyzing the boundary scattering of phonons. This 
is justifiable since one of the main uses of d, will be in 
computing the boundary scattering limit. A straight 
2 to 1 weighting of x in an arithmetic average would 
give an average velocity of 4.710° cm/sec for CaF: 
instead of 3.5 10° cm/sec. The #, values for the other 
fluorides were estimated from the 6, of CaF, and from 
the @ (O°K) and Vo values in Table I. 

The Debye temperatures for CaF, and ZnF, have 
been calculated from heat capacity measurements.*:? 14-15 
In general, @ is a function of temperature, so Table I 
includes the high- and low-temperature @ limits at 
300°K and at 0°K. The minimum value of @ occurs at 
about 30°K for CaF, and ZnF», and is given in Table I. 
The heat capacities of the MnF, and CoF, include a 
magnetic contribution, so that some subtraction scheme 
is necessary to obtain the lattice specific heat. The 
average lattice Debye temperatures have been taken 
from the estimates in the literature.*:!® These averages 
come so close to the Debye temperature of ZnF, that 
this value has been taken for MnF», and CoF, as well. 
The 6 (30°K) values for MnF, and CoF» are quite un- 
certain because of the nearness of Ty, and have not 
even been estimated. 

Assuming that the only carriers of heat energy are 
phonons, then the thermal conductivity at a tempera- 
ture equal to 6 can be estimated from the theory." 
This assumes that the only phonon scattering mecha- 
nism is other phonons. As Klemens" has shown, this 
theory gives values of the thermal conductivity, Ko’, 
at a temperature equal to @ which is too large by about 
a factor of 4 for the alkali halides. In the following ex- 
pression, the value of K,’ is set equal to just one-fourth 
that given by the theory”: 


(2) 


Kg =3.31X 10°(MPV oy) deg sec, 


where M, 0, and V9 are given in Table I. The M and Vo 
are for the triatomic molecule. The Griineisen con- 
stant,!7"!5 y, is 1.8 for CaF, at 300°K, and is taken to be 


144 A. Eucken and F. Schwers, Ber. deut. physik. Ges. 15, 578 
(1913). 
18S. S. Todd, J. Am. Chem. Soc. 71, 4115 (1949). 


16 J. A. Hofmann, A. Paskin, J. K. Tauer, and R. J. Weiss, 
J. Phys. Chem. Solids 1, 45 (1956). 

17. Griineisen, Handbuch der Physik, edited by S. Fliigge 
(Verlag Julius Springer, Berlin, Germany, 1926), Vol. 10, p. 1. 

18 R. Srinivasan, J. Indian Inst. Sci. 38A, 201 (1956). 


t, p =x-ray crystal densit 


1. (2), Ke average experimental valu 


1.8 for the other three crystals for want of measured 
values. The K9’ values in Table I computed from Eq. (2) 
are nearly the same for all four crystals, and are within 
a factor of 2 of the average values extrapolated to T=@ 
deduced from Fig. 11 and Eq. (6). 

So far it has been shown that the four crystals are 
quite similar in their lattice properties, and that the 
thermal conductivities are nearly alike in the tempera- 
ture range where phonon-phonon scattering is domi- 
nant. At lower temperatures other scattering mecha- 
nisms enter the picture. One basic difference is the 
isotopic constitution of the elements in the crystals. It 
has been shown that isotopes can be effective phonon 
scatterers at low temperatures.'**' The three elements 
Mn, Co, and F have a single naturally occurring isotope, 
so that there will be no isotope scattering in MnF» or 
CoF:. The CaF, should have a small isotope scattering 
since I'® of natural™ calcium is 2.46 10 
of I for isotopes is determined from 


m;—m 
> Ji i m 
m 


where f; is the fractional concentration of an isotope of 
mass m;. The value of I in Eq. (3) is the same as the 
used in reference 23, but is the BI of reference 19 with 
B=1/12. The theoretical value of B= 1/12 is used now, 
instead of the empirical value of § found in reference 19. 
The I of CaF; is less than the T of Ca by the ratio 


. The value 


> 


'(CaF.)/T'(Ca)= (mass of Ca/mass of CaF:)?, (4) 


. For Znl 


whi h is 


which makes I'(CaF2)=0.65 x 10 , the com- 
puted ['(ZnF.)= 1.98 10-°, three times as 
large as that for CaF. So far only isotopes have been 
considered in computing I. 

Both isotopes and chemical impurities can act as 
point scatterers of phonons. Hence chemical impurities 
of different mass or of different ionic charge than those 
of the host lattice can reduce the thermal conductivity 


19 G. A. Slack, Phys. Rev. 105, 829 (1957) 

2” R. Berman, E. L. Foster, and J. M. Ziman, Proc. Roy 
(London) A237, 344 (1956). 

*1'T. H. Geballe and G. W. Hull, Phys. Rev 

2D. Strominger, J. M. Hollander, and G. 1 
Modern Phys. 30, 585 (1958). 
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THERMAL CONDUCTIVITY 


OF 


CaF:e, MnFez, CoF:, AND ZnFz2 


TABLE II. Chemical impurity content of the crystals as determined by quantitative spectrographic analysis. 





Crystal Source | 2 Ca Fe Li 


Impurity concentration, logio€p; (e) 


<17.6 
18.1 
19.9 
19.1 


18.4 
<18.2 
<18.3 

18.4 


CaF. a 
Mnk, b 
CoF 2 c 
ZnF 2 d 


7.7 
0.2 
7.9 


Harshaw Chemical Company, Cleveland 6, Ohio. 
» Courtesy of J. W. Nielsen and S. Foner. 
¢ Grown by R. Newman at the General Electric Research Laboratory. 
4 Grown by P. D. Johnson at the General Electric Research Laboratory 


¢ The concentration ¢pj of chemical impurities of type j is given in terms of 
is given, 


of a crystal.?!*-°6 Careful spectrographic analyses were 
made of the crystals used in this experiment. The 
results are shown in Table II. 

A total of 31 different metallic elements were checked 
for in each crystal. In Table II are listed all of those 
elements present in quantities greater than 3X 10'*/cm’*. 
As an average there were 20 elements at concentrations 
known to be <3X10!8/cm?; of these, 14 were known 
to be <1X 10'8/cm?; and 8 were known to Be <3X 10" 
cm*, Many were below the limits of detectability. If all 
the known concentrations listed in Table II are added 
up without regard to the specific kind of impurity, the 
result for CaF2,, MnF»2, or ZnF, is a total impurity 
content of about 2 10"/cm*. The impurity content of 
8X 10”"/cm* in the CoF, is higher by 40 times. No 
better CoF, single crystals were available when the 
measurements were made. 

The impurity content in the Harshaw CaF, is a 
factor of about 4 less than that reported for the 
powdered material by Ure.*’ As a check for the presence 
of CaO contamination in the CaF» crystal, the optical 
absorption®* was measured in the ultraviolet between 
5 and 10 ev. No absorption peaks were seen at 6 ev, and 
the absorption coefficient a here was less than 0.3 cm™. 
The absorption started rising rapidly at 10 ev. From 
the upper limit of a at 6 ev, the oxygen content is 
tentatively estimated to be less than 100 ppm. 

At temperatures below about 10°K, the dislocations” 
and the crystal boundaries’® become important as 
phonon scatterers. The theory of dislocation scattering 
is not reliable as to order of magnitude, but an estimate 
of the effect can be obtained from experiment.” If ZnF; 
behaves anything like LiF does, then it would take about 
5X 10’ dislocations to account for the low thermal con- 
ductivity below 10°K. The dislocation density in the 
present crystals was not measured, but probably varies 
between 10‘ and 10° cm~, since they were carefully cut 

3G. A. Slack, Phys. Rev. 105, 832 (1957). 

*4R. Berman, P. T. Nettley, F. W. Sheard, A. N. Spencer, 
R. W. H. Stevenson, and J. M. Ziman, Proc. Roy. Soc. (London) 
A253, 403 (1959). 

25 R. O. Pohl, Phys. Rev. 118, 1499 (1960). 

26 W. S. Williams, Phys. Rev. 119, 1021 (1960). 

27 R. W. Ure, J. Chem. Phys. 26, 1363. (1957). 

28 A, Smakula, Z. Physik 138, 276 (1954). 


*” R. L. Sproull, M. Moss, and H. Weinstock, J. Appl. Phys. 
30, 334 (1959). 


the number of impurity atoms per 


Mn Na Ni Pb 





Mg 





<17.0 
<17.1 

19.2 
<17.2 


<18.0 
<17.7 
20.4 
19.2 


<17.6 
19.7 
20.2 
<18.1 


17.9 

. 18.0 
19.4 18.1 
18.1 <18.8 


<17.2 





cm’, In order to simplify whe table, log,o€pi 


and handled after growth from the melt. Thus we shall 
take no further account of this scattering mechanism. 

The crystal size, however, is important in determining 
the boundary scattering, and is given in Table III. The 
rod shaded samples of length S§ all had a rectangular 
cross section of area A. The effective diameter d of the 
rod was computed from d= (4A/z)!. Since the thermal 
conductivity in a tetragonal crystal is anisotropic, it is 
also necessary to know the crystal orientation. The 
angle between the tetragonal c axis and the direction of 
heat flow is also given in Table ITI. 


EXPERIMENTAL DETAILS 


The thermal conductivity of the samples was meas- 
ured in the apparatus shown in Fig. 1. Similar appa- 
ratuses have been mentioned before.”*:*5*.9 In order to 
cover the temperature range from 3-300°K, use was 
made of He, Hs, No, CoH;0H-+solid COs, and H:O as 
cryogenic liquids. This arrangement allowed the meas- 
urement of thermal conductivity under steady state 
conditions over the whole temperature range. Heat was 
supplied to the crystal by a 1000-ohm nichrome wire 
heater at the top of the crystal. The power input was 
determined to +1% by ammeter and voltmeter meas- 
urements, and varied from 2 10~ w to 1 w depending 
on the temperature and the sample. The heat then 
flowed out to the center plate of the apparatus and 
through the copper variable thermal resistors to the 
bath. The crystal samples inside the inner can were 
were measured in a vacuum of about 10-* mm Hg, 
which was continuously pumped. An outer can was 


TABLE III. Shape and orientation of the fluoride crystals.* 





S 
(cm) 


4.8 


Crystal Run No. Orientation (cm) 


0.88 
0.13 
0.26 
0.25 
0.16 
0.13 
0.24 


Cake. 30 te 
MnF>, 18 90° 1.1 
MnF, 19 90° 0.93 
MnF; 20 0° 0.99 
CoF 2 44 ? 0.40 
CoF 2 45 26° 0.45 
ZnF2 40 74° 1.2 





* Run No. refers to the experimental run in which the thermal conduc- 
tivity was measured. The orientation is the angle between the direction of 
heat flow and the ¢ axis. S =length of the sample. d =effective diameter of 
the sample from d = (4A/rz)?. 
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Fic. 1. A schematic of the experimental chamber showing the 
crystal, the thermocouples, the heater, and associated equipment. 
This chamber is totally immersed in the cryogenic liquid. 


occassionally used to surround the inner can with a 
variable pressure exchange gas of He between the two. 
This scheme usually proved to be unnecessary since 
liquid Hy was readily available. If no liquid Hs is availa- 
ble, it offers a convenient method of varying the thermal 
resistance between the sample and the bath during the 
course of an experimental run. With liquid H, available, 
sufficient control over the average sample temperature 
was provided by the combination of crystal and post 
heaters. 

The apparatus is also supplied with a radiation shield 
around the sample so that the effects of thermal radia- 
tion above 200°K can be eliminated. This was not used 
for the present samples since their thermal conductivi- 
ties above 200°K are relatively high. For example, had 
it been used, the 302°K point in Fig. 5 probably would 
have been about 20% lower. 

The thermal contacts to the crystal samples varied 
with the specimen. For the CaF» spring-loaded, indium- 
faced clamps made of OFHC copper were used.” For 
the other samples, which were considerably smaller, 
Ni or Mo contact plates were cemented to the sample 
with either a thermosetting epoxy resin, Araldite 
AN-100,” or a room temperature curing activated epoxy 
resin filled with Al,O; powder, Armstrong A-2.*' The 
thickness of the cement layer has to be kept small 
(<25 uw) since the thermal conductivity of these cements 
is low. For the A-2, approximate values of thermal con- 
ductivity are 4X10 watt/cm deg at 300°K and 10-5 
watt/cm deg at 4°K. The Ni or Mo contact plates were 
then attached to the center plate of the apparatus with 
screws. A 0.01-cm thick sheet of indium foil was used to 


% CIBA Products Corporation, Fair Lawn, New Jersey. 
3! Armstrong Products Company, Warsaw, Indiana. 
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insure good thermal contact between the contact and 
center plates. 
Thermocouples 


The temperatures along the sample were measured 
with 0.0075-cm diameter differential thermocauples 
made from gold-cobalt® (98.2% Au, 1.8% Co) versus 
manganin™ (83% Cu, 13% Mn, 4% Ni, 0.3% Fe). All 
alloy compositions given here are in atomic percent. 
The scheme is shown in Fig. 1 where a chain of three 
thermocouple junctions measures the temperature dif- 
ferences (7,—T;) and (7;—T7,4). The temperature 7, 
is measured to +0.05°K by means of a constant volume 
helium gas thermometer. The bulb volume of the gas 
thermometer is 86 cm’, and is connected to a manometer 
at room temperature via a 0.11-cm i.d. capillary. The 
output of these differential thermocouples was meas- 
ured with a potentiometer above 30°K, or a modified 
dc breaker amplifier“ at lower temperatures. At an 
amplifier gain of 10’, thermocouple voltages of 10-7 v 
can be measured to +5% with a time constant of 1 sec. 
At higher voltages, the accuracy is +2%. With this 
arrangement, values of 2(72—T3)/(T2+T3) from 
0.05%-15% were measured, an average value being 
about 2%. 

The absolute thermoelectric power S(7) at tempera- 
ture T of the gold-cobalt and of the manganin wires was 
determined using the absolute thermoelectric power 
scale of Christian ef al.*® for Pb as a basis. This Pb scale 
was applied to the earlier results of Borelius e¢ al.°* on 
silver-normal (99.63% Ag+0.37% Au) in order to 
yield the absolute thermoelectric power of silver-normal 
versus temperature. This revised silver-normal scale 
differs slightly from that of Borelius e¢ al.*” below 20°K, 
and is a constant 0.03 uv/deg less than theirs above 
20°K. The gold-cobalt, manganin, and Chromel-P* 
(89% Ni, 11% Cr) measured against silver- 
normal, and the S(7) curves are shown in Fig. 2. The 
gold-cobalt has large and negative S values, while silver- 
normal and manganin have small positive values. The 
Chromel-P has moderately large positive values of S. 
The values of S below 10°K for silver-normal, man- 
ganin, and Chromel-P are only approximate, since such 
small values are difficult to measure. 

In using thermocouples for thermal conductivity 
measurements, the thermal conductivity of the ther- 
mocouple wire itself should be small, especially at low 
temperatures. Values of the absolute thermoelectric 
power S(7) and of the thermal conductivity K(7T) for 


were 


% Sigmund Cohn Corporation, Mount Vernon, New York. 

33 Driver-Harris Company, Harrison, New Jersey 

4M. D. Liston, C. E. Quinn, W. E. Sargeant and G. G. Scott, 
Rev. Sci. Instr. 17, 194 (1946). 

% J. W. Christian, J. P. Jan, W. B. Pearson, and I. M. Temple- 
ton, Proc. Roy. Soc. (London) A245, 213 (1958). 

36 G. Borelius, W. H. Keesom, C. H. Johansson, and J. O. Linde, 
Proc. Acad. Sci.-Amsterdam 34, 1365 (1931). 

37 G. Borelius, W. H. Keesom, C. H. Johansson, and J. O. Linde, 
Proc. Acad. Sci.-Amsterdam 35, 10 (1932). 

88 Hoskins Manufacturing Company, Detroit, Michigan. 
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Fic. 2. The absolute thermoelectric power S as a function of 
temperature for four different thermocouple wires. The S values 
are positive for all except gold-cobalt, which has a negative abso- 
lute thermoelectric power. 


T=10 and 273.2°K are given in Table IV for gold- 
cobalt, manganin, and for other materials which have 
been used with gold-cobalt. Silver-normal has been used 
by Borelius et al.** and by Keesom and Matthijs”; 
copper has been used by Fuschillo,“* by Powell and 
Bunch,” and by Greig; constantan by Sproull e¢ al.,” 
Pohl,” and Williams**; Chromel-P has been used by 
Corbett.“ In Table IV, the absolute thermoelectric force 
at 273.2°K, £(273.2) is also given for purposes of com- 
parison. The value of (7) is defined by 


: 
E(T)=+ f S(T')aT". 


From Tabie IV, it can be seen that only manganin and 
Chromel-P have thermal conductivities low enough to 
match that of gold-cobalt plus adequate thermoelectric 
properties compared to gold-cobalt over the tempera- 
ture range from 3°K-300°K. Thus, thermocouples of 
manganin versus gold-cobalt or Chromel-P versus gold- 
cobalt would be useful. Manganin was used in the 
present experiment. The Chromel-P would have had 
the advantage of a large positive S(T), which varies 
smoothly with temperature. The S(T) of magnanin is 


% G. Borelius, W. H. Keesom, C. H. Johansson, and J. O. Linde, 
Proc. Acad. Sci.-Amsterdam 35, 15 (1932). 

40 W. H. Keesom and C. J. Matthijs, Physica 2, 623 (1935). 

41N. Fuschillo, J. Phys. Chem. 61, 644 (1957). 

“2. R. L. Powell and M. D. Bunch, Problems of Low-Tem perature 
Physics and Thermodynamics (Pergamon Press, New York, 1959), 
». 129, 

, 8D. Greig, Phys. Rev. 120, 358 (1960). 

4 J. Corbett, private communication. 
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small, however, so the peculiar temperature variation, 
typical of copper-manganese alloys,*® is not a serious 
drawback. 


TaBLe IV. Thermoelectric and thermal conductivity values 
for various thermocouple materials. E(T)=absolute thermo- 
electric force at temperature 7. S(T)=absolute thermoelectric 
power at temperature T. K(7T)=thermal conductivity at tem- 
perature 7. All alloy percentages are given in atomic %. 





K (10) 
(watt/em 
deg) 

0.045 
0.04« 
0.04! 
~2.0! 
8,.7™ 
~0.04! 


K (273.2) 
(watt/em 
deg) 


~O.5» 
0.23* 
0.21* 
3.8% 
4.0™ 

~#0.2! 


E(273.2) 
(uv) 


S(10) 
(uv /deg) 


S(273.2) 
Material (uv /deg) 
—9910 
—5850 
+110 
+180 
+350 
+3020 


Gold-cobalt® 
Constantan! 
Manganin® 
Silver-normal? 
Coppere 
Chromel-Pt 


—9.5 
—29 
+0.8 
+0.1 
0.0* 


+1.2 


—43.0 
—36.0 
+0.4 
+1.2 
+1.9 
+21.0 





8 98.2% Au, 1.8% Co; from reference 32. 

b 52% Cu, 46% Ni, 2% Mn, Cupron; Wilbur B. Driver, Newark, New 
Jersey. 

© 83% Cu, 13% Mn, 4% Ni, 0.3% Fe; from reference 33. 

499.63% Ag, 0.37% Au; from reference 32. 

¢ Electrolytic tough pitch copper. 

{89% Ni, 11% Cr; from reference 38. 

® Reference 46. 


b Reference 47. 

k R. L. Powell and W. A. Blanpied, U. S. Natl. Bur. Standards Cir. No. 
556 (1954). 

1 Estimated from reference k and electrical resistivity. 

™ Reference 48. 


The thermoelectric behavior of gold-cobalt alloys 
depends upon the cobalt concentration, as has been 
shown before.*®:” Since this alloy has seen rather wide 
use, it is worthwhile to consider how the S and E values 
depend on the cobalt concentration. Since £(273.2) is 
the integral of S(T) weighted for the large S values at 
high temperature, the value of S at some low tempera- 
ture, like S(10), combined with £(273.2) will give a 
representative picture of this dependence for the whole 
temperature range. Approximate values of these func- 
tions versus the concentration of cobalt are given in 
Fig. 3. The main problem in constructing Fig. 3 was to 
determine the cobalt concentration accurately. 

The electrical resistivity at 273.2°K of Au-Co alloys 
has been measured by Linde®® and by Thomas. 
Using Linde’s data, the atomic percent of Co was com- 
puted for the present samples, and also for the same 
spool of wire as used by Fuschillo.“’ Note that these 
results on a nominal composition of 2.11% Co give 
actual concentrations of cobalt in solid solution from 
1.2-2.0% on wire from Sigmund Cohn.” Other data 
points in Fig. 3 are taken from the work of Borelius 
et al.,** Keesom and Matthijs,“ and Youngblood,” using 
their stated values of the cobalt concentration. From 

45F. A. Otter, J. Appl. Phys. 27, 197 (1956). 

4A. V. Gold, D. K. C. MacDonald, W. B. Pearson, and 

. M. Templeton, Phil. Mag. 5, 765 (1960). 

47 R, L. Powell, M. D. Bunch, and E. F. Gibson, J. Appl. Phys. 
31, 504 (1960). 

48 R. L. Powell, W. M. Rogers, and H. M. Roder, J. Appl. Phys. 
28, 1282 (1957). 

#9 J. O. Linde, Ann. Physik 10, 52 (1931). 

50 A. N. Gerritsen, Physica 25, 489 (1959). 

51 J. L. Thomas, J. Research Natl. Bur. Standards 14, 589 
(1935). 

82 J. Youngblood, private communication. 
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Fic. 3. The absolute thermoelectric force at 273.2°K, £(273.2), 
and the absolute thermoelectric power at 10°K, S(10), for gold- 
cobalt alloys as a function of the cobalt concentration. The data 
are taken from various sources as noted. 


Fig. 3, it is apparent that different calibration curves 
can be obtained from different batches of wire. 

The Au-Co phase diagram has been carefully 
studied,* and Co in Au exhibits retrograde solubility. 
The extrapolated equilibrium solubility of cobalt in gold 
at room temperature is about 10~* at.%. This is in 
contrast to Borelius et al,** who assumed that the 2.1% 
Co alloy was not supersaturated. Thus, the cobalt in 
solution may slowly precipitate at room temperature, 
and change the calibration curve. As can be seen from 
Fig. 3, the amount of change in the calibration will 
depend on the initial cobalt concentration. The author 
has observed a decrease in (273.2) for a 1.8% Co 
alloy at a rate of about 0.6% per year over a period of 
several years at room temperature. A second batch of 
wire from Sigmund Cohn of 1.8% Co exhibited a de- 
crease of <0.02% per year. Powell and Bunch® re- 
ported a decrease of about 1% per year for a similar 
alloy. This precipitation rate can be drastically in- 
creased by heating the wire to soldering temperatures 
of 200°C. Therefore, any calibration curves for Au-Co 
thermocouples should be used with caution. For 
example, Fuschillo’s wire probably had been heat 
treated prior to calibration, since the electrical resis- 
tivity indicates a Co concentration of 1.2%. 

It is, of course, dangerous to draw many conclusions 
from a graph of collected values such as Fig. 3. The 
existence of a peak of S or E versus concentration at 


53 FE. Raub and P. Walter, Z. Metallkunde 41, 234 (1950). 
5 G. Borelius, W. H. Keesom, C. H. Johansson, and J. O. Linde, 
Proc. Acad. Sci.-Amsterdam 35, 25 (1932). 
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about 3% Co seems to be clear. This peak is similar to 
those found® for Au-Fe alloys at low Fe concentrations. 
A peak was not well defined in the earlier work®” on 
Au-Co alloys measured at widely spaced cobalt con- 
centrations. It would appear that an alloy with 6-8% 
Co might be much more stable with respect to small 
changes in cobalt concentration than the normally used 
2.1% Co alloy. 

The gold-cobalt wire used in the present thermal con- 
ductivity experiments and listed in Table IV had a 
nominal composition of 2.11% Co. A chemical analysis 
of this particular batch of wire gave a total cobalt con- 
centration of 1.98--0.03%. A measurement of the x-ray 
lattice parameter indicated® a solid solution cobalt 
concentration of 2.0+0.5%. The electrical resistivity 
measurements at 273.2°K gave 11.710-* ohm-cm in 
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Fic. 4. A composite curve of the thermal cor 
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the as received state, and 11.9*10-® ohm-cm in an 
annealed state for an indicated 1.80% Co. Of all of these 
tests, it is felt that the electrical resistivity gives the 
best figure for the cobalt in solid solution. Thus a 1.8% 
Co concentration is taken for the thermocouple wire 
in Fig. 2. 


EXPERIMENTAL RESULTS 
Calcium Fluoride 


The results of the present experiment on CaF» plus 
some of those of earlier studies are shown in Figs. 4 
and 5. Fig. 4 shows the behavior in the low temperature 
region, and includes the data of Eucken,® Ballard, 


5 A. Eucken, Ann. Physik 34, 185 (1911) 





THERMAL CONDUCTIVITY 
McCarthy, and Davis,5® and Cohen.57* Although 
Cohen’s work has been reported previously,*’:** the 
author is indebted to A. F. Cohen for permission to 
quote her reported results here. Her crystal was also a 
Harshaw Chemical Company sample of chemical purity 
comparable to the present crystal (see Table II), and 
had an effective diameter of 0.31 cm. In Fig. 5, the 
collected data for CaF, from 200-400°K are given. This 
figure includes the work of the authors mentioned 
above®*-*§ plus the data of Miiller,® Charvat and 
Kingery,” Smoke and Koenig, and McCarthy and 
Ballard. 

The present results obtained in experimental run 
number 30, i.e., R-30, are in satisfactory agreement 
with those of Cohen below 100°K. The smaller diameter 
of her sample accounts for most of the difference 
between Cohen’s results and the present ones at tem- 
peratures below 10°K. The thermal conductivity found 
in R-30 at 300°K is, from Fig. 5, too large by 25%. This 
RG nis oe ee 
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Fic. 5. A composite curve of the thermal conductivity of CaF 
from 200°K-420°K. The present results lie somewhat above the 
curve because of uncorrected thermal radiation losses from the 
crystal and heater. 


discrepancy is due to the fact that no correction or com- 
pensation for thermal radiation losses was made at 
300°K. This radiation error is negligible at 100°K and 
below. The data of Charvat and Kingery appear to give 
values which are much lower than the present ones, and 
lower than the best-fit curve in Fig. 5 by about 40%. 
These data are therefore considered suspect. 


56S. S. Ballard, K. A. McCarthy, and W. C. Davis, Rev. Sci. 
Instr. 21, 905 (1950). 

57 A. F. Cohen and L. C. Templeton, Bull. Am. Phys. Soc. 2, 
188 (1957). 

58 A. F. Cohen, Proceedings of the Fifth International Conference 
on Low-Temperature Physics and Chemistry, Madison, Wisconsin, 
1957 (University of Wisconsin Press, Madison, Wisconsin, 1958), 
». 385. 

.. Miller, Phil. Diss. University Jena (1913), see reference 91. 
R. Charvat and W. D. Kingery, J. Am. Ceram. Soc. 40, 
306 (1957). 

61 F, J. Smoke and J. H. Koenig; Rutgers, College of Engineer- 
ing, Research Bull. No. 40 (1958). 

6K. A. McCarthy and S. S. Ballard, J. Appl. Phys. 31, 1410 
(1960). 
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The best-fit curve in Fig. 5 starts to rise more rapidly 
than 7 with decreasing temperature for temperatures 
below T/@=0.5. Below T/@=0.2, the thermal conduc- 
tivity rises exponentially with decreasing temperature 


to a maximum value of 30 watts/cm deg at 14°K. 


Zinc Fluoride 


In order to have a second diamagnetic crystal, ZnF2 
was chosen. In addition to this, the only other available 
data on a divalent fluoride are some on BaF>.®:* Only 
one crystal of ZnF, was measured, and the results are 
shown in the composite Fig. 11. Its therma! conduc- 
tivity is similar to that of CaF». Since its chemical and 
isotopic purity is rather low, the thermal conductivity 
shows only traces of the pronounced exponential rise 
that was found in CaF». 


Manganese Fluoride 


Three crystals of MnF, were measured in the present 
experiment, as indicated in Table III. The two samples 
with the 90° orientation (@ axis) gave overlapping 
results. These together with those for the 0° orientation 
(c axis) are shown in Fig. 6. Notice that the thermal 
conductivity is anisotropic, with the thermal conduc- 
tivity along the c axis K, being larger than that along 
the a axis K,. The ratio K./Ka approaches unity as the 
temperature decreases below 100°K. 

Even though Mnf, is isotopically pure, there is no 
pronounced exponential increase of conductivity with 
decreasing temperature, as was seen in CaF2. However, 
there is a slight kink in the curve at the Néel tempera- 
ture Ty of 67°K. The derivative dlnK,(T)/dlnT 
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Fic. 6. The thermal conductivity of MnF, from 3°K-300°K. 
The thermal conductivity is anisotropic and has been measured 
with the heat flow at 0° and at 90° to the ¢ axis. The Debye tem- 
perature is 6, and the Néel temperature is Ty. 

6S. S. Ballard and K. A. McCarthy, J. Opt. Soc. Am. 41. 1062 
(1951). 
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changes from —1.8 for temperatures just below Ty, to 
—1.6 for those just above Ty. The change for K, is 
similar but somewhat smaller. This small change is not 
noticeable in the small scale graph of Fig. 6. 


Cobalt Fluoride 


The results for the two crystals of CoF: are shown in 
Fig. 7. These two crystals were of comparable chemical 
purity, but crystal R-44 had several cracks and flaws 
in it, whereas R-45 was a sound single crystal. This 
difference probably accounts for the lower conductivity 
of R-44. The conductivity of these crystals is in general 
lower than that of any of the others. This low conduc- 
tivity is probably caused by the low purity. Notice, 
however, the pronounced minimum in the conductivity 
at the Néel temperature of 38°K. The points at 300°K 
are higher than the true thermal conductivity due to 
thermal radiation errors since no radiation shield was 
used. These have been omitted in drawing the curves 
in Fig. 7. 

ANALYSIS OF THE RESULTS 
Diamagnetic Crystals 


In the diamagnetic, non-electrically-conducting crys- 
tals, CaF, and ZnFs, all of the heat is transported by 
phonons. These are scattered by a combination of other 
phonons, chemical impurities, isotopes, and crystal 
boundaries. The dominant scattering mechanisms will 
be determined by the temperature and the concentra- 
tion of scattering centers. At and somewhat below 
300°K, the dominant scattering mechanism in both 
CaF, and ZnF, is other phonons. On this basis, we can 
compare the observed value of AK at a temperature 
equal to the Debye temperature, Ko, with the K,’ value 
computed from Eq. (2) (see Table 1). For the tetragonal 
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Fic. 7. The thermal conductivity of Cok, from 3°K-300°K 
There is a minimum in the curve near the Néel temperature Ty, 
which is much lower than the Debye temperature, 9, 
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Mnf», CoF:, and ZnF2, the average conductivity at 
T=80 is computed from 

Ro=4K.+}K (6) 
Here K, is the thermal conductivity measured when the 
heat flow is directed along the @ axis, i.e., the crystal 
orientation is 90° in Table III. K, refers to an orienta- 
tion of 0°. Ke is given in Table I. For CoF, and ZnFz, 
the anisotropy ratio K,/K, at T 
the same as for MnF». This is reasonable since the ratio 
ao/(coV2) is nearly the same for all three crystals (see 
Table I). The value of K, for the CoF, and ZnF, were 
computed from the thermal resistivity ellipsoid method 
given by Nye“ using K./K,=1.42. 

If phonon-phonon scattering were the only source of 
thermal resistance in the crystal, then according to 
Peierls,® the thermal conductivity should rise expo- 
nentially with decreasing temperature. Leibfried and 
Schlémann” have suggested that the ratio K(T)/K (@) 
should be a “universal” function of the reduced tem- 
perature, 7/6: 


6 was assumed to be 


K(T)/K(@) (7) 
The exact function f(7/@) was not specified.” This idea 
of a “universal” function is similar in approach to 
Keyes’ analysis™ 
In crystals which are chemically and isotopically clean, 
the behavior of the observed ratio K(T)/K(@) should 
be f(T /6). The difficulty is to find such crystals. It has 
been that He* * A1,0 
sufficiently clean to exhibit the true exponential rise. 
Since then measurements on isotopically 
H»,” solid He*,” NaF ,”-* CsI,”:7° and Bi 
made. There is sufficient data on all of these except CsI 
for some useful comparison. Consider a reduced thermal 
conductivity, 

R(r) 


of the behavior of the solidified gases. 


shown” solid and 60,68,69 are 


clean solid 
76 have been 


rK(T)/K(@) (8) 
where 7 is a reduced temperature, 7= 77/6. In the tem- 
perature region r> 1, the value of R is unity since K(T) 
varies as T—'. If K(T) rises more rapidly than J as 
the temperature decreases below r=1, then R will 
become greater than unity. A plot of R(r) for a number 


6 J. F. Nye, Physical Properties of Crystal. 
Oxford, England, 1957), p. 199 
65 R. Peierls, Ann. Physik 3, 1055 (1929) 
66 R. W. Keyes, J. Chem. Phys. 31, 452 (1959) 
67a F. J. Webb, K. R. Wilkinson, and J. Wilks, Proc. Roy. Soc. 
(London) A214, 546 (1952). ® F. J. Webb and J. Wilks, Phil. Mag 
44, 664 (1953). 
68 R. Berman, E. L. Foster, an 
(London) A231, 130 (1952). 
® R. Berman, Proc. Phys. Soc. (London) A65, 1029 (1952). 
7 R. W. Hill and B. Schneidmesser, Z. physik. Chem. 16, 257 
(1958). 
71 E. J. Walker and H 
(1960). 
7 A. F. Cohen, J. Appl. Phys. 29, 870 (1958 
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of isotopically pure solids and for CaF, is shown in 
Fig. 8. Note that for all of these solids some type of ex- 
ponential rise is observed. The @ and Kg values used in 
plotting the curves are given in Table V. For He’, 
He‘, He, and Al.O; the curves overlap, and it is assumed 
that these experimental results approximate a universal 
R(r) function. The results for CaF, show a similar 
though somewhat smaller R function. The failure of 
CaF, to quite match the other results is probably caused 
by the small amounts of other isotopes in the Ca”, and 
by the residual chemical impurities. 

The R(r) curves for Bi and NaF fall much below the 
others. It almost appears as though they have an 
effective Debye temperature which is much less than 
the one determined from specific heat measurements. 
Furthermore the calculated K»’ value does not agree very 
well with the experimental K» value for Bi and NaF. 
The suggestion of a low effective Debye temperature 


raste V. Density, Debye temperature, and thermal conduc- 
tivity values for some nearly isotopically pure crystals. K9’ 
=thermal conductivity at T=6 calculated from Eq. (2). Ke 
=thermal conductivity at 7=@ found experimentally. 


p 


Crystal (g/cm') 


He* 
He?(8) 
He 

Bi 
Nak 
CaF. 
Al.O; 


(watt/cm deg) (watt/cm deg) 


0.208 
0.162 
0.088 
9.80 
2.81 
3.18 
3.98 


DF 
35? 
100° 
120° 
47084 
500° 
1010! 


2.7 10-5 
4.110-5 
2.4X 10~¢ 
3.5X 107 
3.810 
6.9107 
6.8X 107 


10.610 
12.0x 10 
6.110 
1Sxit* 








» J. S. Dugdale and F. E. 
1953); also reference 67. 
> R,. W. Hill and O. V. Lounasmaa, Phil. Mag. 4, 785 (1959). 
N. E. Phillips, Phys. Rev. 118, 644 (1960). 

1S. S. Mitra and S. K. Joshi, Physica 26, 284 (1960). 

¢ See Table I. 

8G. T. Furukawa, T. B. Douglas, R. E. McCoskey and D. G. Ginnings 
J. Research Natl. Bur Standards 57, 67 (1956). 

® Reference 11. 


Simon, Proc. Roy. Soc. (London) A218, 291 


has been made by Geballe and Hull to account for the 
lack of an exponential rise in isotopically enriched Ge. 
Such an argument shows that f(r) is not really a uni- 
versal function for all crystal lattices, but depends on 
the details of the phonon spectrum. However, in view 
of the lack of a good theoretical calculation of f(r), it 
is useful to construct an approximate function from the 
results. 

It has been shown by Peierls® that at low tempera- 
tures the thermal conductivity should increase expo- 
nentially with decreasing temperature as 

K(r)=Ar' exp(b"7-), (9) 
where » and b are constants of the order of unity. For 
the present purposes 7 will be set equal to zero, and 
will be changed to 8 and will be considered to be a 
function of 7. Then, in terms of a conductivity ratio, 


K(T)/K(@)= f(r) =A’ exp(8"r) 
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Fic. 8. The reduced thermal conductivity R(r) as a function of 
the reduced temperature, r=7'/0. Included in this graph are a 
number of isotopically pure solids as well as CaF. 


The requirement that f(1)=1, makes A’=exp(—1/8). 
Thus 


f(r)=exp[(1—7) Br |. (10) 
Furthermore if it is required that K(7) vary as T— at 
7=1, as is usually observed experimentally, then B=1 
at r=1. At lower temperatures 6 will be greater than 
unity. The variation of 8 with temperature was com- 
puted from the composite curve for He*, He‘, Hs, and 
Al,O; in Fig. 8 using the relationship 


1—r 


B(r)= (11) 


rin(R r) 


This curve is referred to in Fig. 9 as the exponential 
curve. For comparison, a curve of 8 vs r was computed 
for the case where K(T)= 7K (@) at all temperatures, i.e. 
R=1. This is the 7“ curve in Fig. 9. The two curves are 
identical for r>1, but, rapidly diverge at lower tem- 
peratures. For the exponential curve 8 has a asymptotic 
value of nearly 3. Often K(T) curves are analyzed in 
terms of a “temperature-independent” exponential fac- 
tor, 6, as in Eq. (12). The value of 6 is defined as 


1dl|nr 


b=—- " 
rd\inK 


(12) 


over some limited range of temperature. The relation- 
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Fic. 9. The exponential factors, 8 and 6, of a “universal” 
thermal conductivity curve f(r) when only umklapp scattering 
is present. The reduced temperature is r=7'/@. Also shown is a 
curve of 8 for the case where the “‘universal”’ function f(r) =77. 


ship between 0 and £ is given by 


> 


) 


1+(1—r)d In@/d Inr 


This means 6>8 at all temperatures r<1. At r=1, 
b=8=1. From Fig. 9, 6 is nearly temperature inde- 
pendent for 7<0.1, and lies between 2.8 and 3.0. This 
compares with quoted” 6 values of 2.7 for diamond, 
2.3 for He*, and 2.1 for AlsO3. 

The graph of 8 vs r in Fig. 9 may be used to construct 
a curve of K(T) vs T for any solid provided K (6) and 6 
are known. Such a curve would probably serve as an 
upper limit to the thermal conductivity when umklapp 
processes are the dominant scattering mechanism. Such 
a curve has been constructed for CaF». This is shown as 
the dashed umklapp curve in Fig. 10, and lies somewhat 
above the measured curve. 

At temperatures below 30°K in CaF», a combination 
of boundary and point impurity scattering determines 
the phonon thermal conductivity. If the crystal were 
chemically pure the only point impurities would be the 
Ca isotopes. These isotopes in combination with the 
boundary scattering determine the “boundary+iso- 
topes” curve in Fig. 10. In order to construct this curve, 
the boundary plus isotope conductivity was first de- 
termined neglecting the effect of normal phonon proc- 
esses using the method of Slack and Glassbrenner.”® 
Then the normal phonon processes were introduced 
using the results of Ziman’s variational method.” 
Ziman’s method gives a thermal conductivity in the 
region above 20°K, where boundary effects can be 
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78 G. A. Slack and C. Glassbrenner, Phys. Rev. 120, 782 (1960). 
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neglected, of 


K (T)=0.055k'@m'h-*y (C4 T-), (14) 
where k= Boltzmann’s constant, m=average mass of a 
single atom, 4= Planck’s constant, and y=Griineisen’s 
constant. For isotope scattering [' is given by Eq. (3). 
For chemical point impurity scattering I is® 

r=})> 


1y  VoepsS 2, (15) 


where V/3 is the average volume occupied by one atom 
of the solid, €,; is the number of point impurities of 
type j per unit volume (see Table II), and S$? is the 
total scattering number for the jth type of point im- 
perfection. From Table II, 
can be made. 


some estimate of (total) 


(total +I’ (impurity). (16) 


For those elements which have the 
valence as Ca, i.e., Be and Sr, T is calculated from the 
mass difference. For the is assumed that 
S?=1. Values in the neighborhood of unity for S;? have 
been suggested by the theory,” and have been found 
experimentally.” (impurity) 
=20X10-*, which is 30 times larger than (isotope). 
At 30°K, the thermal conductivity as limited by iso- 
(14). The 
combination of impurities plus isotopes predicts a K 
value of 5 watts/cm The value of 15 
watts/cm deg from Fig. 10 is somewhere between these 


two calculated values. 


present same 


others, it 


This procedure gives 


topes would be 27 watts/cm deg from Eq. 
deg. observed 
Such agreement is 


satisfactory, 
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I'1c. 10. Comparison of experiment for the thermal 
conductivity of Cal’,. The dashed the upper 
limits to the thermal conductivity of chemically pure CaF: im 
posed by boundary, isotope, and umklapp scattering 
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Fic. 11. The thermal conductivity of CaF2, MnF2, CoF2, and 

ZnF as a function of temperature. Above 30°K, the conductivity 

of the antiferromagnetic crystals is less than that of the diamag- 
netic ones. 


and indicates that the crude approximations are good 
to within an order of magnitude. From these results, it 
is predicted that the CaF» crystal of the highest possible 
‘chemical purity, 1 cm in diameter, which contains the 
natural isotopes will not have a maximum thermal 
conductivity Aimax greater than about 60 watt/cm deg 
at 15°K. The present crystal has a Kmax only 50% of 
this. In order to approach 60 watt/cm deg, the total 
impurity concentration in the CaF, should be less than 
10'7/cm*. 

The results for ZnF2, the other diamagnetic crystal, 
are similar to those of the CaF). The main exception is 
that the ZnF, is considerably less pure than the CaF». 
In the temperature range above 50°K, the thermal con- 
ductivities for ZnF, and CaF» in Fig. 11 are nearly the 
same. This is to be expected from the similarity of the 
K,' values in Table I. Below 50°K, the effect of point 
impurities drastically reduces the K of the ZnF2. At 
2°K, the measured K is only 4% of the K that would 
be imposed by the boundary limit. A crude estimate 
from the impurities listed in Table II gives [' (impurity) 
=100X10~°, while (isotope) = 1.98 10-5. This large 
r is not sufficiently large to explain the very low thermal 
conductivity at low temperatures based on any simple 
point impurity scattering. The impurities may be par- 
ticularly effective phonon scatterers at low temperatures 
by virtue of their strain fields as suggested by 
Carruthers® and by Pohl,*® or by virtue of the mag- 
netic moments in the dominant Fe and Ni impurities 
as suggested by experiments on paramagnetic and 


8 P. Carruthers, Bull. Am. Phys. Soc. 5, 48 (1959). 
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ferrimagnetic crystals,°'—* or by electronic excitation 
within the impurity centers.“ *® Thus, it does not seem 
advisable to carry the analysis of the present results on 
ZnF, any further. The main point is that, except for 
impurity effects, the thermal conductivities of CaF, and 
ZnF», are very nearly equal. These two crystals span 
the transition metal fluorides that were measured, and 
thus serve as a comparison standard in which there is 


no phonon-magnetic moment scattering. 


Paramagnetic Crystals 


The MnF, and CoF, are paramagnetic above their 
respective Néel temperatures Ty of 67°K and 38°K. 
Above Ty, the magnetic moments are disordered, or at 
most exhibit only a residual short range order. As the 
temperature is reduced below Ty, the magnetic 
moments become progressively better ordered, until at 
0O°K there is a nearly complete long range order. A 
simple qualitative picture of the effect of this ordering 
process on the phonon-magnetic moment scattering can 
be given. Let us assume the following model in order to 
see how it agrees with the results. 

In the. paramagnetic state, all of the phonons are 
assumed to be scattered by the disordered magnetic 
lattice, and the scattering cross-section is independent 
of phonon wavelength. Thus, in this region above Ty, 
the phonon mean free path will be a combination of 
umklapp scattering and magnetic moment scattering. 
As the crystal is cooled to Ty and below, the magnetic 
lattice rapidly, but not instantaneously, becomes 
ordered. It is then assumed that the phonons are not 
scattered by the ordered magnetic lattice, but only by 
that fraction of it which is still disordered. This means 
that the phonon thermal conductivity increases rapidly 
below Ty until it becomes limited by umklapp, point 
impurity, or boundary scattering again. 

Since any disturbance propagated in a periodic struc- 
ture can conceivably transport energy, there must be 
some energy transport by magnons.****A magnon is just 
a propagated wave in the ordered lattice of the mag- 
netic moments of the crystal. Then the total thermal 
conductivity is the sum of a phonon term Ky, and a 
magnon term Ky, 


Kot = K+ K me (17) 
As discussed previously in the section on comparison of 
crystals, there is an appreciable magnetic heat capacity 
Cm, and there is also a propagation velocity v,, of 
magnons in these antiferromagnets. This velocity is 

81S. A. Friedberg and D. Douthett, Physica 24, $176 (1958). 

% R. Berman, private communication. 

83H. Rosenberg, Phil. Mag. 5, 1299 (1960). 

% R. W. Keyes (Phys. Rev., to be published). 

85 J. Ziman, private communication. 

86 H. Frdhlich and W. Heitler, Proc. Roy. Soc. (London) A155, 
640 (1936). 

87]. Pomeranchuk, J. Phys. (U.S.S.R.) 4, 357 (1941). 

88 A. Akhieser and I. Pomeranchuk, J. Phys. (U.S.S.R.) 8, 216 
(1944). 
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Fic. 12. The phonon mean free path for CoF2 and ZnF: as a 
function of temperature. The lower dashed curve shows the ap 
plication of a simple theory of phonon-magnon scattering to the 
CoF¢ results. The dashed curves labelled B.L. are the boundary 
limits imposed on the mean free path by the finite sample diame 
ter. The lattice constant is do. 


comparable to the phonon velocity. Hence K,,, given 
by 
K,.= (18) 


1 a ‘ 
SL nn ‘ wh my 


might well be comparable to K, if the mean free path 
of the magnons /,, is sufficiently large. From the experi- 
mental results in Fig. 11, it appears that Keo of the 
magnetic fluorides is less than the K of the nonmag- 
netic ones above 30°K. Below 30°K, the situation is 
unclear because of the large content of chemical im- 
purities. Thus, in the present experiments, it appears 
that K,<K,. This means /,, is quite small, perhaps as 
a consequence of strong magnon-magnon scattering. 
Therefore Kyo is very nearly equal to K,. Throughout 
the present analysis this assumption is made. 
The K, term is given approximately by 


K,=tliL,, (19) 


where /, is the phonon mean free path determined by a 
combination of scattering mechanisms, and C, is the 
lattice specific heat capacity. The Debye approximation 
can be used to calculate C, versus T from the 6 values 
in Table I. Combining this with d, from Table I and the 
measured K, curves in Fig. 11, it is possible to compute 
1,(T) from Eq. (19). This has been done for ZnF, and 
CoF, in Fig. 12. It can be seen that for both crystals /, 
is a monotonic function of temperature. Above the in- 
flection point at 35°K, the /, curve for CoF, is a com- 
bination of phonon-magnon scattering with a mean free 
path /,,, and umklapp scattering with /,,. The value of 
1, is determined by adding reciprocal mean free paths," 


en) ge ite (20) 
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For 1,, of CoFs, we can take the results for ZnF», as an 
approximation. Above the Ty of Cok», the value of 
lom is assumed to be temperature independent, and 
equal to /,»,°. Below Ty, the fraction of disordered mag- 
netic moments varies as 1— (M/Mo), where M is M(T), 
the magnetization of one cobalt sublattice® at tempera- 
ture 7, and My is M(0). Since 1,» is taken to be in- 
versely proportional to the fraction of disordered spins, 
it is assumed that 


Lom=lon[1— (M/Mo) P. 


(21) 


For CoF2, the M(T) curve was computed using the 
Brillouin function B;(y) for a spin only moment of 
S= 3, as found by Erickson” from neutron scattering 
measurements. 

The dotted curve in Fig. 12 shows the computed 
results for CoF, using this simple model for J,» and an 
lom® value of 2200 A. The agreement with the solid line, 
which is the experimental curve, is fair. Below 15°K, 
the higher impurity content of the CoF, compared to 
the ZnF; probably makes the experimental curve fall 
below the computed one. For temperatures above 35°K, 
the assumption of a constant value of J, equal to ign" 
may be incorrect, and a small temperature variation 
should be included. However, the qualitative behavior 
of this simple model agrees with the experiment, and it 
does not seem worthwhile to improve the model until 
measurements on better crystals are available. In 
Fig. 7, the minimum in the A(T) curve for CoF», was 
found to lie at 35°K instead of 38°K which has been 
taken for Ty from specific heat measurements.’ This 
difference is believed to be real, and represents differ- 
ences in the way the magnetic disorder affects the two 
quantities. 

The thermal conductivity results on MnF, in Figs. 6 
and 11 do not show a pronounced dip in the curve at the 
Ty of 67°K. They do show a small change in slope, as 
mentioned previously, from d|InK,(7T)/d\lnT equals 
—1.8 to —1.6 as the temperature increases through 
Ty. This indicates the presence of some small amount 
of phonon-magnon scattering. By comparing the results 
on MnF, with those for ZnF, at 68°K, a value of 
lom®= 4000 A is estimated for MnF>. This is about twice 
as large as the /,,,° of 2200 A for CoF >». This difference 
between CoF, and MnF, may be associated with a 
larger orbital contribution to the magnetic moment in 
CoF, than in Mnf» in the paramagnetic state. Such a 
suggestion has been made to account for differences in 
the piezomagnetic effects,*' with which the phonon- 
magnon scattering should be closely associated. 

The value of /,,, is 700 A at 67°K in MnFs, whereas 
it is 20000 A at 35°K in CoF»,. This rapid decrease in 


14. as Ty increases tends to greatly mask the phonon- 


8 T. Nagamiya, K. Yosida, and R. Kubo, Advances in Physics, 
edited by N. F. Mott (Taylor and Francis, Ltd., London, 1955), 
Vol. 4, p. 1. 

* R. A. Erickson, Phys. Rev. 90, 779 (19 

% T. Moriya, J. Phys. Chem. Solids 11, 7 


53) 
3 (1959). 
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Fic. 13. A composite curve of 
the anisotropy in the thermal con- 
ductivity of several crystals as a 
function of temperature. The 
anisotropy of Mnf disappears at 
at low temperatures, whereas that 
of SiOz does not. 
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magnon scattering in MnF-: in comparison with CoF». 
For this reason, it is expected that measurements of the 
thermal conductivity of NiF: (Ty=73°K) and 
FeF, (Ty~=78°K) would show practically no anomaly, 
whereas measurements on the corresponding chloride 
salts such as CoCls (Ty =25°K) might show substantial 
anomalies. 


Anisotropic Thermal Conductivity 


The temperature dependence of the anisotropy in K 
of the MnF~, is interesting. Except in the boundary 
scattering region, where the sample size determines the 
thermal conductivity, the ratio K,/K a> 1. This ratio is 
equal to 1.42 at 300°K, reaches a maximum of 1.55 at 
100°K, and approaches 1 below 15°K. Such anisotropy 
ratios have been studied for a number of materials” 
at room temperature, but only for a few single crystals 
such as CaCO3,”% SiO2,5>*4*6 Te,97 and BisTe; ** have 
they been studied as a function of temperature. These 
four materials possess two principal thermal conduc- 
tivities. One, K,., along the ¢ axis and two equal ones, 
K,, perpendicular to the c axis. The anisotropy ratio 
for these four as well as for MnF» is shown in Fig. 13. 
The anisotropy in MnF, reaches its maximum at a 
temperature somewhat above the 7'y of 67°K. There is 
no maximum in SiO», but rather a nearly constant value 
of K./Ka=2.0 at temperatures below 70°K. Whether 
Mnf, or SiO: is more nearly representative of the be- 
havior of insulating solids is difficult to say. No very 
satisfactory theory of the anisotropy of thermal con- 

% K. Schulz, Fortschr. Mineral. Krist. Petrog. 9, 221 (1924). 

% M.S. Van Dusen, International Critical Tables (McGraw- 
Hill Book Company, New York, 1929), Vol. 5, p. 216. 

% F, Birch and H. Clark, Am. J. Sci. 238, 613 (1940). 

% G. W. C. Kaye and F. W. Higgins, Proc. Roy. Soc. (London) 
A113, 335 (1926). 

96 W. J. de Haas and T. Biermasz, Physica 2, 674 (1935); 4, 
752 (1937). 

7K. I. Amirkanov, G. B. Bagduev, and M. A. Kazhlaev, 


Doklady Akad. Nauk S.S.S.R. 124, 554 (1959). 
98 H. J. Goldsmid, Proc. Phys. Soc. (London) B69, 203 (1956). 
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ductivity exists, though various authors” have made 
some useful suggestions. From Fig. 13, it might be sup- 
posed that the magnetic contractions in MnF, below 
Ty tend to make the crystal more nearly cubic. How- 
ever the measured contractions* below Ty tend to raise 
the ao/(coV2) ratio from its 300°K value of 1.041. Thus, 
this is not the explanation of the asymptotic value of 1 
for K./K,q at low temperatures. Further experiments 
on other anisotropic crystals are needed to solve this 
problem. 


CONCLUSIONS 


Crystals of the four divalent fluorides CaF,, MnF2, 
CoF»., and ZnF, have nearly the same thermal conduc- 
tivity at room temperature. The diamagnetic CaF, and 
ZnF, have thermal conductivities which can, for the 
most part, be explained by existing theories of phonon 
transport of the thermal energy limited by phonon 
scattering from phonons, isotopes, chemical impurities, 
and crystal boundaries. In the antiferromagnetic MnF2 
and CoF:, the presence of phonon-magnon scattering 
reduces the thermal conductivity below that of the 
diamagnetic crystals. This reduction is particularly 
noticeable at the Néel temperatures of MnF, (67°K) 
and CoF, (38°K) where the phonon mean free paths 
for phonon-magnon scattering are 4000 A and 2200 A, 
respectively. 

The thermal conductivity of MnF; is anisotropic at 
room temperature with K,./K,=1.42. This anisotropy 
reaches a maximum at 100°K of 1.55 and decreases to 
1.0 at 15°K. 

The thermoelectric behavior of gold-cobalt thermo- 
couples has been studied from 3°K-300°K. The abso- 
lute thermoelectric power of this alloy has been studied 
as a function of cobalt concentration, and an alloy of 
Au with 6%-8% Co is suggested as useful for thermo- 


® W. A. Wooster, Z. Krist. 95, 138 (1936). 
10 EF, Snitzer and C. R. Mingins, J. Chem. Phys. 29, 1187 (1958). 
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couples. Such an alloy might be more stable and re- 
producible than the present 2% Co alloy. 


ACKNOWLEDGMENTS 


The author wishes to thank A. F. Cohen for permis- 
sion to use her results on the thermal conductivity of 
CaF, S. Foner and T. Geballe for their help in procuring 
the MnF; crystals, P. D. Johnson for the ZnF» crystal, 


PHYSICAL REVIEW VOLUMI 


SLACK 


M. Moss for the loan of a CaF, crystal, R. Newman for 
supplying the Cok’ crystals, and J. W. Nielsen for pro- 
viding the crystals of Mnf. Thanks are also owed to 
E. Taft for measuring the ultraviolet optical absorption 
of the CaF, and to J. Youngblood for his results on the 
gold-cobalt thermocouple wire. Thanks are also ex- 
tended to J. McTaggart for making 
thermal conductivity measurements. 


many of the 


NUMBER 5 
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The ultraviolet absorption of thin evaporated layers and the edge absorption of single crystals of the 
mixed system KCI-KBr were measured at room temperature in the photon energy range from 6-11 ev. In 


the thin layers, both the Cl- and the Br 


absorption bands are present in the mixtures and their heights 


depend on the relative concentrations of the two ions. The energy values of the bands generally shift with 
composition, although in contrast to all the other bands, the high-energy KBr band shifts very little. The 
results obtained for the low-energy absorption bands can be described by a simple semiclassical electron 
transfer model. The behavior of the high-energy KBr band is discussed. 


INTRODUCTION 


URE alkali halides are transparent throughout the 
visible into the ultraviolet range of the spectrum. 
There the absorption constant rises steeply to values 
above 10° cm™. As early as 1929, Hilsch and Pohl! 
found a series of rather sharp absorption maxima in 
this fundamental absorption region. They associated 
the first absorption band at the long-wavelength side 
with an electron transition from the halogen to the 
alkali ion. For the position of the absorption maximum, 
they gave the empirical formula 
hyinax=ale?/r) +E—T, (1) 
which fits the measurements within a few percent. Here 
a=1.75 is the Madelung constant for the NaCl struc- 
ture, r the anion-cation distance, £ the electron affinity 
of the halogen atom, and / the ionization energy of the 
alkali atom. Since then many investigators have ex- 
tended the early measurements to higher photon ener- 
gies and different temperature ranges. A recent compre- 
hensive study by Eby, Dutton, and Teegarden’ covered 
the absorption spectra of all alkali halides out to photon 
energies of more than 11 ev. Reflectivity measurements 
with single crystals by Hartman and co-workers* con- 


Tt Work supported by the Office of Naval Research and the 
Advanced Research Projects Agency. 

'R. Hilsch and R. W. Pohl, Z. Physik 57, 145 (1929); 59, 812 
(1930). 

2J. E. Eby, D. Dutton, and K. J. Teegarden, Phys. Rev. 116, 
1099 (1959). 

3p. L. Hartman, J. R. Nelson, and J. G. Siegfried, Phys. Rev. 
105, 123 (1957). 


firmed the results of the absorption measurements on 
thin evaporated layers. 

Theoretical considerations concentrated on the 
absorption maximum on the side, 
which was termed the exciton band.‘ Two models were 
proposed for the localized exciton in these ionic crystals. 
In one model the electron is transferred from the halogen 
ion to the nearest-neighbor alkali ions (electron-trans- 
fer model). The other model describes the exciton as an 
excited state of the halogen ion (excitation model). 
Attempts have also been made to classify the higher- 
energy absorption bands found experimentally in all 
alkali halides.® 

Since it is difficult to correlate the various absorption 
bands in the different alkali halides, we have attempted 
to study the behavior of some particular bands under 
gradually varying conditions. For this reason, a system 
of mixed crystals of two alkali halides was used with the 
hope that it would provide more information about 
the nature of these absorption bands. Pick and Miessner® 
and Gnaedinger’ used mixed crystals in a study of the 
F band and some V bands in the systems KCI-KBr and 
KCI-RbCl. Little information was obtained, however, 
on the influence of mixing in the fundamental absorp- 
tion of the alkali halides. Hilsch and Pohl' measured 
an absorption maximum due to a 1% admixture of 
iodides to chlorides. For the case of the system KI-Csl 


first 


long-wavelength 


‘For a survey, see the review articles by: H. Haken, Fortschr. 
Physik 6, 271 (1958) and T. Muto, Progr. Theoret. Phys. (Kyoto) 
Suppl. No. 11, 1 (1959). 

®*R. S. Knox and N. Inchauspé, Phys. Rev. 116, 1093 (1959). 

6H. Pick and G. Miessner, Z. Physik 134, 576, 607 (1953). 

7R. J. Gnaedinger, J. Chem. Phys. 21, 323 (1953). 





ULTRAVIOLET ABSORPTION 
Martienssen® showed that the typical cesium-salt exci- 
ton bands disappeared. This effect was related to the 
change in lattice structure as the concentration of CsI 
was reduced. 

In the present investigation the system KCI-KBr was 
used. It mixes completely in all compositions and its 
properties have been studied in detail by Wasastjerna® 
and co-workers., There is a small difference in lattice 
constants, and the exchange of the halogen, rather than 
the alkali, ions provides an undisturbed nearest-neighbor 
shell around each halogen ion. 


EXPERIMENTAL TECHNIQUES 


A vacuum ultraviolet monochromator with a gas 
discharge lamp (described elsewhere)!” provided a useful 
light source from 5 ev to more than 12 ev. The trans- 
mission of thin evaporated layers was measured. LiF 
crystals were used as a substrate. Small pieces taken 
from KCI-KBr single crystals of known composition 
were evaporated. These single crystals were grown in 
a forming gas atmosphere and were later annealed. 
Small copper grids, coated with a thin carbon film by 
standard electron-microscope techniques, were placed 
next to the substrate. The lattice constant of the thin 
layers evaporated simultaneously on these grids was 
then determined with standard electron-diffraction tech- 
niques. The sharpness of the ring system obtained 
proved the uniform composition of the layers. It was 
assumed that the layers on the substrate have the same 
property. The composition of the layers was determined 
from the lattice constant using Kantola’s® results. These 
compositions were the same as the concentrations in 
the melt from which the single crystals had been grown. 
In this way the lattice constant and composition could 
be checked for each run. The incident light intensity 
could be monitored by the external photoemission of 
Cul"; a screen of 3-mil wires coated with the Cul was 
placed in the incident beam. The transmitted light was 
measured by a photomultiplier coated with a sodium 
salicylate phosphor. It was found, using the Cul, that 
the intensity of the gas-discharge lamp was very stable 
over a period of several runs. Hence the actual trans- 
mission measurements were taken as the ratio of trans- 
mitted light before and after evaporation. A resolution 
of 2A was achieved with a low dark-current EMI 
photomultiplier. Both nitrogen and hydrogen gas were 
used in the discharge lamp. No correction for reflec- 
tivity was attempted, nor was the film thickness 
determined. 

For some of the mixed salts, the absorption was also 
measured at liquid-nitrogen temperatures. This im- 
proved the resolution of the prominent absorption 


8 W. Martienssen, J. Phys. Chem. Solids 2, 257 (1957). 

9 J. A. Wasastjerna, Comment. Phys. Math. 13, No. 5, (1945 
48); M. Kantola, State Inst. Techn. Research, Finland No. 2 
(1947). 

1 P. L. Hartman, J. Opt. Soc. Am. (to be published). 

1G, Mattler, Compt. rend. 217, 447 (1943). 
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bands, but the smaller maxima, which are resolved at 
liquid-nitrogen temperatures in the pure salts, were 


still not resolved in the mixtures. 


EXPERIMENTAL RESULTS 


In the first series of measurements, the absorption 
of thin layers of KCI-KBr mixed crystals was deter- 
mined for various compositions at room temperature. 
Starting with pure KCl in Fig. 1 the result agrees with 
previous measurements.” For small additions of KBr, 
the prominent KCl absorption maxima still persist, 
although shifted in energy. In addition, new bands ap- 
pear and grow with increasing KBr content. These 
bands finally develop into the prominent absorption 
maxima of pure KBr.2 On the other hand, the KCl 
bands decrease and finally disappear in pure KBr. 
The Br~ and the Cl- absorption bands are both present 
in the mixtures. The KCI I band and the second partner 
of the first KBr doublet, the KBr Ib band, overlap. 

The dashed curves correspond to the maxima in the 
pure components. They have been scaled according to 
the concentration of the components, and their energies 
have been shifted so that the weighted sum of these 
dashed curves yields the measured spectrum. In each 
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Fic. 1. The absorption spectra of thin evaporated layers of 
the mixed system KCI-KBr measured at room temperature. The 
compositions of the mixtures in mole percent are as indicated. 
The dashed curves represent the absorption maxima of the pure 
components. They are weighted according to their relative abund- 
ance and shifted in position. 





HERBERT 


Wavelength in A 
1800 
4 





Ol .08 | 


5 
KCcI\ \ 
PA hd 
\ o 
\ 
Q 
° 





\ 
RA 
\ 


s \ 


ul 
.°) 





a: 
\\_ 8 


; 
‘VIR 
WAL 

1 \\ 





Absorption Constant K in cm' 
ro) 


























Fic. 2. The absorption constant K at the edge of the funda- 
mental absorption (single crystals) measured at room tempera- 
ture. The. concentrations are given in mole percent. The two 
dashed lines are taken from measurements of Kobayashi and 
Tomiki. 
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case it was possible to synthesize the measured curve 
from the component peaks weighted according to con- 
centration and shifted properly. (In this analysis, the 
approximate rather than the detailed shape of the ab- 
sorption curve of the pure salt was used. A more precise 
analysis cannot be justified because the shape of the 
spectrum of the KBr component is not exactly equiva- 
lent to the shape for pure KBr. This is true because 
different absorption peaks shift by varying amounts in 
going from the pure crystal to a mixture). 

In an attempt to study the long-wavelength edge of 
the first KBr exciton peak in these mixed crystals, thin 
cleaved single crystals were measured using the experi- 
mental techniques described above. The pure crystals 
were purchased from the Harshaw Chemical Company ; 
the mixed crystals were grown from the melt from 
reagent-grade powder in a forming gas atmosphere and 
then annealed. Figure 2 shows the results. The ab- 
sorption constant at the edge is plotted vs photon energy 
for various compositions. The result for pure KBr is in 
good agreement with Martienssen’s* measurements. 
The edge shifts to higher photon energies with decreas- 
ing KBr concentration. The absolute value of the KBr 
exciton peak decreases, and in the limiting case the KCl 
edge is seen. For each of the compositions the absorption 
constant changes exponentially with photon energy, 
exactly as in the case of pure KBr (Urbach"—Martiens- 
sen® rule). For completeness, the two dashed curves 
are taken from results obtained by Kobayashi and 


2F. Urbach, Phys. Rev. 93, 1324 (1953); F. Moser and F. 
Urbach, ibid. 102, 1519 (1956). 
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Tomiki." These authors found an edge absorption due 
to small bromine impurities of the order of 10~' to 10°% 
KBr in purified KCl crystals. Their results fit nicely 
into the scheme of Fig. 2. 

To show the shift of the absorption peaks for the thin 
layers, the energy positions of the prominent absorption 
maxima of Fig. 1 are plotted vs the molar concentration 
of KBr in Fig. 3. With increasing KBr content all the 
maxima shift to lower energies. The amount of change 
for the KBr II band is much less than for the other 
bands. The position of the edge of the fundamental 
absorption for mixed crystals is also plotted in Fig. 3. 
The value of K = 100 cm was chosen as representative 
for this edge. (The dashed line will be discussed in the 
next section.) The results of Kobayashi and Tomiki™ 
can be used to extrapolate our measurements to very 
small bromine concentrations. These authors succeeded 
in evaluating the position of the KBr Ia peak in their 
dilute systems. This value has been indicated in Fig. 3 
by the triangle. Our extrapolated value agrees with their 
result. 

DISCUSSION 


The absorption spectra of both the Cl- and Br~ ions 
can be identified in the evaporated layers of the mixed 
salts. The heights of the absorption peaks of the Cl- 
and Br~ ions depend on the relative concentration of 
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Fic. 3. The positions of the absorption maxima of the thin layers 
are plotted vs the concentration of KBr given in mole percent 
(open circles, Br bands; squares, Cl bands). The triangular symbol 
on the KBr Ia curve represents the position of this peak for very 
dilute systems, as measured by Kobayashi and Tomiki. The full 
circles are the measured energy positions of the edge absorption 
of single crystals for K=100 cm~. The dashed curve gives the 
calculated positions for the same absorption constant in ideal, 
undistorted mixtures. 
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the two ions in the mixture. In addition, it has been 
found that all the prominent absorption maxima shift 
in energy with varying composition. 

As a basis for the discussion of these results, we shall 
consider the electron-transfer model in its simplest 
semiclassical form. The photon energy necessary to 
transfer the electron from a halogen ion to a neighboring 
alkali ion is then given by 


hvnax=ar* (e?/r)+ E—I—polarization effects. (2) 


In their empirical formula (1), Hilsch and Pohl! used 
a*=a=1.75 which best fits the measured energy values 
of the absorption maxima of the pure salts. Their choice 
of a*, however, cannot be justified theoretically. Instead, 
the cycle process used to derive formula (2) leads to a 
value of (2a—1)e?/r for the influence of the Coulomb 
lattice energy.“ However, energy values for the first 
exciton peaks, calculated with a*=2a—1=2.5, exceed 
by about 30% the measured values of the pure salts. 
Neither Hilsch and Pohl' nor Klemm" took polarization 
effects into account. 

In the mixed system used here, each halogen ion is 
surrounded by 6 nearest-neighbor K* ions throughout 
the mixtures. Only the next-nearest-neighbor halogen 
shell changes its composition. We shall now apply form- 
ula (2) to the low-energy absorption bands in KCl and 
KBr. In view of the above picture, we might assume 
that for a given absorption band only one parameter, 
the lattice constant, changes. Consequently, we con- 
clude that the first term of formula (2) might explain 
the shift of the absorption maxima in Fig. 3. Therefore, 
in Fig. 4 we replot their positions vs the reciprocal of 
the lattice constant 1/d. For all the bands, the measured 
peak energy changes proportionally to 1/d.'5 From the 
slope of the straight lines of all the low-energy absorp- 
tion bands, we calculate a*= 2.6. This shows that in a 
system where the significant change is the variation of 
the lattice constant, the model proposed by Klemm" 
gives a very good description of the experimental results. 

A halogen site in the mixtures can be occupied either 
by a Cl or a Br- ion, thereby giving rise to the two 
series of absorption bands observed in the mixtures. 
Figure 3 shows that the energy difference between the 
two first peaks of the Cl and Br~ series has the same 
value independent of the composition. Using forumla 
(2) in the same way as Hilsch and Pohl! we conclude 
that this difference is a result of the different electron 
affinities of the Cl- and Br~ ions. The difference in 
electron affinities given in the literature!® (0.21-0.34 ev) 
is smaller than the energy difference of 0.53 ev derived 
from Fig. 3. 


4 W. Klemm, Z. Physik 82, 529 (1933). 

15 As the relative changes of the lattice constant are small over the 
range of mixtures, a plot against the lattice constant yields as good 
a straight line as a plot against the reciprocal of the lattice constant. 

16H. H. Landolt and R. Bornstein, Zahlenwerte und Funktionen 
aus Physik, Chemie, Astronomie (Springer-Verlag, Berlin, 1950), 
Vol. 1, Part i, p. 213. 
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Fic. 4. The energy positions of the prominent absorption 
maxima of the thin layers are plotted vs the reciprocal of the 
lattice constant of the mixtures (open circles, Br bands; squares, 
Cl bands). 


For the low-energy absorption bands the predictions 
of a simple electron-transfer model give a very useful 
description of our results. Both the influence of the 
electron affinity of the central halogen ion and the im- 
portance of the Coulomb lattice energy can be seen in 
our results. The doublet splitting of the first KBr band, 
which can be accounted for by the electron transfer 
model, can also be seen in the mixed crystals. The 
amount of splitting is found to be independent of com- 
position, as one would expect. 

The higher-energy absorption band in KBr behaves 
differently. It is almost independent of composition or 
variations of the lattice constant. Two possibilities exist 
to account for this difference in behavior. We could 
describe both high energy bands, the KCl II and the 
KBr II band, as bound exciton states. The KCl II 
band would correspond to an electron transfer from the 
central Cl- ion to an excited state of the potassium atom. 
This description was used by Hilsch and Pohl! in their 
early paper. The fact that the KBr II band does not 
change with the lattice constant leads us to the as- 
sumption that an excitation at one particular ion site 
gives rise to the absorption peak. The excited level of 
the Br~ ions is, however, far too low and the excited 
level of the K* ion far too high to account for the ex- 
perimental value of 8.6 ev for this transition. If a trans- 
fer model which considers transfer to bound states with 
larger radii were assumed, rather special assumptions 
would be necessary to explain this invariance of the 
KBr II band. 

A different possibility would be to correlate the high- 
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energy absorption bands with transitions from the 
valence band to the conduction band. We can use the 
fact that these absorption bands in both KC] and KBr 
are beyond the step found in the absorption curves of 
the pure salts. This step was generally*” taken as the 
onset of band to band transitions. The shape of the two 
absorption maxima, KC! II and KBr II, would then 
reflect the structure of the density of states in the 
valence and conduction bands. It is known that both 
bands are quite independent of temperature variations, 
in striking contrast to the strong temperature de- 
pendence of the lower bands. In this case then, the 
similarity of the KCI II band shift with that of the 
lower bands is only coincidental. We would have to 
assume in our energy-band picture that, as the total 
number of states decreases with decreasing concentra- 
tion of a component, the distribution of the density of 
states remains the same. Only direct evidence of the 
existence of free electrons would enable us to decide in 
favor of an energy-band structure model rather than a 
bound-state model. 

We shall now discuss the broadening of the absorption 
bands resulting from the mixing of two ions of different 
sizes. We shall deal with the KBr Ia peak only, because 
the measured edge absorption of this peak should be 
very sensitive to changes of the bandwidth in the 
mixtures. As seen from Fig. 2, the edge absorption varies 
exponentially with the photon energy. We can therefore 
use Martienssen’s® results for the edge absorption of 
pure KBr and calculate the position of the absorption 
constant K=100 cm in the mixtures under the fol- 
lowing assumptions: (1) The bandwidth does not change 
in the mixtures, and (2) The absolute height of the ab- 
sorption maximum decreases in proportion to the de- 
crease in KBr content. The result is given by the dashed 
line in Fig. 3. The measured energy positions for the 
same absorption constant are off by 50% in some of the 
mixtures. We interpret this deviation as caused by a 
lattice distortion due to the mixing of KCl and KBr. 
This description is strengthened by observations of 
Wasastjerna and co-workers.’ Using x-ray diffraction 
methods they found an increase in the mean-square 
displacement of the K* ions in a 50:50 mixture of 


17, H. Taft and H. R. Philipp, J. Phys. Chem. Solids 3, 1 
(1957). 
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KCI-KBr over that measured in the pure crystals. They 
interpreted this increase as due to a lattice distortion. 


CONCLUSIONS 


(1) The absorption spectra of both the Cl- and the 
Br~ ions can be identified in the thin layers of the mixed 
salts. The heights of the absorption maxima of the Cl 
and the Br~ ions depend on the relative concentrations 
of the two ions in the mixture. 

(2) The energy values of the bands shift downward 
with increasing KBr content. In contrast to all the 
other bands, the higher energy KBr II peak shifts very 
little. 

(3) The predictions of a simple semiclassical electron- 
transfer model are in close agreement with the results 
obtained for the low-energy absorption bands. The in- 
fluence of the electron affinity of the halogen ions and 
the importance of the Coulomb lattice energy are both 
found in the results. 

(4) The invariance of the high-energy KBr II absorp- 
tion peak with lattice constant might be caused by 
electron transitions into bound exciton states of a more 
specialized nature, such as excited levels of particular 
ions or exciton orbits of larger radii. It is more likely 
that both high-energy absorption peaks in KCl] and KBr 
arise from transitions into the conduction band, and 
their shapes reflect the energy-state distribution of 
valence and conduction band. 

(5) In mixed single crystals the absorption at the 
long-wavelength edge of the first KBr peak varies 
exponentially with photon energy as found previously 
in pure KBr crystals. The edge, however, shifts to higher 
ehergies with decreasing KBr content. A broadening of 
this absorption tail in the mixtures can be described 
in terms of a lattice distortion. 
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When uniaxial pressure is applied along [100], [110], and [111] directions to MgO crystals with chromium 
impurities, both a splitting and a shift of the purely cubic field fluorescence line at 14 319 cm™ are observed. 
The splitting is ascribed to the removal of the degeneracy associated with the /:*?/. excited state by the 
strain-induced low-symmetry crystal fields. A theoretical calculation of the splitting, assuming a point- 
charge model, gives a surprisingly good agreement with the experiment. The shift is clearly due to the 
isotropic part of the strain-induced crystal fields, and a simple consideration shows that the observed red 
shift is caused by the strain-induced change of the Coulomb interaction between the ¢, electrons. Finally, 
limitations of the point-charge model adopted here are discussed. 


1. INTRODUCTION 


TRIVALENT chromium ion in a strong crystal- 

line field of perfect cubic symmetry has degener- 
ate energy levels. The lowest level is the 4A», an orbital 
singlet. About 14 400 cm™ above it lies the *£ level, 
which has a twofold orbital degeneracy. The transition 
between these two levels gives rise to a single sharp 
resonance line, which may be observed in absorption 
or fluorescence. 

If the surrounding octahedron is distorted, the 
degeneracy other than the Kramers degeneracy is lifted 
and the *£ level is split by an amount that depends on 
the kind and magnitude of the distortion. Thus, in 
ruby, this splitting is 29 cm, while in gallium oxide,' 
it is 158 cm“. 

A distortion of the octahedral field also splits the 
ground state but by a much smaller amount. The 
corresponding ground-state splittings in ruby and 
gallium oxide? are, respectively, 0.38 and 1.18 cm™. 
These small splittings are not surprising since the ‘A. 
state is an orbital singlet. 

To achieve a better understanding of these crystal 
field splittings, we have investigated theoretically and 
experimentally the effects of slightly distorting, in 
various symmetries, an initially perfect cubic array of 
negative and positive charges. The base material is 
magnesium oxide. It has the rocksalt structure, whose 
simplicity is an advantage in the theoretical analysis. 
Cr** ions enter into the lattice as direct substitutes for 
Mg** ions. Of course, the extra positive charge of the 
chromium ion must be compensated somehow, but 
microwave studies’ have shown that a large fraction 


*A preliminary account of this work was presented at a 
meeting of the American Physical Society, November 25, 1960 
[Bull. Am. Phys. Soc. 5, 415 (1960) ]. 
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University, Baltimore, Maryland. 

t On leave from Department of Physics, University of Tokyo, 
Tokyo, Japan. 

1Q. Deutschbein, Ann. Physik. 20, 828 (1934). 

2M. Peter and A. L. Schawlow, Bull. Am. Phys. Soc. 5, 158 
(1960). 

3 J. E. Wertz and P. Auzins, Phys. Rev. 106, 484 (1957). 

4W. Low, Phys. Rev. 105, 801 (1957). 


of the ions do not have their charge compensation 
nearby, and so are in fields of good cubic symmetry. 
These chromium ions give rise to the R line at 6981 A, 
while compensated ions produce a spectrum of satellite 
lines farther to the red. We consider here the effects 
on the R line, which arises from ions initially in cubic 
sites.® 

Distortions of the lattice are produced by squeezing 
the crystal along one of its symmetry axes. When a 
stress is applied, the line is observed to split because of 
the splitting of the ?E state. The splitting of the ground 
4A» state is expected to be very much less, and this is 
confirmed by recent microwave experiments.® We are 
thus justified in attributing the observed line splitting 
to the *E state. 

This experiment differs in an important way from 
recent investigations of effects of stress on rare earth 
spectra by Kaplyanskii.’ In our experiments we observe 
optically for the first time a stress-induced splitting in 
the levels of a single ion. In Kaplyanskii’s investigation 
an apparent splitting was observed, which is attributed 
to different shifts of the energy levels of charge com- 
plexes with different orientations in the crystal lattice. 
Splittings of the individual rare-earth ion levels were 
too small to observe. 

Apparent splittings of the Kaplyanskii type may be 
observed in MgO with spectral lines originating from 
Cr*+ ions in noncubic sites. A study of the effect of 
stress on these lines will be helpful in identifying the 
local site symmetry, and in understanding the mecha- 
nisms of charge compensation. However, the study of 
the noncubic sites has been deferred until the stress- 
induced splittings of cubic sites were understood. 


2. EXPERIMENTAL PROCEDURE AND RESULTS 


For the experiments, transparent colorless single 
crystals'of MgO, containing less than ten chromium 


5S. Sugano, A. L. Schawlow, and F. Varsanyi, Phys. Rev. 
120, 2045 (1960). 

6 Private communications from G. Feher and E. Rosenwasser, 
J. E. Wertz and P. Auzins, and G. D. Watkins. 

7A. A. Kaplyanskii, Optics and Spectroscopy 7, 406, 409 
(1959). 
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ions per million Mg** ions, are used. From this material, 
small elongated prisms with smooth polished faces 
parallel to (001), (110), and (111) crystal planes, 
respectively, are prepared in part by cleaving, in part 
by cutting with a diamond wheel to appropriate angles. 
The longest dimension of each prism is about 10 mm, 
while the cross-sectional area perpendicular to this 
direction varies from 1.4 to 6.0 mm”. 

For studying the effect of static uniform uniaxial 
compression upon the fluorescence radiation originating 
in the #.°4# — t,5 4A. transition of the chromium ions, 
the crystals are properly oriented with respect to their 
faces and placed in the press, the cut-away view of 
which is shown in Fig. 1. By placing weights on the 
loading platform of the press, the uniaxial compressive 
stress applied to the crystal can be varied from zero to 
a maximum limited by the stress at which the crystal 
prism breaks. Thus we have investigated experimentally 
the cases when the stress is perpendicular to the (001), 
(110), and (111) crystal planes, respectively. At all 
times the crystal is directly immersed in liquid nitrogen 
so that all the experimental data reported here are 
those attained at 77°K. 

The fluorescence of this red line (14319 cm) of 

_/SCREW 


LOADING 
PLATFORM 





BRASS HOLDER. 
4 


‘O-RING 
PP SEALS 


4 


Mae 








STAINLESS STEEL—~,! 








f*— SOLDER 
JOINT 








BRASS TUBE 
_WINDOW 





a. | __CRYSTAL 

















TEFLON 
PEDESTAL 


SCREW WITH 
HEXAGONAL 
HEAD ~__ 

















LJ 


Fic. 1. Apparatus for observing fluorescence of the 
crystals under uniaxial stress. 
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Fic. 2. (a) Spectrometer recording of MgO:Cr** fluorescence 
line at 14319 cm~. (b) Same line when crystal is subjected to 
a stress of 11 kg/mm? along the [100] direction 


a MgO:Cr** single crystal is excited by a Sylvania 
Tru-flector low-voltage lamp. In order for it to act as 
coolant and optical filter, a saturated aqueous solution 
of cupric sulfate is circulated in a thick layer all around 
the outside of the Dewar tip which contains the crystal 
in a liquid-nitrogen bath. As a blue-green filter, trans- 
mitting the radiation in the broad-band absorption 
region of chromium, the cupric sulfate solution is found 
to be very effective when close to its boiling tempera- 
ture, at which time its concentration is the highest. 
A red filter on the entrance slit of the spectrograph 
cuts out the exciting radiation. The crystal is observed 
in a direction perpendicular to the applied stress. 

The fluorescent light from the crystal specimen is 
investigated in two polarizations, parallel and perpen- 
dicular to the direction of the applied stress. In all 
cases, the stress is applied parallel to the entrance slit 
of the spectrograph. 

The spectrum is scanned photoelectrically with a 
high-resolution vacuum Ebert-type spectrograph, with 
a focal length of 2 m, manufactured by the Jarrell-Ash 
Company on the original design by Fastie, Crosswhite, 
and Gloersen.* Equipped with a good replica of a 
Harrison grating having 7500 lines/in., this instrument 
provides spectral resolution of about 1/30 cm™ in the 
region of interest. A carefully designed grating drive 
gives high wavelength accuracy so that the errors in 
the wave numbers should not exceed a few times 0.01 
cm", The detector is an RCA type 7102, S-20, electron 
photomultiplier tube, immersed in liquid nitrogen. The 
dispersion of the spectrogram is determined by cali- 
brating the instrument with radiations of known 
wavelengths from commercial Osram lamps. Then it is 
possible to find the position of the line in the spectrum, 
establish the shifts of the intensity peaks, and study 
line shapes. 

Figure 2 shows typical spectrometer recordings. In 
Fig. 2(a), no stress is applied, while in Fig. 2(b), a 
8’ W. G. Fastie, H. M. Crosswhite, and P 


Gloersen, J. 
Soc. Am. 48, 106 (1958). 
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Fic. 3. Splitting and displacement of the line with 
stress along the [100] direction. 


stress of 11 kg/mm? is applied parallel to a [100] 
direction. 

Figures 3-5 show the displacements of the compo- 
nents into which the line splits under increasing stresses 
along the [100], [110], and [111] directions, respec- 
tively. The broken lines in these figures indicate the 
average displacement. Since the split components have 
the same degeneracy, a simple average is shown. 

In comparison with most other spectral lines in 
solids, the chromium lines in MgO are quite sharp, 
having a width of about 0.25 cm at low temperatures. 
However, this width is not caused by the lifetime of the 
excited state, which is some milliseconds. These 
experiments show that the linewidth could easily be 
caused by internal strains, which are always present 
in these refractory crystals. Indeed, an effective strain 
of 2X 10~ along a [100] direction can cause a splitting 
equal to the linewidth. A similar internal stress is also 
found to explain the microwave linewidths of some 
transition metal ground-state levels in the experiments 
of Feher and Rosenwasser.® It seems likely, therefore, 
that the linewidths are predominantly due to strain, 
and would be less in more perfect crystals. 


3. THEORETICAL PRELIMINARIES 


A. Stress and Strain 


In our experiments, the applied stress P (P<0O) is 
simple pressure,® normal to the (001), (110), and (111) 
planes. Therefore, the independent stress components 
referred to axes x, y, 2 are given for each case as follows: 
Case (i). Simple pressure | (001): 


Z.=P, X.=Vy=Y.=Z.=X,=0; (3.1) 
Case (ii). Simple pressure | (110): 

X.=Y,=X,=P/2, Z,=Y,=Z,=0; (3.2) 
Case (iii). Simple pressure | (111): 


X,=V,=Z,=Y,=Z,=X,=P/3. (3.3) 


*A. E. H. Love, A Treatise on the Mathematical Theory of 
Elasticity (Cambridge University Press, New York, 1927), 4th 
ed., Chap. 3. 
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In stress components, the capital letter indicates the 
direction of force and the script indicates the normal to 
the plane to which the force is applied. 

Then, strain components are given as follows: 


Case (i). =Cyy=SoP, C2e=SuP, 


(3.4) 


zz=Czy=0; 


Case (li). @zz=Cyy= (Sirt512)P/2, €22=S12P, (3.5) 


= ¢,,==() Czy=SuP 2: 


Case (iii). @€22= €yy=€22= (Sur +2512)P/3, 


Cyz = Czz= Cry S44P. 3 ; 


(3.6) 


where s;;’s are elastic compliance factors and, in cubic 
crystals, they are related to stiffness constant c;; in the 
following way”: 
Sir= (Cr +€12)/ (C11 C12) (C11 + 212) ; 
Sjo>= C2 '(€11— C12) (C4: + 2€12) 5 (3.7) 
Saq= 1 C44. 

For discussing distortions of cubic crystals, it is 
sometimes more convenient to use strain components 
designated by cubic irreducible representation such as 
e(A;), eu(E), e(E), e:(T2), e,(T2), and e;(T>2), instead 
of using six independent strain components ézz, Cyy, 
Crs, Czy, Cyz, and e,,. The new strain components e,(I’) 
are given by 

€(A1)=€zztlyytez:, 


e,(E)=2e,, 


e€:( T>2) = Cyz, 


(3.8) 


—Czz—Cyy, €y(T2) =z, 
€,(E) = €zr— yy, e:(T2)=exy, 


which transform in the same way as the basis of the 
irreducible representation ¢g(I’y) under the operations 
of the octahedral group. Therefore, e(A,) gives spheri- 
cally symmetric and cubic distortions; e,(£), axial and 
tetragonal distortions around the z axis; e,(£), rhombic 
distortions preserving mirror reflection as to the vertical 
plane passing through x or y axis; e;(7T2), rhombic 
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Fic. 4. Splitting and displacement of the line with 
stress along the [110] direction. 
1 C, Kittel, Introduction to Solid State Physics (John Wiley & 
Sons, Inc., New York, 1954), 2nd ed., Chap. 4, p. 91. 
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Fic. 5. Splitting and displacement of the line with 
stress along the [111] direction. 


distortions preserving mirror reflection as to the vertical 
plane passing through «=y or x=—y lines; [e:(T>2) 
+e,(T2)+e;(T2) |/v3, under the condition e;(72) 
=e,(T2)=e;(T2), trigonal distortions around the trig- 
onal axis of the octahedron; and so on. 
Equations (3.4)—(3.6) are expressed in terms of these 
strain components as follows: 
Case (i). 
€(A,) (Sui +2512)P, 
é, (EE) =2(s11— S12) P, 
e,(E)= ex | T») ety 
Case (ii). 
€(A1)= (Siurt2512)P, 
€4(£)= — (Sur— S12) P, 
e, (EF) =e:(T2)=e,(T2)=90, 
er\ T2) - SaaP 2: 
Case (iii). 
€(A1)= (Sir t+-2512)P, 
eu(E)=e,(£)=0, 
e:(T2)=e,(T2)=e;(T2), 
Les(T2)+e,(T2)+e;(T2) |/V3=saaP/N3. 
: @ cr*t++ 
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Fic. 6. Displacements of six neighboring oxygen ions by stress 
along the [001] direction. The upper and lower oxygen ions 
move inward by R:; the others move outward by R» 
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Thus we can easily know symmetries of the distortion 
induced by the stress. In Figs. 6-8, displacements of 
the six nearest-neighbor oxygen ions relative to the 
central chromium ion are described for our three cases. 


B. Induced Crystal Field Change 


From symmetry considerations, it is easily seen that 
the strain-induced change of the crystal field V, which 
is linear as to the strain, can be written in the form 


\V,(T)e,(T), (3.12) 


where I'y runs over A,¢), Hu, Ev, Tot, Ten, and T2¢. 
V,(I) is a function of electron coordinates and has the 
same transformation property as that of e,({). C,(T) 
is a constant. If V,(I°) is expanded in a power series 
of electron coordinates, it is further written as 

CT) VT) =>. .Ca.e(l) V2.7 


is a normalized 


where C,,,,(I') isa constant, and V r 
cubic harmonics" with the 'y symmetry multiplied by 
r". When the crystal field is acting on d electrons, n in 
Eq. (3.13) runs up to 4. Then, the explicit forms of 
V,,(1) are given as follows: 


1 1 
v(d=n( ) \\ 7) Voor 5)—(V 444+ V 4-4) |, 
/12 v2 


| 
1)—(Yaut Yes |, 
Vy) 


11H. A. Bethe, Ann. Physik 3, 133 (1929 
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2e(T: T)="(-- Ja "22— Y2-2), 


i> \(-Yet Ve ra 
v2 


where V tm=©(lm)®(m) are spherical harmonics defined 
by Condon and Shortley.” 

The calculation of the coefficients C,,,(T) involves 
the same difficulties as encountered in the calculation 
of cubic crystal field strengths. However, it is possible 
to get the values of the coefficients, when we use the 
point-charge model and sum up appropriately the 
electrostatic field coming from the positive and negative 
charges at all the lattice points. Such’a calculation has 
been done by Kanamori,"* and our coefficients are 
related to his coefficients," A,, Ci, Di, Fi, and A, in 
the following ways: 


8\/m 
c(As)=( )(>+ F ). 
Sy 21 
2/r 4\/ x 
-) Ay, Cun(B)= (<r 
\ 5 34/15 


2/ 3m 4y/r 
i )As Cuh)==( — -)F 1, (3.15) 
J/5 3/15 
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Co,2(T2) =C>2,,(T2)=C2,; 


2/e 
ro=(™)o, 
\ 15 
4/3 
(Be. 
3/5 


In the following discussion, we will use Eq. (3.15) 


together with Kanamori’s numerical values. Propriety ° 
of using the point-charge model will be discussed later. 


C4¢(T2) =C,,,(T2) =C,, 


C. Splitting of the ¢,° °£ State 


Now we study splitting of the degenerate #.* *E level, 
which is responsible for the fluorescence line examined 
here, in three cases. 


Case (1) 


As (3.9) shows, the distortion is of tetragonal 
symmetry around zg axis. Detailed examination shows 
that, for the real system with reasonable strengths of 
the cubic field, Coulomb interaction, and spin-orbit 
interaction, the configuration mixing among the *£ 


2 E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, New York, 1935), Chap. 3, 
p. 51. 

13 J. Kanamori, Progr. Theoret. Phys. (Kyoto) 17, 197 (1956). 

4 A,=—5.96R*, C,=11.93R%, F,=—16.61R, and H, 
=10.21R-. R is the lattice constant in atomic units. 
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Fic. 7. Displacements of six neighboring oxygen ions by stress 
along the [110] direction. The upper and lower oxygen ions move 
outward by Re; the others move inward by R3. The angle @ is in 
the (001) plane. 


states plays the predominant role in giving the splitting; 
the splitting is given in good approximation by 
W ?PE+$0)—WC?E+3u)=(2 Y Cru(E) (ellVn 


n=2,4 


+ (8v3bc/6) © Coa,u(E) (te )\|ts) Jeu(E), 
n=2,4 


(3.16) 


where 6 and ¢ are the coefficients of the configuration 
mixing defined as follows'®: 


WV (lowest ?£) =a¥ (t.5 2E)+0V (te? ('A je 2B) 


+cW(t?('E)e?E). (3.17) 


Pi (111) PLANE 


Fic. 8. Displacements of the neighboring oxygen ions by stress 
along the [111] direction. All the oxygen ions move inward by Rx. 
The angles @ are in such directions that two upper and lower 
triangles, whose apexes are, respectively, on the sets of (x,y,z) 
and (—x, —y, —%) axes, are squeezed toward each other, pre- 
serving the trigonal symmetry around the [111] axis. Throughout 
Figs. 6-8, if P= —22X108 d cm™ is assumed, we have R,;=1.79 
X10°%*A, R2=0.40K10-8A, R3=(Ri—R:2)/2, Ra=(Ri—2R:2)/3, 

=2.1 107? deg, and ¢=v26/3. 


18S. Sugano and M. Peter (to be published). 
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The double-barred matrices" are given by 


(e|| V,.(E)||e)= — 2(eu| Vn,u(E) | eu) 


eq 5)/(7\/r) Kr?) — for 


—[(3V/5)/ (74/3) Kr’) for 
(to\| V ,(E)||t2) = V3 (tok | Vn, u(E) | tof) 


[(4/15)/(74/x) Kr?) for 
| (3.19) 


[(/5)/(74/m) Kr’) = for 1 


The other term, which comes next to Eq. (3.16) in 
giving the splitting, is the third-order perturbation 
Veo AV Veo (Vso=spin-orbit interaction (AV =strain- 
induced crystal field), in which both the intermediate 
states are the 4’e*T, state, but it is found negligible 
compared to Eq. (3.16). 


Case (it) 

We have both tetragonal and rhombic distortions in 
this case, as Eq. (3.10) shows. The magnitude of the 
tetragonal! distortion is just half the previous one and 
the sign is reversed. The splitting due to the rhombic 
distortion is found to come mainly from the second- 
order perturbation V,,AV+AV V,. in which the 
intermediate state is the ¢.°*7, state. Furthermore, 
this distortion mixes the « and » components of the *£ 
state. 

The resultant energy matrix of the *Z state for both 
these distortions is given by 


+3,u +4, Fiv 
+4, u a B 





(3.20) 


+4, Fit B —a 


where a and 8 come from the tetragonal and rhombic 
distortions, respectively, and they are given as follows: 


a=1{([W(?Ev)—W(?Eu)] of Eq. (3.16)}, 


v2 
B=—fer > Ca,¢(T2)(te|| Vin(T2)||t2)/ 
3 n=2,4 
[ W (to 272) — W (1.8 2B) |, 
(a<0, B<0O for 


P<0). (3.21) 


In Eq. (3.21) the factor ¢ is a constant of the spin-orbit 
interaction for a f:-electron and the double-barred 
matrices are given by 


(¢2|| Vn(T2)||t2)= (9/6) (ton | Ving (72) | f2€) 
[ (34/10)/ (14/2) Kr’) for n=2, 
(3.22) 
[(4/30)/ (74/9) Kr?) 


The eigenvalues and eigenvectors of Eq. (3:20) are 


for n=4. 


16Y. Tanabe and H. Kamimura, J. Phys. Soc. Japan 13, 394 
(1958). 
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found to be 
W= (e?+")!: 
| —siné V(?E}u)—i cosé VE»), 


2 


(3.2. 
—sind V(??E—}u)+i cosd V?ZE— 3p); 
= — (a?+*)!: 
cosé WV (?E}u)—i sind V(2E3v), 
ne 3.24) 
cosé VW ?E—4}u)+i sind ¥?ZE— 4p); 
where 
tan206=B/a, 0<20<7/2. (3.25) 
In Eqs. (3.20), (3.23), and (3.24), it should be noticed 
that the magnetic spin quantum number, M,= +3, is 
referred to the z axis. For P>0O, the signs of the eigen- 
values should be reversed, keeping the eigenvectors 
unchanged. 


Case (iii) 


As Eq. (3.11) shows, only a trigonal distortion is 
induced in this case. The splitting due to the trigonal 
distortion has been fully discussed in the case of ruby 
spectrum." The splitting is expressed approximately by 


W ?CE+4u,)—WCE+4u-) 
= —4K¢/[W (t3?T.)—W (t22E)], (3.26) 
where 


K=—(1/x/6)esy © Cn.t(T2)(tel| Vn(T2)]| ts) 


n=2,4 


The double-barred matrices in Eq. (3.27) are already 
given in Eq. (3.22). Note that the spin in Eq. (3.26) 
is quantized along the trigonal axis. 


D. Polarization 


The previous study® of the Zeeman effect of the 
fluorescence line we are examining here has revealed 
that the fluorescence is magnetic dipole radiation. The 
polarization of the split components in each case can 
be calculated in a way similar to that given in that 
paper. Therefore, without mentioning detailed pro- 
cedures of the calculation, we shall quote here only the 
results, which are important in determining the signs 
of the strain-induced crystal fields from the experi- 
mental data. 

Case (2) 
(3 for H1[001_ 
S?CE+}u)/S?PE+$0) = (3.28) 


lo for #\|[001}, 


where S stands for a dipole strength and H for an 
oscillating magnetic vector of the radiation. 


17S. Sugano and Y. Tanabe, J. Phys. Soc. Japan 13, 880 (1958). 
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TABLE I. The strain-induced splittings, shifts, and the polarization of the split components. The definitions of the splitting and the 
polarization are given in Eqs. (4.4), (3.28), (3.29), and (3.30), of the text. A and d are given in cm™ and P in dynes/cm? (P<0). 





Calc split. 


Obs split. 
4/(—P) 


Case A/(—P) 


Obs shift 


Calc pol.* Obs pol. /(—P) 





(i) 6.8+10-” (6.30.2) x 10-” 


(ii) —3.8x10-" — (3.6+0.1) x 10-” 


(iii) —2.0X 10-” — (2.8+0.1) xX 10-” 








3 2.4 
2.9 10-1 
0 0.4 


1.7 1.2 
0.01 
1.5 


2.9X 10- 


0.61 
2.6 10-" 
3 1.6 





® « means the polarization with the magnetic vector of light parallel to the stress (simple pressure), and ¢ the polarization perpendicular to the stress, 


o1 and o2 in Case (ii) distinguishes two kinds of ¢ in such a way that o:: H||[110] and a2: H 


Case (ii) 
S?E+}%)/S?PE+}40) 
( (4+2 cos26—v3 sin2@)/(4—2cos20 _ 
+v3 sin2@) for A||[110] 
=< (4+2 cos26+-v3 sin26)/(4—2 cos20 
—v3 sin20) for A\\[110] 
tan*é for A\|[001 ], 


(3.29) 


where ?£+$%) and (?E+349) are the split components 
given by Eqs. (3.24) and (3.23), respectively, and @ is 
given by Eq. (3.25). 


Case (iit) 


3 
* for 


HL[111), 


SCPE+4u,)/SCE+A4uz) = 
3 for Aj\[111]. 


4. COMPARISON WITH THE EXPERIMENT 


In order to obtain numerical values of the splitting 
theoretically, it is necessary to know the values of the 
elastic compliance factors or the stiffness constants. 
The values of the stiffness constants ¢c;; at 77°K are 
determined from Durand’s experimental curves against 
temperature,'* displacing them uniformly so as to pass 
through the points that Bhagavantam”™ determined at 
room temperature more accurately. The values (in 
d/cm?) are as follows: 


c= 29.54 104, 
C12 8.49 10", 
C44 14.99 10", 


(4.1) 


The values of (r?) and (r*) appearing in the expressions 
for the splitting are estimated by using Watson’s 
analytical Hartree-Fock solution for a free Cr** ion.” 


18 M. A. Durand, Phys. Rev. 50, 449 (1936). 

9S. Bhagavantam, Proc. Indian Acad. Sci. A41, 72 (1955). 

2” R. E. Watson, Mass. Inst. Technol., Solid-State and Mo- 
lecular Theory Group, Tech. Rept. No. 12 (June 15, 1959) 
(unpublished). 


[001 }. 


They are found to be 
(r2/R®)=0,0918, 
(r/R*)=0.0179, 
R'=3.97 (a.u.). 


(4.2) 


The numerical values of the configuration mixing 
coefficients, 6 and c, appearing in Eq. (4.16) are'® 


b=1.3X10"; c=9.3X107, (4.3) 


which have been fairly accurately computed for ruby. 
This is justified by the fact that the optical spectrum 
of MgO: Cr** is similar to that of ruby. 

Now, from Eqs. (3.16), (3.23), (3.24), and (3.26), 
the magnitudes of the splitting for three cases are 
easily obtained. For [W (é.°?72)—W (t°?E) ], we use 
the experimental value for ruby, 6000 cm. The spin- 
orbit coupling constant ¢ is assumed to be 200 cm. 
a and @ in Eq. (3.21) are found to be 1.7K 10-"P and 
0.86 10-"P (cm , for P in d/cm?). Then tan20= 34. 
Using this value of @, the polarization (3.29) is given 
numerically. Since the splitting is proportional to P, 
we shall hereafter treat the value of A/(—P), where A 
is the magnitude of the splitting defined as 


Case (i) 

A=W (*E+}u)—W (E440), 
Case (ii) 

A=W (E+}a)—W "E+39), (4.4) 
Case (iii) 

A=W ?E+}u,)—W CPE+4uz), 


and P is given in units of dynes/cm? and always nega- 
tive in our case. 

The numerical values of A/(— P) and the polarization 
are given in Table I, together with the experimental 
ones. The signs of the experimental A/(—P) are 
determined so as to give qualitative agreement between 
the observed and calculated polarizations. 

It should be noticed that the trigonal field parameter 
K in case (ili) is positive. This is the opposite sign to 
the case of ruby, as is to be expected since here the 
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octahedron of oxygen ions is compressed along the 
[111 ] direction, while in ruby it is stretched. 

The observed shifts A of the center of the split 
components are also listed in the form A/(—P) in 
Table I. It is remarkable that the A/(— P)’s in the three 
cases are almost identical. On the other hand, we 
observe in Eqs. (3.9), (3.10), and (3.11) that the 
e(A,)’s are same for three cases. Therefore, it seems 
clear that the shifts are caused by the strain-induced 
changes of the spherically symmetric and cubic crystal 
fields. This point will be further discussed in the next 
section. 


5. DISCUSSION 


As Table I shows, the agreement between the calcu- 
lated and observed splitting is surprisingly good. One 
might say that the agreement is fortuitous, but the 
fact that it is uniformly good in all cases seems to 
suggest something significant. The implication of this 
fact shall be discussed in the following. 

In our calculation, the part which should be exposed 
to a serious criticism is the calculation of the strain- 
induced crystal field. A similar calculation was applied 
to the theory of magnetostriction in FeO and CoO 
crystals by Kanamori"™ by use of the same point-charge 
model. He calculated deformations of the crystals in 
the antiferromagnetic states and found that the point- 
charge approximation overestimated the coupling con- 
stants which appeared in the magnetostriction energy. 
According to his discussion, the covalency effect, which 
contributes to the cubic crystal field strength in such a 
sense to cancel the negative contribution due to the 
overlap between neighboring electron clouds (imperfect 
screening of nuclear charge due to the overlap), is less 
important in calculating crystal field strengths of lower 
symmetry, and thus the point-charge model gives 
coupling constants which are too large and which should 
otherwise be reduced by the sole effect of the electron 
overlap. 

In connection with Kanamori’s statement, it would 
be instructive to estimate the cubic field strength Dg 
in our case by using the same values of (7?) and (r*) as 
adopted here: Bethe’s formula" for Dg immediately 
gives Dg=338 cm“, which is clearly too small. There- 
fore, our results for both Dg and crystal field strengths 
of lower symmetry are merely shifted from Kanamori’s 
in the same direction. This shift seems to come from 
different ways of calculating (7?) and (r*): He used a 
Slater wave function for the calculation. If a Slater 
wave function is used in our case, we obtain 


(r?/R?)=0.313, (r*/R*)=0.144, 

which are much larger than those given in (4.2) calcu- 
lated by the use of the Hartree-Fock wave function. 
The above value of (r*) leads us to a fairly good cubic 
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field strength, Dg= 2720 cm~, but it clearly makes the 
predicted splittings too large. This situation corre- 
sponds just to Kanamori’s case. 

At the present stage, we have no definite knowledge 
to enable us to determine which better approximates 
the real wave function in the crystal, the Hartree-Fock 
or Slater wave function for the free ion. However, it 
would be of some value to point out the following fact: 
In the tetragonal splitting, the first and second terms 
for n=4 in Eq. (3.16) almost cancel. Thus the pre- 
dicted splitting in case (i) is almost independent of 
the value of (r*). Contrary to this, the splitting in 
case (iii) is rather sensitive to the relative magnitudes 
of (7?) and (r*), because the two terms in Eq. (3.27) 
which are found to be of the same order of magnitude 
but with the opposite sign. Then, bearing in mind the 
fact that (r*)sjate: 
(r*)H-F, We 
discrepancies between the 


r*)—r is much larger than (r”)sjate: 
expect, when a Slater function is used, 
and observed 
splittings not to be uniformly distributed in all cases. 
Actually we have A/(— P)=23X 10 
4X 10-" for case (iii). 

Considering the above-mentioned discussions, the 
authors would like to think that Watson’s Hartree-Fock 
wave function is better applicable to our problem than 
the Slater function. A definite conclusion, however, 
should be drawn after studies are made on the effects 


predic ted 


for case (i) and 


of the imperfect screening of nuclear charges, covalency, 


deformation of the lattice due to chromium impurities, 

and polarization due to the excess chargé 

purities, which are ignored in our treatment. 
In the previous section, it 


of the im- 


was mentioned that the 
shifts of the center of the split components are caused 
by the strain-induced spherically symmetric and cubi 
crystal fields. However, detailed examination shows 
that an increase in strength of the cubic field causes 
only blue shifts. Therefore, the observed red shifts are 
explained only by introducing a decrease of the strength 
of the Coulomb interaction B as the cubic and/or 
spherically symmetric crystal field increases. This fact 
has also been observed by Stephens and Drickamer® in 
a NiO crystal applying high isotropic pressure. Quanti- 
tative determination of the change of the Coulomb 
interaction as a function of the isotropic part of the 
strain is very difficult, because the counteracting contri- 
bution, which should be subtracted from the observed 
shift, is hard to know exactly. 
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The calculation of the partition function for a simple one-dimensional order-disorder model is reduced 
to the solution of a certain functional equation. This equation is solved rigorously and it is shown that in 
the limit of indefinitely long-range interactions the model exhibits a finite discontinuity in the specific heat. 


1. INTRODUCTION 


S many authors have pointed out,' the rigorous de- 

duction of the existence of a phase transition and 
determination of its properties from first principles is 
immensely difficult for realistic models of physical 
systems. We study in this paper a simplified model of 
a one-dimensional system which can manifest varying 
degrees of order. It is an extension of the well-known 
“Tsing” model. We allow each spin to interact with all 
spins in the system, the interaction energy dropping 
off exponentially with the separation distance. We find 
that as the range of the interaction increases indefi- 
nitely, the maximum slope of the specific heat curve 
also increases indefinitely. In the limit of infinitely 
long-range interaction, the system manifests a second- 
order phase transition of the same type as the lambda 
transition of liquid He‘; that is, the specific heat in- 
creases rapidly with temperature until a critical tem- 
perature is reached, and then it drops discontinuously. 
The existence of a transition in this limit can be under- 
stood qualitatively in terms of the possibility of exist- 
ence of long-range order. When the range of interaction 
is finite, the existence of a finite number of consecutive 
“wrong” spins suffices to separate two regions of oppo- 
sitely directed perfect order. As, for any temperature 
different from zero, there is a definite probability, which 
does not go to zero with increasing system size, that any 
finite number of consecutive spins will be “wrong,” 
long-range order cannot exist. However, the longer the 
range, the smaller the probability. In the limit of 
infinitely long-range interactions, this probability goes 
to zero for sufficiently low temperatures and hence in 
that limit long-range order can exist. 

In Sec. 2 we show how the calculation of the parti- 
tion function may be reduced to the solution of a certain 
eigenvalue, functional equation. In Sec. 3 we solve this 
equation for any finite range of interaction. In Sec. 4 
we discuss the behavior in the neighbor of the Ising 
model limit—very short-range interactions. In the last 
section we discuss the limit as the range of interaction 
increases indefinitely and deduce the existence of a 
second order phase transition in this limit. Needless to 


* Work performed under the auspices of the U. S. Atomic 
Energy Commission. 

1 See, for instance, L. Van Hove, Revs. Modern Phys. 29, 200 
(1957). 


say, for a long but finite range, the specific heat curve 
is very difficult to distinguish experimentally from that 
for infinitely long-range interactions. We discuss the 
Bragg-Williams approximation in an Appendix and 
point out that while it is similar to the limit of indefi- 
nitely long-range forces for this model, it is not identical 
with it. 


2. REDUCTION TO A FUNCTIONAL EQUATION 


Let us consider a one-dimensional array of N spins 
(v;). We shall treat it in the “Ising” approximation; 
that is, we consider only the z component of the spins. 
Thus, we shall treat the spins as scalars and allow them 
to assume only the values +1. We shall mot restrict 
ourselves to nearest neighbor interactions only, but 
assume thai the spin-spin interaction energy decreases 
exponentially with the distance separating the spins. 
Thus, if we number the spins (assumed to be equally 
spaced), then the interaction energy between the jth 
and kth spins will be proportional to 


vive eXp(—y|j—R]). 


For convenience, let us set e~’=r and let rJ be the 
nearest-neighbor exchange integral. We restrict OSr<1, 
for exponentially decreasing interactions. 
If we now sum over all pair interactions, the total 
spin-spin interaction energy of the array will be 
N 
> r' IV iV ke 
rl 


(2.1) 


To facilitate the subsequent discussion, let us introduce 
the relative spin between nearest-neighbor spins: 


1,N-1 


Mj=VjVj41, J? 
geal (2.2) 


MN=VN. 


If we make use of the fact that v?=1, we may rewrite 
the product v;»,(k> 7) in terms of the yp; as 


ViVi = ViVj+1V 5410542542" 


k—1 
=JT wu. 
=] 


**Vk—1Vk—-1Vk 


If we rewrite (2.1) in terms of the yu’s and let 7 be the & 
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of (2.1) minus j, then the energy becomes 


i4+j-1 

I mr), 

k= j 
If we denote the interaction energy divided by (—J) 
of spin j with all spins of higher location number by y,, 


then 
N N-j ft+j-1 
y= X rinn= X(T we). 
: 


k=7+1 i 


(2.4) 


We shall now show that the y; satisfy a simple recursion 


relation 
i+j-1 
or IT ur) 


k=}+1 


w+ (j+1)—1 
II wr) | 
k=7+1 


y=e@r(l+yin1), yn 


N-j 
yj=prt Z 


/—(j+1) 


N 
us| 1+ y 
w=) 


1="N-1" (2.6) 
By comparing (2.3) with (2.4) we see that the energy 
may be written in terms of the y; as simply 


The standard partition function for this system is 


Zy(yv)= >X expl[—E(»;)/kT ] 
i (2.7) 


= > exp[ (J/kT) = yi], 


{#3} 
where the summation goes over all 24—' possible con- 
figurations of the first V—1 spins. 
In order to evaluate Z as a function of T and r,, let 
us introduce 


=(1—r)y;/r, j=1,N-1 


K=Jr/[(1—r)kT], 


+1 
files) = 2250) | f Z;(x;)dx;, 
1 
+1 +1 
w= f Zsealxdes | f Z j(xj~1)dxj-1, 
=" 


—1} 


where Z; is defined to be the partition function for the 
first j—1 spins, as in (2.7), clearly depends only on 
x;(Z,;=1). It is to be noted that holding K instead of 
rJ fixed while varying r corresponds to holding the 
maximum possible interaction energy fixed instead of 
the nearest-neighbor interaction energy. This distinc- 
tion is important in the limit as r — 1. We shall evaluate 
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fi+1(%j41) in terms of f;. Now 


Zisi(tinn)= Lo expl Ka; ]Z;(x;) 


My 


or 


Aifini(tinn= DL explwjK(1—r+rx;,:) ] 


“i= +] 


X fi(ujsA—rt+rejii)). (2.10) 


Thus, dropping the subscript on x;,; and summing 

over uj, we obtain 

Asfina(x) = expLK (1—r+rx) ]f)(1—r+rx) 
+exp[—K(1—r+rx) ]f;(—1+r—rx), 


taking account the 
1; and uy, we obtain 


(2.11) 


and, for the partition function, 
slightly different dependence on uy 


Zn+41(0)= aT dj fv (0). (2.12) 


If the A; and f; tend to a limit, as 7 increases indefinitely, 
then the partition function per spin is 


Infz(K) |= lim {{inZy41(0) //N}=Ind, (2.13) 


where XQ is the largest eigenvalue of the equation 


\f(x)=expLK (1—r+rx) ]f(1—r+rx) 
+exp[—K(1—r+rx) ]f(—1+1r—rx). 


As we shall see in the next section, the iteration process 
prescribes a unique solution for (2.14). 

We further note that if —1<«*<+1, then |1—r+rx]| 
<1 so that a knowledge of f(x) over the unit interval 
suffices. The ends of the unit interval correspond to 
the least upper bound and greatest lower bound for the 
energy of interaction of a single spin with all the spins 
of higher index numbers. 


(2.14) 


3. SOLUTION OF THE FUNCTIONAL EQUATION 


It follows by direct substitution and comparison that 
if f(x) is a solution of (2.14), then 


dS) 


us consider 


l—r 
g(y)= {(»-- )=s(-». 
r 


Equation (2.14) then becomes 


; 1-—r l—r 
dey) er" Rag — try) ter 8e(— ry). (3.3) 
r Tr 


If one iterates Eq. (3.3) in the manner prescribed by 
(2.11) starting with g:=1, then, adopting the normaliza- 
tion g;(0)=1 instead of (2.8), it is readily apparent for 
all g; that (i) g;(x) possess a power series expansion 


Hence let 





ONE-DIMENSIONAL 


which converges absolutely for all x, and (ii) if g;(x) is 
thought of as a double-power series in K and x, no 
terms occur in which the power of « exceeds that of K. 
Therefore, we shall seek a solution for g(y) and d of the 
form 


ra [n/2] 


B(V=LE Le anmy}K”, 


n=) m=() 


A= AjK’, 


j=0 


where [a ] denotes the greatest integer not exceeding a. 


x [n/2] 


[n/2] 
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Kac? has shown that J is also the largest eigenvalue 
of an integral equation whose kernel is of the Hilbert- 
Schmidt type. As pointed out by him, one may easily 
deduce from his integral equation that there is no 
phase transition in the model. More precisely, it is 
easy to show that A(K) is analytic for K real. This 
result means, in particular, that A(K) has a power 
series representation about K=0. 

If we substitute (3.4) into Eq. (3.3) we will obtain, 
by equating coefficients, a sequence of equations for the 
Gnm and A; of (3.3). On performing the substitution, we 
find 


: . sa 2m 2m i-—r 2m—k 
UV MKIL CL aamyK"=L (Ky)(jIAL K" Xo am & ( >) (ry)* 


yO n=) m=4) j= n=) m=) 


Feed 


k=) k 


r 


n=) m=O k=O) k 


a 20 [n/2] 2m 2m 1—r\2"-* 
+2 (—rKy)(G)7 DK" ZL dam & ( - ‘) (—ry)*, (3.5) 


r 


2m ’ : o< ; a ‘ ; 
where ( k denotes the standard binomial coefficients. On equating the coefficients of K’, we obtain 


[(¥—-9)/2] 


m= m=() k=0 


+> (—ry)4( 


y= 


and, finally equating the coefficients of y* (u is auto- 
matically even as terms in odd powers of y cancel 
identically), we have 


pres 


v4 rm" 
~ Qy—j yu Aj=2> = 
Fa} = j\(1—r)e- 


[(»—j)/2] 2m 1—r\>" 
x ,> ar-im( ) —) ; . ae 
m= [(u—F+1)/2] a rT 


On setting n.=0, v=0, we obtain Ao=2. Similarly, A, 
=4;,9=0. For p=[v/2 ], v>2, we obtain 


(2/2) ane oh ‘es 
A,=2 Zz Qym <—— . 
m=1 Tr 


Equation (3.7) may be solved directly for all the @,,» in 
terms of the @., and \,, for w<_v by setting ux=[v/2 ]—2, 
[v/2]—4, ---,0 successively. This procedure uniquely 
determines the A, and @,,. Since the series for \(K) is 
known to converge for K sufficiently small and 


(3.8) 


M(K)=2e(—"), [g(0)=1], 


r 


it follows that our expansion of g(y) must also converge 
for the same values of K and |y| <R, R>(i—r)/r. 


v [(v»—j)/2] 2m 
DD Ose => (ry) (ji)? > énstnd ( 
j=0 


2m 1—r\2"-* 
=) 
k r 
[(»—))/2] 2m Im l—r 2m—k 
ji" yx a, nd ( \(- ) (—ry)*, (3.6) 
m=) k=) k r 





Another procedure to obtain the solution is to iterate 
Eq. (2.14) over the range —1<x<1, starting with 
f(x)=1.0. This method may be easily done numerically, 
and may be used when the function cannot be evaluated 
conveniently from the power series. We have pro- 
grammed it for the IBM 704. The range between —1 
and +1 was divided into N equally spaced intervals 
and Afn»41at the N+1 points, —1, —14+2/N, —1+4/N, 
-++,-+1 was computed from /, by use of linear inter- 
polation and Eg. (2.14). The coefficients in the power 
series expansions through the 50th power of K were 
also computed for \(K) and f(x) by way of a partial 
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Fic. 1. Probability envelopes for several values of temperature for 
antiferromagnetic type interactions with r=0.5. 


2M. Kac, Phys. Fluids 2, 8 (1959). 
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Fic. 2. Probability envelopes for several values of temperature for 
ferromagnetic type interactions with r=0.5. 


check on the numerical error in the method previously 
described. The two methods agreed where the last 
terms in the power series were neglectable to within 
about the accuracy prescribed for the termination of 
the iteration process. 

Figures 1-3 illustrate some numerical results for f(x). 
For r=0, it follows immediately from (2.14) that f(x) 
= 1.0. For K=0 we also have f(x)=1.0. As K increases 
(temperature decreases), f(x) deviates progressively 
more from a constant. The function, f(x), may be 
thought of as a probability envelope. That is, there is a 
set of discrete points (2%) in —1<x<1 which have a 
nonzero probability of occurrence. These probabilities 
are proportional to f(x). We may therefore compute the 


expected value of a function, g(x), by iterating (2.11) 


starting from /,(«)=g(x)f(#) instead of 1.0. The ex- 
pected value of g(x) is then, 


T= 1.5625 


0.05} 


0.02 
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Fic. 3. Probability envelopes for several values of temperature for 
ferromagnetic type interactions with r=0.9. 
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lim (JI (A;/A)) 


M0 j=l 


(g(x) (3.9) 
For example, the energy per particle, is usually given 
(in appropriate units) 


E=0 |In\(K)/d\ Kl, (3.10) 


but it may also be computed from (3.9), using 
g(x)=—Kx/|K (3.11) 


We remark that this procedure has the numerical ad- 
vantage that one does not have to differentiate to 
calculate the energy. 

Figures 4-6 illustrate the behavior of the energy as 
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Fic. 4. Energy dependence on temperature for several values of r 
and antiferromagnetic type interactions 


a function of temperature (1/|K|) for both antiferro- 
magnetic and ferromagnetic type interaction energies. 
The curves for r=0 are, of course, the same for both, 
and = —tanh|K| 

The value of the energy 
easily obtained by setting 


at zero temperature may be 


g(y)~coshAy, K 
and solving for A. The result is 
E=-—1.0, 
E=—(1—r)/(i+r 


The manner in which E tends to zero may be readily 
obtained from the series expansion. The result is 


ET — —(i—r)/(1+r 
as the temperature, 7, tends to infinity. 
4. BEHAVIOR NEAR r=0 


In order to study the behavior of f(«) and A(K) near 
the short-range limit, r=0, it is convenient to recast 
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Eqs. (3.7) and (3.8) in terms of slightly different vari- 
ables. If we let 


dy m= Arm (1—1)/r? }*, (4.1) 


then (3.7) and (3.8) become 


“ 
YE dj ydj=2¥ 1-7!) 


5 hee 


(3/21 2m 
x 2 ae (1—r)™tee2 
m= [(u—j+1)/2] u-j 


[v/2] 
r,»=2 yn dy m(1—r)™. 


m=1 


and 


(4.3) 


We may take the limit r— 0 of (4.2) and (4.3) and 
study the limiting functions so defined, provided that 
the series so defined converge. We see that only the 
j= term contributes to the right-hand side of (4.2). 
Thus, in the limit as r > 0, (4.2) and (4.3) become 


(4.5) 


As we pointed out in Sec. 3, the solution of these equa- 
tions is unique and so we need only exhibit it and verify 
the solution. It is 
p=v/2 
uxv/2 
A\,=2(v!)", v even 
=0, v odd. 
This result gives the well-known result, 
\(K)=2 coshK, 
for A. The corresponding probability envelope is 
g(y)=cosh[ryK/(1—r)*], 


(4.8) 
f(x) =cosh[rxK/(1—r)!+ (1—r)!K]. 


All these series converge for any value of y or K so 
that they therefore represent the limiting behavior. 

For r=0, Eq. (2.11) may be solved directly. The 
result is 


f;(x)=1.0, 
A;=2coshK, 


j=1,---,N 
; (4.9) 
j=l,+++,N-1. 


Thus we obtain, for the partition function 


Zn41=2(2 coshK)*—, (4.10) 
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Fic. 5. Energy dependence on temperature for r=0.1 and 0.3 for 
ferromagnetic type interactions. 


which is well known to be the correct result when the 
first and Nth spins are not coupled. 


5. BEHAVIOR NEAR r=1 


We discuss in this section the limiting behavior of the 
model as r—> 1. We must be careful to distinguish, in 
considering this limit, between the two cases 


(a) r—1, r%¥—-0; 


rN — 1. 


(5.1) 

(b) r—1, Pr 
We will discuss case (a) in this section and we shall dis- 
cuss case (b) in an Appendix. Case (b) is actually 
equivalent to the Bragg-Williams approximation. Case 
(a) is the limit for which the range of the force becomes 
arbitrarily great, but is still small compared to the total 
size of the system. 
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Fic. 6. Energy dependence on temperature for r=0.5 and 0.7 for 
ferromagnetic type interactions. 
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To discuss case (a), let us first find the limit as r— 1 
of the d,,» introduced in Sec. 4. Neglecting terms of 
order (1—r)? and higher, (4:2) and (4.3) become 


v—M 


: , ae oA j= 2r+[ dy ot} (ut2)(ut1)(1—r)d,, poss 


be) (1—9) dearth )(1—2)de2.00-1] (5.2) 
(5.3) 


A, 2d,.1(1—r), 


or introducing 


A,=A,/(1—r), v>0, (5.4) 


and solving for d,,4;2 we obtain, in the limit as r — 1, 


dy yjo= (ut2) (u+1) (Qu), pop i t+dy—1,y/2 


v— 
+ (2u)"d,. 2,4/2—-17 (2u) 2 dy—;,pj2Ayj, 
j=2 
A;= 2d; 1. 
If we define 
pa 2 A 


2m 


dm(K)= 


we may re-express (5.5) in terms of the d,,(K): 


[1—K+ (2m)-'d,(K) |d».(K) = (m+1)(2m+ 1) 
XK (2m) ding (K)+K?(4m)“"dnai(K) (5.7) 
for m>1. According to our normalization convention, 
dy(K)=1.0. Therefore, any d,(K) determines all the 
other d,,(K) from (5.7). It follows easily from (5.5) that 
d,.=0, v<2m 
don. = (4m . 


doms-1,m=[4"(m— 1)!" 


(5.8) 


If we now select 


1—(1—2K)!\2™ 
dm(K)= (m!) ( Bieta ) 


7 


(5.9) 
we see that 


dy, (K)& (4m!) K2"4+- mKmt4--- J, (5.10) 


so that conditions (5.8) are satisfied. [Actually the first 
of conditions (5.8) is sufficient to determine the d,,(K). ] 
Furthermore, substitution of (5.9) into (5.7) proves 
that it is satisfied for all m>1. Therefore, the unique 
limiting values of the d,,, may be obtained by expand- 
ing (5.9) about K=0. This result proves that for 
| K| <4 [radius of convergence of the power series ex- 
pansion of the d,(K) |, 


limA (K) = lim[2+ (1—r)di(K) ] 
rl 


= 2.0. 


(5.11) 


Hence the energy, specific heat, etc., tend to zero for 
T>2.0 for both antiferromagnetic and ferromagnetic 
type interactions. 
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We note that the d,,(K) may be readily expanded to 
yield 
(2v—2m—1)! 
dy m= (4)""* (5.12) 


(v—2m)!(m—1)!v! 


We are now in a position to obtain g(y); for, using 
(5.9) we find in the limit as r— 1 


r’ 
g(o) ~exp( (1—(1-2K))¥4), (5.13) 
4(1-r) 


and similarly 


A\~2+(1—r)[1—K—(1-2K)!]. (5.14) 


In order to find g(y) when y is not of order (1—r)! 
and |K|>4, we shall make the substitution 


g(y)=exp[G(y) | cosh[ H(y) ] (5.15) 


for r~1 where G(y) is an even function and H(y) an 
odd function. We shall find that G(y) and H(y) are 
both, in the limit as r— 1, proportional to (1—r)~, 
and for K<}, H(Y)—=0, in conformity to (5.13). First, 
if y¥0, then if 


q(y)=(1—r)[G’(y)+tanhH(y)A'(y)], (5.16) 


yy 


? 


we can show by substituting (5.15) into (3.3) and ex- 
panding G(y) and H(y) in Taylor series about y that 


A\=2 expl[—vyq(y) ] cosh[q(y)+Ky], y#¥0O (5.17) 


in the limit as r— 1. On differentiating (5.17) with 


respect to y, we obtain 


q' (y)y+q(y)=tanh[q(y)+Ky] [¢’(y)+K]. (5.18) 


By slightly different manipulations, we also 
show that (5.17) and (5.18) hold in the limit 
The function g(y) is an odd function of y; however, for 
y~0, we see from (5.16) that both even and odd powers 
of y can appear in its left- and right-hand power series 
expansion, as lim tanhy as x > +o is +1. We may 
determine the eigenvalue A of (5.17) as follows. First, 
from (5.18), 


can 
as y— 0. 


{K tanh[_q(y) a Ky |- q(y ) 
q(y)= (5.19) 


y—tanh[¢(y)+ Ky] 


If g(y) is to be a solution for all y<1, then if the de- 
nominator vanishes, the numerator must also, or g’(y) 
would become infinite. Thus, if 


y=tanh[q¢(y)+Ky], 5.20) 
then 


q(y)=K tanh[q(y)+Ky ]. 5.21) 


As |tanhx|<1, the denominator of (5.19) is clearly 
greater than or equal to zero for y=1. As g(y)>0 for 
all y, there are now two cases to consider. First, the 
denominator of (5.19) is zero when y=0 and second, 
the denominator of (5.19) is negative when y=0. In 
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the second case, as the denominator of (5.19) changes 
sign between 0 and 1, there must be a zero for O0<y<1, 
and (5.20) and (5.21) must be satisfied at this point 
to obtain a solution for all y. If we introduce z=4q(y) 
+Ky, then at the critical point 


2=2K tanhz. (5.22) 
This equation possesses no real solution other than 
z=0, if K<4. Thus, we must have \=2 for K<}. It is 
easy to show that there is a solution of (5.17) for all y 
for \=2 and K<}. This solution is a direct extension 
of (5.13) and (5.14). For K>4, it is easy to find a y 
(near zero) for which (5.17) has no solution with A= 2. 
Thus the first case occurs for and only for —« <K <4. 
For K>4 Eq. (5.22) possesses an additional solution 
besides s=0. If z, is that solution, then 


\=2 exp[—K tanh’z, ] cosh[z, ] (5.23) 


for K>4. One easily obtains by differentiation of Ind 
the following expressions for the energy per spin and the 
specific heat per spin 


E=-—tanh’z,, 


; . (5.24) 
C,=[4K? tanh*z, sech?z, ]/[1—2K sech?z, ]. 


At the critical temperature, 
gives 


T= 2.0, z-=0, Eq. (5.24) 


E=0, C.=3, 
E=0, C,=0, 


T=2.0- 
T= 2.0". 


Thus the energy is continuous and the specific heat is 
discontinuous so that, in the limit as r — 1, this system 
approaches a second order phase transition. 

Figures 7 and 8 illustrate the approach to the limit 
of r=1 for the energy per spin and the specific heat per 
spin. 














T 


Fic. 7. Approach to the limit, r=1, of the energy as a function of 
temperature for ferromagnetic type interactions. 
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Fic. 8. Approach to the limit, r=1, of the specific heat as a func- 
tion of temperature for ferromagnetic type interactions. 


APPENDIX. BRAGG-WILLIAMS LIMIT 
In this Appendix we consider case (5.1) (b). The re- 
sults for this case are well known.’ We shall, however, 
give a brief rederivation which illustrates one way that 
the methods of Kac? may be extended. If, instead of 
(2.8), we define 


K=Jr(i—r®)/[(i—r)kT], (Al) 


then, in the limit (5.1) (b), we may write the total 

energy of the system as 
K WN 

sapee 60 0 vj )?— 
2N 


E/kT= v?* | 


1 


N 


F 


(A2) 


K Nn 
= ——(>- v;)?+- 4K. 
2N =! 


Suppose we have any system for which the energy is 
a quadratic form (A is assumed symmetric) 
&/kT= —3 > vA ijv;. (A3) 
i,j 
If we make use of the well-known integration formula 


+2 


exp{4 >> »;A inj} = (24)-* f 


i,j oe 


N N 
x f exp(— Ex2-E 2A) TL dj, (AA) 
=1 i,j j=l 


3 See, for instance, D. ter Haar, Elements of Statistical Mechanics 
(Rinehart and Company, New York, 1958), Chap. 12. 
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we can linearize the exponent in the partition function. 
Thus 


Z=(2r) N/2 > % 


all states 


N N 
x f exrt-3 > «2-E x,(A})i~}T] da 
l j y= 1 


N 
» f emt-3 E283 
=! 


N 
xo (a«,)T] dx; (AS) 


+2 


wn f 


L 


= (27) 


where IM (x;) is defined by 
M (x;) > exp{—> 2,(A');;v;}. (A6) 


aul states 


For certain special cases, IN (x;) is particularly simple. 
The case we are considering is one. The spherical Ising 
model with interaction energy given by (2.1) is another. 
If we consider 

&= E—3KkT, (A7) 


then 


V N 
: «| 


i=1 


If we make an orthonormal change of variables so that 
one of the transformed variables is 


1 


" 
X > x 
N? i=1 
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and integrate over the others, we obtain 


L 


Z/2N = (2) | exp(- 1 X2) 


: Xcosh*[ (K \ ) 4 \dX. (A10) 


On evaluating (A10) by the method of steepest de- 
scents,’ we obtain the well-known result, 


InA= lim (InZ)/N=In2—4K tanh*s+1n coshz, (A11) 
N 


*2 
N)iX, z must 


z= AK tanhs. 


where, using z= (K satisfy 


For the energy per particle 
E=—}# tanh’z. 


These results will be seen to be similar, but not identical, 
to Eqs. (5.22)—(5.24). For corresponding points, the 
temperature here is half as great and the energy here is 
also only half as great. The difference between these 
results and those of Sec. 5 is due, of course, to inter- 
changing the order of the limits r—1 and N— ~. 
The factor of 2 difference in the maximum value of the 
energy is an obvious consequence of the relative trunca- 
tion of (A2) compared to (2.1). 

The results of this Appendix also indicate that the 
“high-density limit” 
exist. As the ratio of the range of the interaction to the 
length of the system changes from greater than unity 
(1/s=0) (his 3.2) to zero (1/20), the maximum inter- 
action energy per spin goes up by a factor of two (in his 
units). Terms through order (1—r) (that is, 1/z) ina 
“high-density” expansion for our model are given by 
(5.14), for the high-temperature region. 


in the sense of Brout® does not 


4See, for instance, H. Jeffreys and B 
Mathematical Physics (Cambridge University 
1950), Chap. 17. 

*R. Brout, Phys. Rev. 118, 1009 


> Jeffreys, VU ethods of 


Press, New York, 


1960 
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Distribution of the Magnetization in a Ferromagnet 


M. W. MULLER 
Varian Associates, Palo Alto, California 


(Received January 18, 1961) 


The distribution of the magnetization is calculated for a thick ferromagnetic slab with easy axis 
transverse to the plane of the slab in a large applied field in the plane of the slab. The calculation predicts 
a stable nonuniform distribution which has several features suggestive of the domain pattern to be expected 
in such a system. In particular, the pattern consists of alternating strips having approximately the periodicity 
expected from conventional domain theory; and incipient flux closure domains appear if the anisotropy 


field is smaller than the demagnetizing field. 


INTRODUCTION 


NE of the unsolved problems of magnetostatics 

is the prediction of domain structure in a ferro- 
magnetic body. The existence of Bloch walls is predicted 
by a one-dimensional energy minimization theorem, 
but it has not been accounted for theoretically in two 
or three dimensions. 

A rigorous technique for calculating nonuniform 
distributions of magnetization has recently been applied 
to several simple problems.'~* In all these problems, 
however, it turns out that the nonuniform distributions 
are unstable and thus cannot be regarded as incipient 
domain formation.‘ 

It is the purpose of this report to show that there is 
a class of physically interesting problems in which this 
technique leads to stable nonuniform distributions of 
the magnetization. The stability is achieved by dealing 
with specimens nearly saturated in a hard direction of 
magnetization. It is well known that, if such a specimen 
is held in an applied field nearly large enough to saturate 
it, then the magnetization will deviate only slightly 
from alignment with the field. We shall carry out the 
calculation for a particularly simple arrangement of 
this type in order to avoid computational difficulties. 
The resulting distribution of the magnetization has 
several features that are strongly suggestive of the 
domain structure to be expected for the configuration. 
The problem is a nonlinear one and is not carried far 
enough by the present analytical calculation to show 
well-developed domain structure. It is apparent from 
the results, however, that useful progress could be 
made by further numerical work. 

In Sec. II we obtain the initial form of the dis- 
tribution by the technique used earlier.* In Sec. III 
we show that a stable finite nonuniform distribution 
results in the configuration we are considering. 


Il. THE NUCLEATION MODE 
In a ferromagnet in equilibrium, the torque acting 
on the magnetization vanishes everywhere: 
MX Ha r:=9, 
'W. F. Brown, Jr., Phys. Rev. 105, 1479 (1957). 
2 E. H. Frei, S. Shtrikman, and D. Treves, Phys. Rev. 106, 446 
(1957). 


3A. Aharoni and S. Shtrikman, Phys. Rev. 109, 1522 (1958). 
‘W. IF. Brown, Jr., J. Appl. Phys. 30, 62S (1959). 


or, by using = M/M =af+69+-72, o&?'+-6+7*=1, 


6X [cV*— (dw/d0) -MVU+MH ]=0. (1) 


The terms in the bracket are proportional (in this order) 
to the exchange field, the anisotropy field, the dipolar 
field, and the applied field. 

In the anisotropy term, 0/06 means (£0/da+40/08 
+20/dy) and the anisotropy energy is assumed written 
in the form 


w= wot wat woB+ § (w110?+ 2w1208+ wo28?)+ ++: 
The dipolar energy (magnetostatic potential) obeys 
the Poisson equation : 


4rMV-é inside 


VU = (2) 


0 outside. 
The boundary conditions on the surface of the 
ferromagnet are 
0X (00/dn)=0, 
l > - i 
(OU /On)our= (OU /On) in —40 MG - hi, 
where # is the normal to the surface. 

In a uniaxial crystal with an easy or hard axis along 
x, w= 2K and all other terms in w vanish. w= Koa’; if 
K>0, @ is a hard axis, if K<0, # is an easy axis. We 
will assume K <0, and also H= H2. 

The components of Eq. (1) are 

c(BV°y—7V°8) — M[8(dU /dz) —y(0U/dy) —BH |=0, 
c(yV’a—aV*y)—2Kay 

— M[y(dU/dx)—a(dU/dz)+aH ]=0, 

c(aV°8—BV%a)+ 2Ka8—M[a(aU /ay)—8(U /dx)]=0. 

We will deal with a slab between x=+l, nearly 

saturated in the +2 direction, so that a, «1, y=1, 
and we introduce the dimensionless notation 


h=H/2xM, b= (c/2M?), 
k=K/2xM?, S=1/lo. 
u= (2/c)iU, 


=xr/l, 
_ I 
n=Yyn/', 
¢ = an/l, 


Then to first order in a and 8, the torque equations 
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and boundary conditions are 
S du 
[—V¥2+ (S?/m)(k+2k) jat+— —=0, 
2mr OF 
S du 
[—V?2+ (S?/x)h ]8+— —=0, 
2a On 


4S[ (da/dE)+ (08/dn) } inside 
Vu= ; (8) 
0 outside, 


0a/dE=0B/dE=0, é=4+7, (9) 


| [p?+m?+ n?+ (S?/a)(h+2k) ] 
| 0 
4Sp 


The boundary value problem of Eqs. (6)—(11) has 
nontrivial solutions only for certain ranges of the 
reduced field 4. In particular, there is no solution if / is 
very large. The largest value of 4 for which a nontrivial 
solution exists represents the field for which the 
distribution of the magnetization can first deviate from 
(uniform) saturation. We will calculate this “nucleation 
field” A, and the corresponding eigenfunctions a, 8, u 
for the case of a thick slab (S— ). The restriction 
to a “thick” slab is not very stringent. In a typical 
ferromagnet, /) is of the order of 10~® cm, so that even 
the translucent layers that have been used in investiga- 
tions of domain patterns? are thick (.S~ 10*) in our sense. 

With the assumption (which will be shown to be 
self-consistent later) that in the nucleation mode, 
(m?-+-n?) is of order S, and h+2k=x is of order S—, the 
secular equation becomes approximately 

» 254 
p>+—(2+h)p'+—hp 
= 2 


5? = 
+—[2m?+h(m? +t + nn =0, 
T T 


which, to the same approximation, has the roots 


pr=—(S?/x)h, 
pe= —2S?/, 


2h 


pi= — 
5? 


ae ane 
a — — K 


Thus the eigenfunctions will be of the form 


anT A; sin(pié+£o;) sin(mn+no) cos(nf+f0), (14) 
i=! 


5 See, for example, C. Kooy and U. Enz, Philips Research 
Repts. 15, 7 (1960), which deals with precisely the configuration 
under investigation here. 
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Uin = Uout =-+7, (10) 


(Ou ‘OE yout =—4Sa+(0u/O08)in, E=et. (11) 


The general solution of the system of Eqs. (6)—(8) is 


a=A sin(pé+£o) sin(mn+no) cos(nf+f0), 
B=B cos(p&+ £0) cos(mn-+no) cos(nfi+fo), 
u=U cos(pt+£o) sin(mn+no) cos(nf+fo), 
where p, m, and m are related by the vanishing of the 


secular determinant 


0 —Sp/2x | 


[pet+-m?+-n?+ (S?/x)h] Sm/ 2x 


(p?+ m?-+n") 


with similar forms for 6 and wu. Equations (6)-(8) 
furnish relations between the A;, B;, and U;: 


2a[ p2+m?+ n?+ (S?2/2)« | 
U;= Aj, 
Sp; 


m [p2+m?+n?+ (S*/x)x | 


B;= Ay. 


pi [p2+m?+n?+ (S*/r)h] 


(Note that in the vicinity of h=2, that is, k= —1, By 
has a singularity and the present approximation breaks 
down. We shall see below that the form of the eigen- 
function changes near this value of the anisotropy field). 
The reduced potential outside the magnet is of the form 


u=W exp[ — (m?-+-n?)!(£—-2) ] 
Xsin(mn+no) cos(nt+fo), 
u=W’ exp[+ (m?+n?)1(E+7) ] 


Xsin(mn+no) cos(nfé+eo), 


E>, 


eS a, 
which vanishes properly at infinity. The boundary 
conditions of Eq. (10) will now be used to determine 
W and W’, and the remaining six boundary conditions 
of Eqs. (9) and (11) furnish the needed six relations 
among the A; and £;. The constants m and fo only 
translate the mode in the plane of the slab and thus 
are not needed. 

The tedious work of applying these equations can 
be simplified a little by a physical argument. From the 
symmetry of the problem about ¢=0, it follows that 
the £; are either zero or $m and in fact they must all 
be zero or all 4x. A schematic sketch of the surface 
pole distributions for these two alternatives is shown 
in Fig. 1. It is apparent from the figure that £;=42 is 
energetically more favorable and thus will lead to the 
higher value for the nucleation field. 
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Thus the form of the eigenfunctions becomes 


a=sin(mn-+no) cos(nf+fo) 
[A1 cosh| pi| &+ As cosh| po| E+A; cospsé |, 
B= —cos(mn+no) cos(nt+¢o) 
X iB, sinh| pi| £+7By sinh| po| E+Bs sinpsé], 
u=—sin(mn+no) cos(ne+fo) 
(iV; sinh| pi! E+iU- sinh] po| E+Us sinpsé |, 


where the A,, B;, and U; are related according to 
Eq. (15). Now from Eqs. (9)—(11) and (16) 


pr A; sinh pilat+| p2|A 


2 Sinh| p2| a 
— p3A; sinpyr=0, 


t| pi| By cosh| pij w+7| po| Bs cosh| po| a 
+ 3B; cospyr=0, (18) 
(m?+-n?)'(iU, sinh| pi] a+iU2 sinh| po| r+Us sinpsr | 
=[i| pil U1 cosh| p:|a+i| po| Us cosh| po| 
+ p3U; cospsym }+4S([A; cosh| pil 
+A: cosh| po|4+A3 cospsr ]. 
Equations (17)—(19), after elimination of B; and U; by 
means of Eq. (15), form a linear homogeneous set 
which has a solution A;, A», A; only if the determinant 
of the coefficients vanishes. 
It can be shown that, to the approximation in which 
we are working, the determinant will vanish if 


8h 
— (m?+-n?)! (— -) (- 
m+ h(m?-+n +n? ) 


—« sinpyr+4 cosp3r=0. 


(17) 


(19) 


(m?+1 ary 


(20) 


Since the coefficient of sinps;r is of order S~}, this 
implies ps3 and hence 


x= —{h/20(2+h)m?+ hn? ]} —[(m?+n?)x/S*], 


which is to be maximized by adjusting m and n. To 
maximize, we take 


dx«= dh= (d«/dh)dh+ (dx/dm)dm-+ (dx/dn)dn=0, 


or 
OK 
: ~ /(1-=)=0, § “/(1-=)-0. 
po Ooh an 


Since 0«/0h has no poles, «x has stationary points at 


m=0, n=0 (minimum); 
m=(, 


k= — (2n/S*)! 


S ht 
n=(- —) , n=0, 
2a 2+h 


h 2x 
k= —{ ——- ) (local maximum). 


h+2 S 


(local maximum) ; 


TIZATION IN 


FERROMAGNET 














A 


Fic. 1. Distribution of surface poles and dipolar fields 
for two alternative types of mode. 


There is no stationary point m0, n +0, and Eq. (21b) 
gives the absolute maximum. It is the mode belonging 
to this eigenvalue that may be expected to nucleate. 
We note here, incidentally, that we have shown the 
self-consistency of the assumption made earlier that, 
for the nucleation mode, (m?+-n?) is of order S, and 
x is of order S—, 

We see from Eq. (21b) that the nucleation mode has 
the form of incipient strip domains parallel to the z 
axis. The nucleation field 4,=—2k+x« is, of course, 
very close to the anisotropy field, and the reduced 
nucleation wavelength 2x7/m agrees reasonably well 
with measured domain widths.’ (Comparison with 
experimental values is difficult because the exchange 
constants for most materials are not accurately known.) 
If h>>2 (k«K—1), as is true of several uniaxial ferrites, 
Eqs. (21a) and (21b) yield nearly the same nucleation 
fields, and the appearance of meandering strip domains 
would be consistent with the present calculation. 

In order to study the nucleation mode in more 
detail, we use Eqs. (17) and (18) to obtain the constants 
A, and A». Using some further simple approximations, 


we find 
m\* expl—| p2 im] 
8 S 


exp[— | pi r |. 13, 
k#—1. 


PL | Pl # 
— 2| pe| ; 
T 


2(h— 2)[h(h+2 2) yy} 


If k<—1 (h>2), | po} <|pi|, and AiKAoe; thus A, 
and all the B; are negligibly small. Also we know from 
Eq. (20) that ps; is not exactly }, but rather 


ps=4—[h/2(h+2) ]} (eS). 


With this information we can get a picture of the mode; 
a schematic plot of a and 6 vs £ appears in Fig. 2. 























Fic. 2. x and y components of the magnetization in the nucleation 
mode; k< —1 (variation near walls exaggerated) 


We next consider the condition k> —1 (h<2) so that 
p2|>|pi|. We now find that A,;><A,, so that the 
term in Az is negligible. The form of @ is not greatly 
affected, apart from being smaller near the walls. 
Thus a plot of a and 6 vs & will appear as shown in 
Fig. 3. The change in the form of 8 shown in the figure 
is highly suggestive of incipient flux closure domains. 
Such domains would indeed be expected to form if 
anisotropy < 24M. 


Ill. FINITE DEVIATIONS FROM SATURATION 


The linearized problem we have solved in the 
preceding section admits superposition and 
cannot provide a description of stable finite deviations 
from saturation. On the other hand, the nonlinear 
boundary-value problem of Eqs. (1)-(5) presents 
considerable mathematical difficulties even to large 
scale numerical computation. It is the purpose of this 
section to show that in the present problem some 
finite amplitude results can be obtained with modest 
mathematical means. These results may serve as a 
guide for more ambitious numerical work. 

We will now take advantage of the fact (mentioned 
in Sec. I, above) that, if a ferromagnet is saturated in 
the hard direction, and the applied field is then reduced 
slightly below the value required to maintain saturation 


hence 


Fic. 3. x and y components of the magnetization in the nucleation 
mode; k>—1 (variation near walls exaggerated 


(the nucleation field /,,), it will remain nearly saturated. 
This is equivalent to saying that the hysteresis loop in 
the hard direction is not 
loop implies that as soon as the applied field is lowered 


rectangular; a rectangular 


below the nucleation value, the magnetization abruptly 
changes to a radically different distribution (complete 
reversal). Thus in describing magnetization processes 
in the hard direction one might hope to use some kind 
of perturbation technique which would not be applicable 
in a situation leading to a rectangular hysteresis loop. 

In the notation which we have been using, if h=h,—6 
(6<h,,), then 


a, B<K 1 ’ 


y=1—30? 18", (23) 


This approximation allows us to write Eq. (1) in a 
form containing no radicals and no power higher than 
the third of the dependent variables. 

To develop a perturbation procedure, assume (as is 
possible in principle) that « and 8 have been eliminated 
between the torque and field equations. Then we must 
solve 


Ta=0, 


where T is an operator containing linear and nonlinear 
terms. Assume that the solution is of the form 


a=) 5; A;ja;3, A; 


where the a,;; are normalized functions. We use the 
double subscript notation because we will want to write 
a; = f(g (n). 
Now let 
T=T o+6+7,, 
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where 7 contains all the nonlinear terms, 7» is linear, 
and 6 is the deviation of the applied field from the 
nucleation value. In this notation, the linear problem 
of Sec. IL is Tpaoo=0. 

We choose that a,;; to form a complete orthogonal 
set over a suitable rectangle. This can be done easily 
in one direction: Let g;(n)=cos(2j/+1)my. The appro- 
priate f;(£) are complicated, but they can be approxi- 
mated by trigonometric functions. Then 


Tya= To > A {jai 1s A 4jy;01;;. 
The a,; are of order unity or higher except @o9=0; and 
Ta= ayjA yait+6 Y Ajoit+T (XS Aijaiy)=0, 


but in the approximation of Eq. (23) all the terms in 
T\a are of the third degree. Thus using the complete- 
ness of the aj; we can write schematically 


Ti(> A 4ja;;) -” > [. 1 ij* less, 


where the brackets mean [of the order of magnitude of ]. 
In this way we can classify the Aj; as to order of 
magnitude in powers of 6, using the orthogonality of 


(24) 


(25) 


the ay; 
(26) 


a,;Aj+6Agj+[A.,]=0. 
Since dy=0, we have from Eq. (25) 


[Aw]=8, [Ay]<a, 


[In principle, this procedure will yield all the A,; from 
the coefficients of successive powers of 6. In practice, 
the procedure would be exceedingly tedious and not 
very useful, since we already know that the higher- 
order terms are exceedingly small. Hence we will only 
work out Aoo, Aoi, A419, and A,; in order to show that 
the distribution of a does tend in the direction to be 
expected if domains are going to be formed. The 
equations are 


i+j €0, etc. 


S ou 


5? 1 5S? 
|-"+ (i+ 28) fa d6a+ 


T T 2m 0& 


7 
—taV’a—a(Va)*— 


2 S ou 
kab — —o? 
rs 4dr OF 
S du 

==(), 
2x On 


da op 
V'u= 45S T ) : 
OE On 


We cannot neglect 08/0n in the field equation and 
hence we need a linear approximation for the B,;. 


MAGNETIZATION IN 


FERROMAGNET 


The trial function is 


a= Ap cospt cosmn+ A 1p cos3pt cosmn 


+A: cospé cos3mn+A 1 cos3pt cos3mn, (28) 


with analogous forms for 6 and u; p=4 and m has the 
value of Eq. (21b). The omission of the term in 
cosh] p.|/£ does not affect the accuracy of the trial 
function except near the surfaces £=-tz, where it is 
not a good approximation. 

Substitution of the trial function into Eq. (27) 
finally yields the values of the A,; as follows: 


Aoo=4[6/(—k) }}; 

Ay= —[S/9(2r)*][ (1—k)/k? 883; 

Au = —[3S/8(2r)*)[(1—k)/R 8; 
Ay = —[S/3(2)* (1 —k) / R88. 


These results are valid only if <S-, that is to say, 
in a very narrow range near saturation. However, 
they do show the behavior one would expect of incipient 
domain formation. The sign of the “third harmonic” 
terms is opposite to that of the fundamental, which 
indicates a “squaring off” of the distribution. Also, 
the initial decrease of M, is linear in the applied field, 
as is to be expected. 


(29) 


IV. CONCLUSION 


It has been the primary purpose of Sec. III to 
demonstrate the existence of a finite solution for the 
distribution of magnetization and to outline a method 
of attack on one aspect of the problem of domain 
formation. These results are evidently applicable to 
a fairly wide range of problems in which the hysteresis 
loop is not rectangular. 

The detailed calculation of the nonlinear solution in 
the specific problem we have treated here is not 
completely rigorous. For example, it is possible that 
the fundamental period of the distribution, as well as 
its shape, will change as the applied field is reduced. 
It would not be especially difficult to modify the 
mathematical procedure for this and similar contingen- 
cies. However, in view of the limited range of validity 
of the approximations which have been made in 
order to permit an analytical treatment, it does not 
appear very useful to add such refinements. Further 
progress can probably be made most readily by means 
of numerical work. Also, other geometrical and magne- 
tic configurations of greater practical interest should 
be amenable to a similar treatment. 
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The frequency distributions of the ionized helium lines at 4686 A and 3203 A broadened by the local fields 
of both ions and electrons in a plasma are calculated in the classical path approximation, which is shown to 
be always applicable. General formulas are developed for the Stark profiles of lines from multiply ionized 
hydrogenic systems, and the validity domains of the impact and quasi-static approximation for electron 
and ion broadening are delineated. The results are compared with the Holtsmark theory and an approxi 


rt 
mation for high series members. 


INTRODUCTION 


N a series of papers the Stark broadening by local 

fields from ions and electrons in a plasma has been 
calculated for the most important hydrogen' and 
neutral helium? lines and for high series members of 
hydrogenlike using a generalized impact 
theory*® to describe the electron effects. In these 
calculations the 


spectra® 


were assumed to follow 
straight classical paths, but the usual adiabatic ap- 
proximation was not made. Furthermore, except for 
Ha, the electron broadening of the lower states of the 
various hydrogen lines was neglected. 

The latter approximation will not be made here,® 
and therefore the impact broadening of lines with 
highly excited upper and lower states like that of the 
strong Her line at 4686 A can now be obtained with 
equal accuracy. New calculations for the H@ line of 
hydrogen give only slightly different profiles, which 
further justifies neglecting the impact broadening of 
the lower state for the higher members of the Balmer 
series in reference 1. 

Instead of the straight classical path, hyperbolic 
trajectories must be used to calculate the impact 
broadening of ion lines. This will be shown to yield 
practically the same results for hydrogenic lines as the 
straight classical path calculations, thus confirming the 
approximate formulas for the impact broadening of 
higher hydrogenic lines given in reference 3. 

The classical path approximation turns out to be 
valid even for lines from high-z hydrogenic systems, 


electrons 
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i.e., a completely quantum mechanical calculation 
yields the same answer, if carried through with the 
corresponding approximations. It will be shown that 
this is also the case for most nonhydrogenic lines. 

At high densities the broadening by ions can always 
be calculated with the quasi-static approximation, but 
at lower densities a transition into the impact domain 
may occur before the Doppler broadening becomes 
significant. However, the two extreme approximations 
for the Stark broadening overlap smoothly, and there- 
fore the uncertainties in the region, where none of them 
is applicable, are not very large. 

Correlations of ions contributing to the quasi-static 
broadening, shielding of their fields by the electrons, 
and interactions between the emitting and broadening 
ions will be taken into account in the detailed calcu- 
lations for ionized helium lines following Baranger and 
Mozer,’* and the relative importance of these effects 
for higher z lines will be discussed. 

For the electron broadening the impact approxi- 
mation is valid except at very high densities. But 
impact and quasi-static theory give almost the same 
answer in the transition region, and again the over-all 
accuracy of the profiles should not be seriously impaired 
by this difficulty. 


IMPACT BROADENING 


If the impact approximation is valid, i.e., at high 
perturber velocities and low densities, the profile of a 
line arising from transitions between any of the sub- 
levels a’, a’’, --- of a group a of closely spaced levels to 
any of the sublevels 8’, 8” of another group 6 can be 
expressed in terms of the matrix elements of the 
operator (the * means 
conjugate) 


complex, not Hermitian, 


oas=)_j P[Saj(0)S>p *(())—1 (1) 


[see, e.g., Eq. (7) of reference 1, where S.;(0) was 
called T,;|. Here P; is the frequency of collisions of 


7M. Baranger and B. Mozer, Phys. Rev. 115, 521 (1959) 
8 B. Mozer and M. Baranger, Phys. Rev. 118, 626 (1960). 


1490 





STARK BROADENING OF 


type 7; the S,;(0) and S,;(0) are the S matrices for 
collisions taking place at time /=0 with the atom or 
ion being in the a@ or b state, respectively. With the 
classical path approximation and the usual perturbation 
expansion, (1) becomes to the first nonvanishing order® 


Par= 2m f dp p{S.(0)S,*(0)—1} 


1\2 +00 
| (-) If dl e*Hatlh V g(t)e~*4 ot h 
h f 


D 


t 
xf dt’ eiHat’ RV o(t')e~tHat’ih 


—=—@ 


+2 


-f dl etHat RV ,(t)e~tHatlh 


x 


+0 
xf dl e~ *Hotlh VY .* (1) e+ Hot/h 


—20 


+ 
+f dl e iHpt RV »*(f)etHotih 
—2x 


t 
xf dt’ e iHpt’ svarcpeme|l, (2) 


—2 


where v, V, and p are the perturber velocity, density, 
and impact parameter, V.,, the perturbation, and Ha, 
the unperturbed Hamiltonian. The perturbation Hamil- 
tonian is, for distant collisions, given by the dipole 
term 


Vao()= Aer, y-r(t)| r(t)|-, (3) 


era,» being the dipole moment of the emitting atom or 
ion and r(¢) the radius vector of the perturber, which 
is assumed to be singly charged. Since Va,,(¢) is an 
odd function of the perturber coordinates, only even 
terms in the perturbation expansion contribute to the 
average over angles in (2), which is indicated by {_ }. 

If all perturbers can be treated by the impact ap- 
proximation, the exponentials in (2) are equal to 1, 
because in hydrogenic systems the a and 6 levels are 
completely degenerate. But also in cases where the ion 
broadening is quasi-static and thus removes the de- 
generacy, the exponentials may be replaced by 1, if 
for electrons the impact theory is valid. This follows 
from the usual validity criterion for the impact approxi- 
mation |(a’|¢\a’’)|p/v«1, if one realizes that the 


®In an earlier version of this paper the cross term in a, } 
was erroneously left out, as was pointed out to the authors by 
M. Baranger. This term had already been considered in reference 
6. Its importance is minimized if, as in the present calculations, 
parabolic wave functions are used. In that case it affects even 
the line profile of the Her 4686 A line only by ~5%, i.e., only 
to a negligible extent. 
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electron impact broadening is only important for con- 
ditions where the ¢-matrix elements are of the same 
order as the matrix elements of H,.,/%, which include 
the quasi-static perturbation and therefore determine 
the quasi-static shifts from the ion fields, and also 
occur in the exponents. 

To calculate the time integrals in (2), the equation 
of motion of the perturber (mass m’; charge e) in the 
field of the emitting ion with net charge (z—1)e must 
be introduced : 


m' Pr (t)/d? = +z (z—1)e*r(é)| r(t) |. (4) 


(The principal ions contributing to the impact broad- 
ening are hydrogen ions at extremely high tempera- 
tures, where only high-z line radiation exists. Therefore, 
one can usually neglect the motion of the emitting ion.) 
With (3) and (4) and omitting the exponentials and 
higher order terms, (2) can finally be written as 


bur= dna f dp -(- Sapien -) 
e’mz(z—1) 
aint @r(t) et d°r(t’) 
x(f dt R,: 7 - f dt’ R,.: — 
- df? : dt’ 


0 D 


ing d’r(t) d’r(t’) 
-{ dt R,-—— f dt’ R,-——_ 
dt? dt’? 


® —a 


+2 @r(i) rt dr(t’) 
+f dt R,-—— f dt’ R——) ; (5) 
aiads df —~@ dt’? 


where the matrix elements of R,» are now those for 
hydrogen in atomic units. The time integrals yield 


2 m'ho 
te 
3 


9 


- sin(4e) 
e’mz(z—1) 
X (Ra: R.—2R.-R.+R,-R,), (6) 


if one uses 


dr/di(— ©)=v, dr/di(+ © )=v cosa+ (v/p)o sina, 
{v.p,} =0, {v.v,} = 45,,07, and {p.p,} = 35.9". 


The p integral in (5) can be carried through between a 
maximum and minimum impact parameter with the 
relation between impact parameter and scattering 
angle, 

(z—1)e? cos($a) 

‘ m'y 


1. ea 7 ae 
sin (4a) 
i.e., finally 


h\? /sin(damax) 
StS) 
ov sin ( $Qmin) 


< (R,-R.—2R,-R,+R,-R,). (8) 
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The smallest scattering angle will correspond to an 
impact parameter of the order of the Debye radius pp 
or the mean distance ro=[(4/3)N }“', whichever is 
larger. (For ro>pp the Debye theory is invalid, and by 
cutting off at ro one then only counts the closest of 
several simultaneous impacts.) Equation (7) yields 
accordingly 


(z—1)e? (s—1)e\27"3 
sin(4a, in) > 1+( - —) ; (9) 
m’v*p m’' vp max 


max 


If the perturbation theory breaks down for large 
angles, @max Must be chosen in such a way that the 
absolute value of the first contributing term in the 
expansion for the matrix elements of S,;(0)S,,;* (0) does 
not exceed 1, which gives with (6) and using (a)* for a 


typical matrix element of R.-R.—2R.-R,+R,-R, 


3\ 3 e?mz(s—1) 
=> 1 
SIN 3Qmax) . . 
) m'hva? 


(10a) 


In situations where the classical path approximation 
breaks down first, impact parameters smaller than the 


de Broglie wavelength must be excluded (see the 


Appendix for further discussion), and one should use 
instead of (10a) 


hi 
sin (4amax) * 1+ 
(z—1)e 


(10b) 


This follows from (7) with the requirement m’vpmin~h, 
if one recognizes that typical electron velocities are 
v=3X10%z [cm sec], because electron temperatures 
have to be of the order of z* [ev ] for sufficient ionization 
and excitation. But sin(Sa@max)=1 is obviously identical 
with the limit of the classical path theory, and for z> 2 
one can accordingly use the latter to calculate the weak 
collision contribution to the impact broadening of 
hydrogenic lines. The same conclusion had already 
been reached for hydrogen lines' (a quantum mechanical 
calculation for this case is carried through in the Ap- 
pendix). It also holds for most nonhydrogenic lines, 
because for small impact parameters (corresponding to 
short durations of the perturbations), where one might 
expect the classical path approximation to break down, 
the hydrogenic formulas are usually applicable, since 
the exponentials in (2) can then almost always be 
neglected. In all these cases only the strong collision 
contribution (p<pmin) may have to be calculated by a 
completely quantum mechanical theory. This con- 
tribution is of the order rvNpmin? with pmin corre- 
sponding to @max. It is negligible for hydrogenic lines 
if Infsin(Se@mex)/sin(}amin) | is large compared to 1 in 
cases where @max<m and zero for a@max=T.- 

That in the impact the logarithm will 
usually be large compared to 1 in the first case can be 
seen from (9) and (10a) which yield for small amin 


domain 


AND K. 


SHEN 


(low densities) 
sin ($amax) (:) MUP nax2 ' 
sin (4amin) 2 ha? Aw pmax AwAt 
(Aw~ha?/(mpmax’z) is a typical value 
static splitting and Al~pmax/v is characteristic for the 
duration of a collision, and finally AwA/ is much smaller 
than 1 in the impact domain). 

The only approximation whose validity remains to 
be checked is the use of the dipole interaction in (3). 
It will be adequate if only values of |r(¢)| larger than 
ah, (zme”), the Bohr radius of the upper state, con- 
tribute significantly. This was shown to be the case for 
hydrogen! (s=1). For z>1 the distance of closest 
approach for electrons is shorter because of the Coulomb 
attraction. This effect is, however, compensated by the 
fact that the electrons will for the same reason only 
spend a shorter time near the perturbed ion for any 
given impact parameter. Accordingly this approxi- 
mation is also expected to be valid for the evaluation 
of the @ operator for high-z 
viously (3) is a very good approximation for impact 
broadening ions |. That the choice of the dipole inter- 
action does not introduce serious errors was already 


of the quasi- 


hydrogenic systems [ob- 


suggested by the fact that no cutoff was necessary in 
situations where (10b) applies. 

From (8), (9), and (10a) or (10b) follows finally for 
the @ operator which describes the impact broadening 
of hydrogenic lines for (})'emz(z—1)/(mhva®) <1: 

4n fh \? 
Pab=— — v( ) (R,-R,—2R,-R, +R,-R,) 


3v mz 


1 e-mz (2 
x| I- (1 ) 

2 mh 
+in( ; 


and for (})*e*mz(z—1)/(m’hva*)>1: 


dor h\? 
_ v( ) RR. 2R,-Ri+Rs-Ry) 
32 mz 


m' vp max s—1)e?\2*7)\ 
xin( 1 +( ) ) |). (11b) 
(z—1)e? mM VP max 
if one adds an estimate for the 
(aN vpmin?). 

These $4» must still be averaged over the velocity 
distribution. It turns out that the velocities are usually 
in the range where (11a) is valid, and comparison with 
Eq. (21) in reference 1 (in this equation the strong 
collision term was neglected) shows that the 
z=1). The second 
factor under the logarithm in (11a) is normally close 


Pab= 


strong collision term 


same 
equation also applies to hydrogen 
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to 1 (also for z>1), i.e., the hydrogen formula can be 
used in most cases to calculate the weak collision 
contribution to the impact broadening of hydrogenic 
ion lines, and the Coulomb interactions between emit- 
ting ions and perturbers have no significant effect on 
the impact broadening, especially if one realizes the 
uncertainties in the choice of pmax: 


QUASI-STATIC BROADENING 


The perturber motion can be neglected at high 
densities and low temperatures, if the frequency char- 
acterizing the perturbation is much smaller than a 
typical value of the quasi-static splitting 54N'a?/(mz), 
i.e., if 

N>(2zmv/5a°h)*. (12) 


Then the quasi-static (half) half-width of a line will be 
Aw, = 5(ah/zm)N}, (13) 


using the estimates in reference 3 (where a and 6 are 
interchanged) for the matrix elements and neglecting 
the broadening of the lower states and interactions 
between the perturbers. 

From this relation follows an approximate value for 
the maximum density Nmax at which a discrete line 
can be observed (Inglis-Telier relation’), by equating 
Aw, with half the distance of two neighboring hydro- 
genic lines in the same series, 


me's" 4 1 1 me'z* 
4h? Na? (a+1) 2a*h* 


me- 3 2? 2 2° 2 
2( - ~ 2 10%°—. 
h? qis/2 qis/2 


At this density the validity criterion (12) is always 
fulfilled for broadening by ions, whereas the electron 
broadening may remain in the impact domain. 

Equation (15) seems to overestimate the maximum 
density because electron broadening was neglected. 
This will however be offset by correlations between the 
ions, whose importance is characterized’:® by the 
magnitude of ro/pp, where ro is the mean distance of 
the perturbers defined by (42/3)roh®N=1 and pp the 
Debye radius [k7/(42e?N) |}. This parameter will be 
a maximum for Nmax, i.e., with (15) and 7,72 


ro m\i @é& 
— GEE ee Dees 
Pp kT\7  ha®/4z' 


Accordingly the perturbing ion-ion correlation and the 
electron shielding effects decrease slowly with increasing 
z and a. 

For z>1 also the interactions between broadening 
and emitting ions must be considered.* They will be 
important if the Coulomb energy of a perturber in the 


namely 


(15) 


(16) 


1 PD. R. Inglis and E. Teller, Astrophys. J. 90, 439 (1939). 
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field of the emitting ion at the mean distance is of the 
same order as its kinetic energy, i.e., if 


(s—1)e? ro \? 
EO (nit 
rokT PD 


This correlation therefore becomes stronger at higher z. 
It should be noted that (17) is actually an overestimate 
for the ratio of the electrostatic interaction and kinetic 
energies, because the ratio will be smaller by a factor 
exp(—ro/pp), which accounts for the Debye shielding 
by the electrons. However, one must expect that the 
correlations between emitting and broadening ions 
reduce the quasi-static broadening significantly at 
high densities, thus making (15) an underestimate of 
the limiting density for low a but high z lines, unless 
electron broadening over-compensates this effect. (That 
correlations between emitting ions and perturbing 
electrons are not important follows from the similarity 
of the straight and the hyperbolical classical path 
results.) 


(17) 


The question whether the quasi-static approximation 
for broadening by ions is valid in all cases can be 
answered by comparing Aw, from (13) with the Doppler 
width of a hydrogenic line 


2kT\$ mez? s 1 1 
S01 0.833 (- ) (—--). 
mc? #7 \P & 


(18) 


This gives for the density Na, where quasi-static and 
Doppler broadening are equal with m,~ 2m, T=T,2* 


» 


~2*[ ev |, and neglecting 1/a? versus 1/8’, 


1 kTi\' sme? 24 gure 

eT fi. nt a 

40\ mc? h? 7 a®b® a*b® 

assuming that the quasi-static approximation were 

still valid. Comparison of (19) with (12) shows that 

this is strictly justified if z~‘a/b is much larger than 

~ 20. But as will be shown at the end of this section, 

the quasi-static approximation may still be used at 

densities much lower than those indicated by (12), 

and (19) can therefore usually serve to estimate the 

density at which Doppler and Stark widths are 

comparable. 

In the transition region between impact and quasi- 

static domain, where (12) is a near equality, i.e., for 


(19) 


(20) 


Eq. (8) yields for the $a» operator 


deh sin (}amax) 
ba%~- IR,-RyIn( = ~) 
1Sa%ns sin (Jamin) 


h 
ex —5——-NiR, -R,, 


ams 


(21) 
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because the logarithm is about 6 if (20) is fulfilled. 
Again using (a)* as an estimate for a typical matrix 
element of R-R, one sees that then the ¢-matrix ele- 
ments are very close to the quasi-static half-width 
given by (13). 

In case of isolated lines the impact half-width is 
equal to the diagonal ¢-matrix element, but here the 
width would be larger by a factor of the order of the 
principal quantum number, because of the degeneracy. 
Actually in the transition region some quasi-static 
broadening will also be present, which removes the 
degeneracy, thus reducing the importance of the off- 
diagonal ¢-matrix elements, which correspond to the 
impact-induced transitions between the various Stark 
components. 

If one schematically splits the ion field into a high- 
and low-frequency component, one can therefore say 
that in the transition region each component will 
approximately contribute }Aw, as given by (13) to the 
half-width, i.e., no large errors are expected if one uses 
the simpler quasi-static approximation for the total 
field. As long as an intermediate theory is lacking, one 
should do this even for lower densities (because in this 
range impact and quasi-static broadening depend 
similarly on the density) unless the impact approxi- 
mation for ions yields significantly smaller widths. 

Similar considerations show that, in the cases where 
the impact approximation breaks down for electrons, 
a theory treating part of the field (the ion field) as 
quasi-static and using the impact approximation for 
the rest of the field (the electron field), would yield 
almost the same width as a quasi-static calculation for 
the total field. Therefore one can use the quasi-static 
approximation for electrons where it results in a nar- 
rower line than the impact approximation. 


COMPLETE LINE PROFILES 


At low densities, where the impact approximation is 
valid for all perturbers, the line profile is given by the 
generalized impact formula!:?:*:® 


1 
T43(w)=—- Re > 


- a’a’'B’B’'e 


a’ te | BB” | te | a’) 
x(a’ | (8" | [iw—i(Ha— Hs)/h+bas}]a")|8”). (22) 


The matrix elements of yu, are the dipole moments for 
the various polarizations and those of (H,—H,)/h are 
the frequencies of the unperturbed lines. Because $a, 
is essentially inversely proportional to the perturber 
velocity, the electron contribution is here entirely 
negligible, i.e., (11a) or (11b) can be used with m’ 
being the mass of the perturbing ions. 

Equation (22) can be approximated by a dispersion 
profile* with a half-width given by the ¢ matrix element 
following from (8) with 3a‘ as an estimate for the sum 
of the contributing matrix elements of R,-R.—2R,-R, 


IAQDK tr . mh tm ar 
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+R,-R,. This width is equal to the Doppler width in 
Eq. (18) for densities greater than 


RT,\ m'ee'2 71 = 1 
Naaxt0-( ) ( — -) 
my ch'a® \P @ 


~4« 106 


ell/2 


(23) 
a 5p? 


again using 6 for the logarithm and assuming hydrogen 
ions as perturbers and 7~2*[ev |, m.=2miz. 

As pointed out in the previous section, the impact 
approximation, i.e., Eq. (22), can be used up to den- 
sities where the impact half-width reaches the quasi- 
static width given by (13). Using similar estimates for 
¢, this yields for the limiting density 


1 /mvr,\? 2° 26 
4 h a’ a’ 


with v,=,2=7X10*% [cm sec] as the velocity of 
perturbing hydrogen ions. Comparison with (23) shows 
that this is larger than Na; if 6°z'/a* is larger than 0.8. 
Usually N,,; will be smaller than Na;; and one should 
use (19) instead of (23) to estimate the density at which 
Doppler and Stark broadening are equal. 

For densities higher than N,, the line profile is given 


by 
I(w)= { aF W (F)I.(w,F), 


that is by the average of the electron impact profile 
I.(w,F) described by an equation analogous to (22) 
over the ion field-strength F. At low densities the 
Holtsmark distribution function can be used for W(F), 
and at high densities the distribution functions modified 
for correlation and shielding effects are applicable, 
which were discussed in the previous section. The 
electron impact profile depends on the ion field-strength 
because the matrix elements of (H,—H;,)/h in Eq. 
(22) now represent the frequencies of the various Stark 
components, which are split by the quasi-static ion 
fields. 

Equation (25) can be used up to densities where the 
electron impact width approaches the quasi-static 
width, i.e., according to estimates corresponding to 
those leading to (24) up to densities smaller than 


(24) 


(25) 


Nue™4X10"2°/a?, (26) 
which is a factor 10° larger than the corresponding 
quantity N,; for the ion broadening. JN,, is only larger 
than the Inglis-Teller limit [Eq. (15) ] for cases where 
12a<z; i.e., for most of the important lines from low-z 
hydrogenic ions one must use the quasi-static approxi- 
mation for all perturbers at densities approaching the 
Inglis-Teller limit. For this reason, and because the 
electron broadening tends to compensate the reduction 


A arry vv ar ac rym «ar 










































BROADENING OF HYDROGENIC ION LINES IN PLASMA § 1495 
2.00 T r a Y + T 2.00 T T T T T T 
oh ssi 
1.75 _____Wt0” [on . M75 N=10"[cm present 
7 eae neio*® few’ oo ——ns10" km] calculations 
5 ‘Ss 4 e 
1.50) quumunl Gp [em] tons 1.50 —— noid fem* leppronimation | 
eonwnnitd . HOLTSMARK ~ -- Holtsmork Profile 
1.25 ~ - 
1.00 - 
0.75}: 4 
| 0.50 ; 
= t 
oS a 
= 0.25 1 ic} 
7 ” 
0.00 4 S 0.00} 
-0.25 4 -025F 
-0.50 4 -0.50 
-0.75 Mee | -0.755 
~ Sa] 
“1,00 1 1 1 aa 2 i a a i 1 rn 1 1 Sica 
000 0020.04 006 0.08 0.10 0.12 014 ae 


oun 


Fic. 1. Comparison of the present calculations with the 
Holtsmark profile of Hert 4686 A at T7=40 000 [°K ]. [a= AX(A) 
Fo(cgs). ] 


of the quasi-static broadening by correlation and 
shielding effects, the Inglis-Teller formula is therefore 
essentially correct in most applications. 


RESULTS AND DISCUSSION 


Detailed calculations in the usual reduced wave- 
length-scale a=Ad/(2.6l1eN') for densities from 10 
to 10'* [cm-*] and temperatures from 5000 to 80000 
[°K | were carried through for the ionized helium lines 
at 4686 A and 3203 A,"!” with the quasi-static approxi- 
mation for ions and the impact approximation for 
electrons. For both lines, these approximations are 
reasonably valid for the whole density and temperature 
range considered. At lower densities where one must 
correct for Doppler broadening the Holtsmark profile 
is a fair approximation. At higher densities one should 
use the quasi-static theory for both ions and electrons, 
taking the Coulomb interactions into account. 

In Figs. 1 and 2 the present calculations are compared 
with the Holtsmark theory (which neglects the electron 
broadening and interactions between the charged 
particles) for an intermediate temperature (the profiles 
are very insensitive to the temperature). As in the case 
of H@,' the agreement with the Holtsmark profile is 
sometimes better than expected, e.g., in the case of 
Wulff’s experiment’ the Holtsmark theory for Hell 


"K. Y. Shen, Ph.D. thesis, University of Maryland, College 
Park, 1960 (unpublished). 

2 A complete set of profiles will be published in a U. S. Naval 
Research Laboratory Report. 

8H. Wulff, Z. Physik 150, 614 (1958). 
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Fic. 2. Comparison of the present calculations with the 
Holtsmark profile and an approximation for high series members 
for Hert 3203 A at T=40000 [°K ] [a=Ad(A)/Fo(cgs) ]. 


4686 A gives an electron density VN =3.9X10"* [cm], 
whereas comparison with the present theory results in 
N=2.5 [cm-*]. Obviously the additional broadening 
by electron impacts is also here partially compensated 
by the narrowing of the quasi-static profile resulting 
from the Coulomb interactions. 

For higher series members and low densities the 
approximate simplified formulas given in reference 3 
should be applicable. That this begins to become true 
already for the 5—>3 transition (Hem 3203 A) is 
demonstrated by the fair agreement on the line wings 
between the curve corresponding to this approximation 
in Fig. 2 with the result of the present calculation for 
N=10" [cm-*]. (The differences in the line core are 
partially due to the correlation and shielding effects 
and will be masked by Doppler broadening, especially 
at still lower densities.) 
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APPENDIX 


It will be demonstrated that a completely quantum 
mechanical calculation leads to the same result as the 
classical path calculation, if the corresponding approxi- 
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mations are made. As an example a so-called one-state 


completely degenerate case'*:'® with z=1 is considered. 


Then the matrix elements of the @ operator can be 


written as 
S,(0)—1]a’’) 
—3Nv{ea'a}, 


(a’ ¢a\a’’)= y PxXal 
(1A) 


where §,(0) is now the quantum mechanical scattering 
matrix and {oq} the average of the cross section for 
electron scattering which causes a transition of the 
atom from a’ to a’. The sum is over all states of the 
perturber. 

Using the interaction Hamiltonian (3) and plane 
waves as perturber wave functions (corresponding to 
the straight classical path), one obtains for the scat- 
tering amplitudes in the Born approximation (corre- 
sponding to the weak-collision approximation), inte- 
grating over the between 
spheres with radii fmin and fmax, 


me . 
, ‘ oe en 
Ja’a’’= a |fgia | rir|—%e'%-"dr 
2° 


volume two concentric 


2rh? 
me? cos? 
= {a’|ra\a «f e'Kr cos¥y? sindddd gdr 
2rh? r 
me? é Kr cosd4rmax 
= a’ \raia’”’)K f sinddd 
i? iK r 
0; | Ce i) ao 
2me* 
4 1—~{a' |fq\ a) K Fens <A Sal hei, Ca) 
| AK 
0; 2) Feta <i. 


, 481 (1958). 
1958). 
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K) is the difference of the initial (k;) 


Tq\Q K 


Here K (|K! 
and final (k,) propagation vectors and (a’ 
the matrix element of the component of the atomic 
electron coordinate vector in the K direction. The total 


cross section is then (with |k; I, ko) given by 
2rK 
Ca'a =f a’ fartta dQ fi wit faltta dK 
e k,2 
Sarm?e! ) ee 
= Qa %, a K\a@ T,\Q K In (3A) 
h*k,? K, 


The largest possible value for K 


be Kmax=2ko=2mv/h. 


value should only be used if A 

2/rmin, 1.€., if fmin Were smaller than the de Broglie 
wavelength X. In all other cases 2/rmin should be 
adopted for K max. It also follows from (2A) that Kmin 
will be of the order 2/fimox, and accordingly one has, 
for fmin> A, 


x would obviously 
(2A) this 
is not larger than 


But according to 


RE | a ee 


(4A) 


Averaging over the directions and substitution of 
(3A) and (4A) into (1A) yields finally for the ¢ operator, 


with ko=mv/h and r,= (h?/me®)R,, 
4n sfhr? aoe 
¢,.=- In (R,-R.,), (5A) 
3 m r 


which agrees with the classical path result [see Eq. 
(21) in reference 1 ], if one identifies 7,..x with the Debye 
radius and r,,ij, with the impact parameter, where the 
perturbation theory breaks down. This is legitimate, 
because the minimum impact parameter is larger than 
the de Broglie wavelength by the square of the principal 
quantum number [see Eq. (19) in reference 1 ]. If this 
were not the case the only effect of quantum mechanics 
would be to introduce X as minimum impact parameter 
under the logarithm. 
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Molecular Model of the Heisenberg Exchange Interaction*} 


R. K. NESBET 
Department of Physics, Boston University, Boston, Massachusetts 
(Received January 25, 1961) 


The electronic wave function of Nz has been calculated for a 
series of internuclear distances, in the simplest LCAO approxima- 
tion, including the principal effects of configuration interaction. 
As the internuclear distance increases there is a well-defined 
sequence of regions in which the ground state is most closely ap- 
proximated by configurations in which successively more orbitals 
are represented as localized functions (definitely associated with 
one of the two atoms) rather than as the odd or even linear com- 
binations of these appropriate to the full molecular symmetry. 
This corresponds to a continuous change in the nature of the un 
restricted Hartree-Fock valence orbitals from molecular to atomic 
character as the atoms are separated. In the intermediate range 
of internuclear separation, it is a better approximation to treat 
some of the valence orbitals as modified atomic orbitals, coupled 


I. INTRODUCTION 


T a very early stage in the development of quan- 
tum mechanics, the Heitler-London calculation 
of the binding energy of the H». molecule! established 
the basis for the quantum theory of the chemical bond, 
and provided in the subsequent work of Heisenberg? a 
qualitative explanation of the phenomenon of ferro- 
magnetism. Despite the fact that the particular for- 
malism used by Heitler and London cannot be very 
easily applied to molecules more complicated than Ho, 
the idea of chemical] binding through an exchange inter- 
action has proved to be a very fruitful concept. It 
underlies the valence bond theory of chemistry and most 
of the subsequent development of the theory of mag- 
netic materials. 

Despite the value of the Heitler-London theory as an 
intuitive scheme, there are important theoretical and 
practical objections to attempts to apply it to systems 
more complicated than H,.* It is possible to develop 
the theory of chemical binding, using the molecular 
orbital theory, without ever introducing the non- 
orthogonal spatial orbitals that are the most awkward 
feature of the Heitler-London theory. As has been 
shown in recent papers,‘ this is also possible in the 
theory of the Heisenberg exchange interaction. 

The purpose of the present paper is to work out, for 
the Nz molecule, a detailed calculation of the mechanism 


* This work was supported in part by the National Science 
Foundation, in part by RIAS, a division of the Martin Company, 
and was made possible by a grant of use of their [BM 704 compu- 
ter by the Martin Company at Baltimore, and by the MIT 
Computation Center. 

+A preliminary account of this work has been given at the 
Neutron Diffraction Conference, Gatlinburg, Tennessee, April, 
1960 (unpublished). 

1 W. Heitler and F. London, Z. Physik 44, 455 (1927). 

2 W. Heisenberg, Z. Physik 49, 619 (1928). 

3 J. C. Slater, Revs. Modern Phys. 25, 199 (1953). 

4R. K. Nesbet, Ann. of Phys. 4, 87 (1958); Phys. Rev. 119, 
658 (1960). 





by an antiferromagnetic Heisenberg exchange interaction, than 
as molecular orbitals. Various contributions to the Heisenberg 
“exchange integral,” of the kinds considered for the transition 
metals, are evaluated and compared. It is found that the ordinary 
direct exchange (which leads to ferromagnetic coupling) is small 
compared with the sum of the various antiferromagnetic effects, 
none of which can be described within the traditional Hartree- 
Fock approximation, which for solids becomes the energy band 
theory. A method is proposed by which the magnetic interaction 
in solids could be evaluated quantitatively, by modifying the 
usual energy band calculations in the same way that the usual 
molecular orbital theory is modified in the present work. Similar 
refinements to the band theory of the transition metals have 
recently been proposed by Goodenough on empirical grounds. 


of covalent binding. At large internuclear distances, the 
simplest approximation to the lowest state of this mole- 
cule is given by the Heisenberg formalism, describing 
an antiparallel coupling of the spins of orbitals asso- 
ciated with the two different atoms. At small inter- 
nuclear distances the lowest state is more adequately 
described by the usual ground state configuration of 
molecular orbital theory. 

The method used is a straightforward application of 
a general method for many-electron systems® (Hartree- 
Fock calculation followed by use of perturbation theory 
to estimate configuration interaction effects), facili- 
tated by restricting the spatial orbitals to a single 
orthonormal set, by being more careful than is usual in 
the molecular orbital theory to choose the configuration 
of lowest energy at large internuclear distances, and by 
using the projection operator formalism to pick out 
many-electron wave functions that have well-defined 
total spin. 

The calculations, although within the context of the 
molecular orbital theory, lead in a natural way to the 
concept of exchange coupling between localized elec- 
trons at large internuclear distances, an idea that is the 
principal contribution of the Heitler-London theory to 
the theory of magnetic interactions. It has already been 
shown in the case of He, as discussed by Slater,® that 
such an exchange coupling is describable within the 
molecular orbital theory if the correct configuration is 
used at large internuclear distances (so that orbitals of 
different spin are not constrained to be identical). 
Slater points out that this effect is inherent in the 
Hartree-Fock theory, and is needed to describe the 
phenomenon of antiferromagnetism. 

Here this argument is extended to a more complicated 
case, the Ne molecule, which provides at large inter- 

5R. K. Nesbet, Proc. Roy. Soc. (London) A230, 312 (1955); 


Revs. Modern Phys. 33, 28 (1961). 
6 J. C. Slater, Phys. Rev. 82, 538 (1951). 
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nuclear distances a model of the Heisenberg exchange 
interaction coupling the spins of weakly interacting 
valence orbitals. The formalism developed in earlier 
papers* is used to calculate the effective exchange 
integral that characterizes this interaction. 

One conclusion from the present work is that energy 
band calculations, if done by the usual methods, would 
not be capable of describing correctly the exchange 
coupling in magnetic materials, as has been recognized 
by Mott’ and by Slater.® Application of the method of 
the present paper to the band theory of solids is dis- 
cussed in Secs. VI and VII. 

The molecular calculations carried out will not be 
reported in detail in the present paper, except for those 
results relevant to discussion of the '2,* ground state 
and the higher multiplets associated with it at large 
internuclear distances through the Heisenberg exchange 
interaction. A calculation of the same form as that 
carried out by Scherr® at the equilibrium internuclear 
distance was done at each of the internuclear distances 
for which results are given here. Each calculation re- 
quired evaluation of all possible integrals of the opera- 
tors in the many-electron Hamiltonian for the smallest 
set of basis orbitals capable of describing the separated 
atoms, calculation of the Hartree-Fock orbitals for the 
usual ground state configuration approximated as linear 
combinations of this basis set, and transformation of 
all integrals to the basis of these orthonormal self- 
consistent orbitals. The exponents used for the basis 
orbitals were those obtained by Roothaan’® by varia- 
tional calculations on the ground state of the nitrogen 
atom; they differ slightly from the Slater exponents 
used by Scherr. The calculations can be considerably 
improved by including more orbitals in the basis set, 
but this will not affect the qualitative results of the 
present work, such as the relative magnitude of various 
contributions to the effective Heisenberg exchange 
integral. 


Il. DESCRIPTION OF THE GROUND STATE 


The method used in the present calculations is a 
compromise between the traditional molecular orbital 
theory, which would be based upon the ground-state 
configuration o,’7,' for the valence orbitals of Ny» at all 
internuclear distances, and the unrestricted Hartree- 
Fock method,’ based on a configuration constructed 
from nonorthogonal spatial orbitals as in the Heitler- 
London theory. In the first case, because the chosen 
configuration necessarily goes to ionic states of quite 
high energy in the limit of separated atoms, it is not 
possible to use perturbation theory to establish any 
simple relation between this configuration and the 
actual ground state wave function. In the second case, 
at intermediate internuclear the spatial 

7N. F. Mott, Proc. Phys. Soc. (London) A62, 416 (1949) 

8 C. W. Scherr, J. Chem. Phys. 23, 569 (1955) 

®C. C. J. Roothaan, Tech. Rept., Laboratory of Molecular 
Structure and Spectra, University of Chicago, 1955, pp. 24-47 
(unpublished). 
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orbitals of one spin are neither identical with nor 
orthogonal to the spatial orbitals of the other spin, and 
the formulas for matrix elements of the many-electron 
Hamiltonian become very complicated if overlap inte- 
grals are included properly. In neither case can the part 
of the correlation energy that depends on total spin be 
separated out of the over-all calculation in an intuitively 
satisfying manner. 

However, by looking a bit 
question of choosing a trial configuration, it is possible 
to avoid the difficulties of either extreme case, while 
retaining their advantages, i.e., to be able to apply 
second-order perturbation theory and still to use a 
single orthonormal basis of spatial orbitals. A reasonable 
starting point would be to find the Slater determinant 
constructed from orthonormal spatial orbitals that is 


more carefully into the 


closest to the unrestricted Hartree-Fock function. It is 
obvious from the 
function that describes two separated atoms in their 
ground states®: that the valence orbitals must be de- 
scribed by orthogonalized atomic orbitals in this limit, 


considering the nature of wave 


rather than by symmetry orbitals (¢, or + 
to the full transformation group of the molecule. The 
requirement that the occupied orbitals have definite 
inversion symmetry is not compatible with the structure 
of the unrestricted Slater determinant of lowest energy 
for internuclear distances greater t! 
the same is true for the Slater determinant of lowest 
energy that can be constructed from a single set of 
orthonormal spatial orbitals. 

The problem is to find, at each internuclear distance, 
the Slater determinant of restricted form (orthonormal! 
spatial orbitals) of lowest energy when the requirement 


with respect 


lan a certain value; 


of inversion symmetry is relaxed. The occupied orbitals 
will be either symmetry orbitals for the molecule, or, 
in the sense of Lennard-Jones," equivalent 
that may be thought of as symmetrically orthogonalized 
atomic orbitals. A fundamental property of a Slater 
determinant is that it is invariant up to a phase factor 
under any unitary transformation of the 


orbitals 


oct upied 
orbitals.'"' This implies that there is no difference be- 
tween Slater 
normal orbitals o and o’, 
the two different atoms, so long 


determinants constructed from ortho- 
equivalent but localized about 
as both are occupied 
with the same spin, and the determinants constructed 
from the corresponding even and odd molecular sym- 
metry orbitals ¢, and o 
with the same spin. In the present paper, the localized 


equivalent orbitals are taken to be 


again if both are occupied 


o=(o,+c.)/V2, 


; 
o \¢,—¢o v2, 
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1 C, A. Coulson and I. Fischer, Mag. 40, 386 (1949). 
J. C. Slater, J. Chem. Phys. 19, 220 K. Nesbet, Mass. 
Inst. Technol. Quart. Progr. Rept and Molecular 
Theory Group, January 15, 1955, pp. 18-22 (unpublished) 
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Fic. 1. Energies of projected determinants obtained from #o, the approximate ground-state wave function of molecular orbital the- 
ory, with configuration 1¢,71¢,220,220,70,27.4, by replacing bonding orbitals by antibonding orbitals as indicated. E nergies are calcula- 
ted relative to the 4S states of the sep arated atoms, calculated with the +. basis orbitals. The experimental curve is taken from Van- 


derslice, Mason and Lippincott (J. T. Vanderslice, E. 
a dissociation energy of 9.8 ev 
cules (Chapman and Hall Ltd, 


1 a.u. (distance) =0.5292 A. 


1953), 2nd ed. ] 


London, 


with corresponding formulas for the 7 orbitals. 
for the two molecular inner shells in No, 


Thus, 


det (10,7 1¢,? 20,7 20,7) =det (107 10” 20? 26”). (1) 


As the atoms separate, lo — 1s and 20 — 2s. Hence the 
inner shells can equally well be described as orbitals of 
molecular or atomic type at all internuclear distances. 
This is not true for the valence orbitals in general, 
which will either be described by doubly occupied 
molecular orbitals, or by singly occupied orbitals identi- 
fied with the separate atoms. In the latter case,’ the 
dependence of energy upon the relative orientation of 
the spin of orbitals on the two atoms leads to the spin 
coupling usually described by the Heisenberg exchange 
operator.’ If configuration interaction effects are left 
out of account, Hund’s rule will apply to the molecule 
whole, and the single determinant of lowest energy 

will be that in which all singly occupied orbitals have 
the same spin. This particular single determinant is a 
pure spin state. In the case of two identical atoms, cor- 
responding orbitals from both atoms will be occupied 
with the same spin in this determinant. As in Eq. (1) 


det (cac’a)=det (a ,a0.0), (2) 


and similarly for the orbitals. 

By Eq. 2, the determinant of lowest energy belongs 
to a special sort of configuration in terms of the usual 
molecular orbitals—one in which a bonding valence 
orbital of one spin (such as o,8) occupied in the usual 
molecular orbital ground state configuration is replaced 


A. Mason and E. 
, the alin ne orga" by Gaydon [A. G. co Dissociation Energies and Spectra of Diatomic Mole- 


The units are Hartree atomic units, such that 1 a.u. (energy) = 27.21 ev and 


Lippincott, J. Chem. Phys. 30, 129 (1959) ], shifted to give 


by an antibonding orbital of the opposite spin (oe, in 
The energy of such a determinant can be 
calcule ted easily from tables of integrals for the mo- 
lecular orbitals. Energies of various Siater determinants 
of this type are plotted in Fig. 1, for several internuclear 
distances. 

It should be emphasized that only the state of highest 
multiplicity in each case can be compared with the 
traditional molecular orbital ground state function Bo 
The states of lower multiplicity must be described in 
terms of atomic, not molecular, orbitals. In particular, 
the singlet derived from the pure triplet of Eq. (2) is not 


[det (¢ 


[det (cao’8)+det (o’aa8) |/v2. (4) 


this case) 


ao u8)+det (yao 8) |/v2 (3) 


but 


These two singlet functions have very different energies, 
and the second is not orthogonal to the molecular orbital 
singlet det(c,aa,8). In fact, the singlet considered here 
is a linear combination of functions from several con- 
figurations in the usual molecular orbital theory. For 
example, 


[det (cao’B8)+det (c’aaB) |/v2 
= det[ (cae a) — det (o.80.8) |/v2. (5) 


The single determinant det (cawatac’Br'B#'B) is a linear 
combination of 64 different determinants constructed 
from molecular symmetry orbitals. Although the energy 
of the projected singlet can be worked out very easily in 
terms of the atomic orbitals, this would be a difficult 
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configuration interaction problem if it were approached 
by use of molecular symmetry orbitals. The corre- 
sponding problem in a paramagnetic solid would be 
intractable, if treated in terms of configurations con- 
structed from Bloch waves (molecular symmetry orbi- 
tals for a solid). 

As can be seen from Fig. 1, the restricted Hartree- 
Fock function of lowest energy has a different structure 
in three different regions. In region I, at small inter- 
nuclear distances, the traditional molecular orbital 
function is lowest in energy; in this region all valence 
orbitals are bonding molecular orbitals, and no free 
spin is associated with the individual atoms. In region II, 
at intermediate internuclear distances, the 2pm orbitals 
are atomic in nature, and the 20 orbitals are molecular; 
spin S=1 is associated with each atom, coupled to total 
spin S’=0, 1 or 2 for the molecule. In region III, at 
large internuclear distances, both 2pm and 2p¢0 orbitals 
are atomic; spin $ is associated with each atom (corre- 
sponding to the *S ground states of the separated 
atoms), coupled to total spin 0, 1, 2, or 3 for the 
molecule. 

In both regions II and III there are configuration 
interaction effects that depend on the total molecular 
spin S’. In so far as these are linear in S’ (S’+1) they 
contribute, together with the ordinary exchange effect 
due to antisymmetry (always ferromagnetic in sign), to 
an effective Heisenberg exchange coupling. The various 
contributions to the net‘‘exchange integral’”’ are con- 
sidered in the following sections. 


Ill. LINEAR CONTRIBUTIONS TO THE EFFECTIVE 
EXCHANGE INTEGRAL 


The method to be used here has been described in 
earlier papers.‘ The essential point is that a Slater 
determinant with singly occupied orbitals contains 
components belonging to several different values of the 
total S’. These components are constructed by use of 
the appropriate projection operator. The expression 
principal Slater determinant will be used to denote the 
determinant of lowest energy in each of the regions dis- 
cussed in Sec. II for which all spatial orbitals are ortho- 
normal and for which Ms=0. In this determinant 
singly occupied orbitals of atomic form will have oppo- 
site spin on the two different atoms. The mean value of 
the energy and various spin-dependent configuration 
interaction effects are evaluated as functions of S’ by 
considering the normalized functions proportional to 
the S’ projections of the principal Slater determinant 
and of other determinants that interact with it. Matrix 
elements of the many-electron Hamiltonian for two 
such normalized projected determinants are evaluated 
from the following formula”: 


(v,,Hv,)=[(,, H{’,4¥0x,,,}) 
X ({P, +302, 8,5}, H®,) |}, (6) 
2 R. K. Nesbet, Ann. Phys. 3, 397 (1958). 
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where Y, and WV, are normalized functions proportional 
to the S’ projections of Slater determinants #, and ®,, 
respectively. If the orbitals are chosen from an ortho- 
normal set, matrix elements of H vanish between 
Slater determinants differing by more than two orbi- 
tals. Because of this, the only coefficients x,; (matrix 
elements of the projection operator) that are required 
are those for which ®,, differs from @, by the exchange 
of the spins of a single pair of spatial orbitals. In the 
case under consideration, when each determinant has 
total Ms=0, these coefficients have been evaluated by 
Liwdin" to be 


x(n,S’) =[n—S’(S’+1) ]/n?, (7) 


where m is the number of singly occupied orbitals of 
either spin (+ 3%) and S’ is the total spin, in units of #. 

The projected determinants describe a state with 
total spin S’ of two coupled n-electron subsystems, in 
each of which the spin is well defined and equal to its 
maximum value S=3n. If the m orbitals of the same 
spin are orbitals belonging to one atom, and the orbitals 
of opposite spin belong to the other atom, then the 
corresponding projected determinants describe the spin 
coupling between these two atoms, each constrained 
to be in its state of maximum internal spin. 

When the effect of configuration interaction is suffi- 
ciently small that the eigenvalues of total energy can 
be approximated by second-order perturbation theory 
(treating the nondiagonal part of the configuration 
interaction matrix as a perturbation) then the largest 
spin dependent contributions to the total energy are 
found to be linear in x(n,S’), hence linear in S’(.S’+1).4 
In these circumstances the energy 
an effective Hamiltonian, of the 
Heisenberg?: 


can be described by 
form introduced by 
Htt= Ewy—2J8;:S§;. (8) 


This follows for E(S’) linear in S’(.S’+1), since then 


E(S')= Ew —JTS'(S’+1)—2S(S+1)], (9) 


where S=}n for equivalent atoms. The present paper 
will consider contributions to the effective Heisenberg 
exchange integral J in the form: 


4S°J =n? J =C—D—E-—F-G. 


(10) 


The separate contributions to the effective exchange 
integral have been calculated for several internuclear 
distances for the configurations appropriate to regions II 
and III, and are listed in Table I. The terms F and G, 
which arise from polarization of the diamagnetic core by 
the unbalanced spin of the valence electrons, are found 
to be essentially nonlinear, and will be discussed in 
Sec. IV. The three terms C, D, and E are linear in 
S’(S’+1) and have been considered in previous papers. 
The derivations are summarized here. 

To simplify the discussion, it is convenient to intro- 


13 P. O. Léwdin, Phys. Rev. 97, 1509 (1955). 
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TABLE I. Contributions to the effective exchange integral. 
Hartree atomic units (a.u.). 


Region I 
Region II 


Atomic spins S =0,0 
Atomic spins S =1,1 


S’ =0 
S’ =0, 1, 2 
4S 
(a.u.) (ev) 


coupled to 
coupled to 


( D E Gi G2 

0.00036 —0.18904 
0.00128 —0.10480 
0.00280 —0.06108 
0.01447 —0.02064 


0.00620 
0.00409 
0.00259 
0.00030 


0.00035 
0.00023 
0.00010 
0.00001 


0.18601 

0.09985 
0.05412 
0.00430 


0.00852 
0.00754 
0.00665 
0.00216 


—5.14 
—2.85 
— 1.66 
—0.56 


Atomic spins S =}, ; coupled to S’ =0, 1, 2, 3 
4S7J 
(a.u.) (ev) 


Region III 


R ( D E Fy Fe 


3.0" 0.07945 
4.0 0.01867 
5.0 0.00361 
6.0 0.00072 


0.00012 
—0.00015 
0.00003 
0.00000 


0.34651 
0.04104 
0.00500 
0.00050 


0.04357 
0.00838 
0.00165 
0.00035 


0.01965 
0.01113 
0.00262 
0.00088 


—0.33040 
—0.04173 
—0.00563 
—0,00101 


—8,99 
—1.14 
—0.15 
—0.03 


* Calculation extended into adjoining region, where perturbation formula 
s not expected to be valid. 


duce an abbreviated notation for Slater determinants 
as follows: 


det (baa;aa,abBa;'Bas'B)= (bayd2, ba;'ae'). (11) 


a}, d2,--* will denote atomic orbitals of one atom; 
a,', dy',--+ equivalent atomic orbitals of the other; and 
b, c,-++ various molecular orbitals. Whenever possible 
the doubly occupied orbitals of the inner shells will be 
omitted from the notation, when they do not affect the 
matrix elements under consideration. Also only one 
valence orbital of atomic form such as a will be indi- 
cated specifically, although it is to be understood that 
when several such orbitals are present there will be 
contributions to matrix elements from each of these, 
and appropriate sums are to be taken. All spatial orbi- 
tals are normalized and mutually orthogonal. 

The principal Slater determinant in each region will 
be of the form 


@®4= (be---ayd2:-+, be- ++ ay/ae’-++). (12) 


Here the index A stands for “antiferromagnetic”’ since 
the structure of this determinant appears at first sight 
to be associated with coupling the free spin on one atom 
in a sense opposed to that on the other. However, the 
normalized projections of @4, denoted by *5’*W, (or 
simply W4 when the meaning is clear), describe ferro- 
magnetic as well as antiferromagnetic coupling, since 
the total spin S’ ranges from zero to 2S=n, for n singly- 
occupied orbitals on each atom. 

The term C of Eq. (10) arises from the ordinary 
‘exchange integrals that result from the antisymmetry 
of the many-electron wave function. For arbitrary 5S’, 
from Eq. (6), 


(¥4,HV4)=const—x(n,S’)> >; [a,a;'|a,;'a;]; (13) 


hence, 

C=>.;>°; Laa;’|a;'a;}. 
Since the individual exchange integrals are non-nega- 
tive, C is always ferromagnetic in effect. Here the 
bracket symbol is a two-electron integral of the Coulomb 


(14) 
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interaction, in the notation, 


[ab cd | fan far. a*(1)b(1) (1, r32)c*(2)d(2). (15) 


The term D of Eq. (10) is a correlation effect due to 
interaction between ®,4 and determinants in which two 
core orbitals are replaced by two of the unoccupied 
atomic valence orbitals. If 6 is a doubly occupied core 
orbital, then the general form of the correlation effect 
is obtained by considering the interaction between a 
projected determinant : 


W4~ (ab,ba’)+x(n,S’){ (a’b,ba)+---}+---, (16) 


and another projected determinant of the form 


V p~ (aa’,aa’)+--- (17) 


The difference between the diagonal matrix elements 
(Wp,HVp) and (¥4,HWV.4) can be approximated by 


Ap= (®p,H®p)— (@,, Hd 4) 
= (a’a,K4a'a)+ (48,50 4a8) —2(b,K 4b) 
+[aa| a’a’]|+[bb| bb |—4[aa)| bb |+ 2[ad| ba], 


where 3C, is the effective one-electron Hamiltonian de- 
termined by the Slater determinant @,4.° Here the fact 
that [aa|bb]=[a'a’|bb]| has been used; this follows 
from the molecular form of orbital 6 (either odd or even 
with respect to inversion of the molecule in the midpoint 
of its axis). Also, because of the structure of ®4, matrix 
elements (a’a,34a’a) and (a8,5C,a8) are equal. 

The spin-dependent part of the correlation effect 
arises from the numerator of the second-order perturba- 
tion theory formula: 


AE(S’) =— (Wp,HV 4 )? Ap. 


(18) 


(19) 
From Eq. (6) the matrix element in the numerator is 
(Wp,HV 4 ) = { 1 +x ( n,S')}*Ca’b ab |. (20) 


Hence, substituting in Eq. (19), and picking out the 
coefficient of .S’(S’+1)/n?, we obtain 


D=) ; [a,'b| ajb P Ap;j. (21) 


Mixed terms, involving integrals such as [a,’b| a,b], do 
not occur unless two atomic valence orbitals have the 
same axial angular momentum; in the case of Ne the 
orbitals are o, 7, and 2* so there are no mixed terms if 
one chooses (74)’ to be zg*. 

The derivation given above holds whenever there is 
a unique doubly occupied orbital that can be identified 
with the orbital 6. This is the case only for the doubly 
occupied valence orbital a, in region II in the present 
calculations. If there are two doubly occupied orbitals 
of similar energy, as in the case of doubly occupied core 
orbitals of the two atoms, then the cross term involving 
the excitation of each into a different unoccupied atomic 
orbital must also be taken into account. Here this arises 
in the case of orbitals 20, and 20, both doubly occupied 
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in 4. These orbitals will be denoted by } and c in the 
derivation. Consider the projected determinants of total 
spin S’: 

Va~ (abc,bea’)-+-x(n,S"){ (a’be,bea)+ +++}, 

WV pi~ (aba’ aca’)+x(n,S’){ (aca’,aba’)+---}+---, 


WV p2~ (aca’ ,aba’)+x(n,S’){ (aba’,aca’)+++-}+---. 
(22) 


By Eq. (6), (Wp2,¥ n1)=x(n,S’) #0, so the perturbation 
theory must be based on the orthonormal odd and even 
linear combinations of Vp» and Vp. Also, by Eq. (6), 


(W p1, HV 4)=[a'c| ab |+-x(n,S’)[Lac| a’b |, 
(W p2,H¥ 4) =([ac| a’b |+x(n,S’)[a’c| ab]. 
Hence for the orthonormal linear combinations, we have 


VoitV pe 
( its hlinicael HW, ) = 
[2+2x(n,S’) |! 
X (La’c| ab + [ac 


1+}! 


a’b)), 


(24) 
and 


Vpi-V 2 1—x}} 
(— anne Hs) 
[2—2x(n,S’) }! 2 


X (La’c ab |—[ac a’b}). (25) 


As before, the difference in energy mean values is ap- 
proximately that of the two determinants ®p; and ®,. 
This energy difference will be denoted by A. It can be 
taken to be identical for Vp; and Vp». Then 


1+<x i—x 
5 (La’c ab |+ [ ac a’b|)?— 
2A 14m 
X (La’c| ab |—[Lac| a’b })? 
2 
= const ——a«(n,S’)[a’c| ab 


AE(S’)=-— 


\Lac a’b |, (26) 


Hence, picking 
before, we have 

D=>'; 2[ a;‘c a,b |[_a;c a;'b | A;. 
When ¢ is odd and 3 is even, then 


[a’c ab | : —[ac a’b |. 


out the coefficient of S’(S’+1)/n? as 


(28) 


If both orbitals arise from the same atomic shell they 
can be denoted 6, and 5,, respectively, and 


D=—->; 2a;'b,|a;b, P/A;. 


An effect of this kind arises from the orbitals 2¢, and 
2o,, asymptotically 2s, and 2s,. Although this effect is 
nearly cancelled by the corresponding positive terms 
arising from virtual excitation of 20,2 and 20,2, the net 
effect of term D is ferromagnetic at large internuclear 
distances. 


(29) 
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TABLE IT. One-electron energies 
in atom 


(principal Slater determinant) 


units 


Region I 

1.75 2.0 2.25 
— 1.65477 
—0.73477 
—0.61372 
1.51603 
—0.73774 
0.32213 


1.51541 
0.74937 
0.57677 
1.13484 
0.63044 
0.25615 


1.38845 
0.76728 
0.54341 
0.85479 
0.54256 
0.20304 


0.78633 
0.51123 
0.65111 
~0.47106 
0.16032 


Region I] 

2.75 3.0 
— 1.17429 
—().79592 
—0.45944 
0.50213 
—().53086 
0.26613 


1.10636 
0.81576 
0.43133 
0.39328 
-0.52041 
0.27266 


4.0 


XNegion 
c 


Q 6.0 


—0.93413 
—0.84722 
—0.47913 
0.33585 
—0.49921 
0.32880 


~0,90514 
—0.87849 
49990 
32755 
50274 
32782 


0.89612 
0.88841 
0.50291 
0.32728 
0.50326 
0.32781 


The largest of all the terms considered here can be 
attributed to the delocalization effect discussed recently 
by Anderson." This term, denoted by £E in Eq. (10), 
represents exchange polarization of an occupied atomic 
valence orbital as a result of interaction between ®, 
and determinants in which orbital a@ is replaced by the 
unoccupied orbital a’ on the other atom. This effect 
represents the tendency for an electron to drift from 
one atom to the other. Because of the exclusion princi- 
ple, since one localized orbital is occupied on each 
atom this drift can only occur when the electrons have 
opposite spin. Hence the perturbation energy depends 
on the orientation of the atomic spins with respect to 
each other. 

To evaluate the term £, consider the interaction 
between the S’ projection of the principal determinant : 


Wa~ (a,a’)+x(n,S’){(a’,a)+---} 


] 


and another projected determinant of the form 


Vex (a’.a’)+--- 
The perturbation energy is doubled because of an identi- 
cal interaction between V4 and the projection of (a,qa). 
The difference between the diagonal matrix elements 
for the normalized projected functions will again be 
approximated by 


A= (®¢,H®,g)— (©4,H®,) 


nT. , a r paar P 
= (da, 4a'a) — (da, 4da)—| aa} a'a’ |+|aa 


4 P. W. Anderson, Phys. Rev. 115, 2 (1959 
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Again the dependence of the perturbation energy on 
spin comes from the nondiagonal matrix element, using 
Eq. (6), 


(W x, AV 4)=[14+2(n,S’) }'(a’'a,K saa). (33) 


As before, 3C, is the effective one-electron Hamiltonian 
defined by the principal Slater determinant ®4. Matrix 
elements can be evaluated directly from the definition 
of 3C4,° using tables of the two-electron integrals and 
matrix elements of 3Co, the one-electron Hamiltonian for 
the ground state configuration of ordinary molecular 
orbital theory. Diagonal matrix elements of H4 are 
listed in Table IT and nondiagonal elements in Table III. 
It should be noted that 34 is defined differently in 
regions II and III, because the principal Slater deter- 
minants have different configurations in the different 
regions. 

By second-order perturbation theory, adding the 
effects of the projections of (a’,a’) and (a,a), 


AE(S’)= — (2/4)(1+2) (a, 4a). (34) 
Hence, picking out the coefficient of S’(S’+1)/n*: 


E=)> ; 2(a;’,Waa;)*/A;. 


(35) 


It can be seen from Table III that the nondiagonal 
matrix elements of 3.4 decrease exponentially with in- 
creasing internuclear distance. Because of this behavior 
it has been suggested‘ that in the case of the antiferro- 
magnetic oxides such as MnO the principal contribution 
to (a’5C4a) comes not from the exchange potential due 
to the metal ions themselves (analogous to the present 
calculations) but from the exchange potential due to 
the outer orbitals of the intervening oxygen ion. Since 
the matrix elements of this exchange potential are 
identical with the matrix elements due to the inter- 
vening ion that occur in the numerator of the correlation 
effect D, Eq. (21), the terms D and E should be of com- 
parable magnitude in the antiferromagnetic oxides, 
although D is negligible compared to E in the present 
case of two atoms interacting directly with each other. 


IV. NONLINEAR TERMS 


The effects considered in the previous section are 
linear in S’(S’+-1), to the second order of perturbation 
theory applied to the matrix of the many-electron 
Hamiltonian. The unbalanced spin in the principal 


TABLE III. Nondiagonal matrix elements of 34 in atomic units. 


R 2.5 ab 3: 4.0 


(x’ ar) 0.14433  —0.10865 —0.08131 —0.02433 


Region III 
R 3.0 4.0 5.0 





— 0.03803 
—0.00646 


—0.01261 
—0.00163 


—0,09958 
—(0.02355 


~ 0.23751 
0.07800 


(o’ Cac) 
{ ‘ap 
(3 JC 4m) 
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Slater determinant #4, fundamental to the present 
analysis, leads to other spin dependent effects of a more 
complicated nature. These arise from the induced spin 
polarization of the doubly occupied orbitals of the 
atomic cores or of any closed shell system interacting 
with the atoms under consideration. These polarization 
effects will be shown to be nonlinear in S’(.S’+1), hence 
not compatible with the empirically postulated Heisen- 
berg exchange interaction, but to be small compared 
with the linear terms in the present case. 

In a recent paper, Keffer and Oguchi'® have suggested 
that the principal superexchange effect in the antiferro- 
magnetic oxides is due to induced polarization of a 
doubly occupied core orbital by admixture of an un- 
occupied atomic valence orbital. Their analysis used 
nonorthogonal orbitals, and would mix together several 
of the terms considered as separate effects in the present 
work. The effect that corresponds to that of Keffer and 
Oguchi, when analyzed in terms of orthogonal orbitals, 
arises from configuration interaction between the prin- 
cipal projected determinant: 


WV 4~ (ab,ba’)+x(n,S’){ (a'b,ba)+---}+---, (36) 
and other projected determinants of the form 


WV p~ (ab,aa’)+x%(n,S’){ (aa’,ab)+---}+--+. (37) 
The perturbation energy will be doubled by an 
identical interaction with the projection of (aa’,ba’). 
The difference between the diagonal matrix element is 
approximated by 
A= (bp, HPp)— (db, Hb 1), (38) 
calculated as in Eq. (32). The nondiagonal matrix ele- 
ment between the projected determinants is, from 
Eq. (6), 


(Wr, AY 4) = (48,30 408) —x(n,S’)>°; Laa;’|a;'b]. (39) 


Hence, adding the two identical terms, by second-order 
perturbation theory, 


2 
AE(S’)= < { (a8, H4b8)—x(n,S’)> ; Caa;’| a,b}, 
(40) 


obviously quadratic in S’(S’-+1). In order to compare 
this with the true linear terms, a linear formula will be 
used which agrees with AE(S’) for the two extreme 
values S’=0 and S’=n. This gives 

AE(S’=0, n)= (A’E) re—[1+2(n,S’)]F, (41) 


where 


2 
(A’E) p=AE(n)= rot (a8, 3C468)+ >. [aa,’ | a,;/b]}?, 
P] 
(42) 


1° F, Keffer and T. Oguchi, Phys. Rev. 115, 1428 (1959). 
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and 
4 n—1 | 
F=— (ap, 5 58) + bb [aa;’ | a,b | | 


Al 2n i 


X{¥ [aa,;’|a,;b]}. (43) 


Contributions to A’E and F were evaluated for both 
2c, and 2¢, as the core orbital 6. Nonvanishing matrix 
elements arise only from valence orbital ¢ as orbital a. 

Part of the term F ought properly to be included in 
the term £ in the present calculations, since the orbitals 
do not satisfy the Hartree-Fock equations appropriate 
to 4, but instead were obtained by solving the equa- 
tions appropriate to 9, the usual molecular orbital 
ground state configuration. To pick out that part of F 
that can definitely be attributed to core polarization, it 
is convenient to consider the form of the Hartree-Fock 
equations appropriate to a determinant ®p, the analog 
of @, in which all singly occupied orbitals have parallel 
spins (let this be +4). Then if orbital 5 is an eigen- 
function of the one-electron operator appropriate to 
spin — 4h, the analog of Brillouin’s theorem is 


(aB,5C pb8) = (48,5 4b8)+>.; [aa;’|a;'6]=0. (44) 


If Eq. (44) were satisfied, the term F of Eq. (43) would 
be reduced to 


F\=— {>> [aa,;’ | a;’b }?. (45) 


An j 


This term gives the part of F that can be attributed to 
core polarization independently of the approximations 
made in this particular calculation. The remainder, 


F,=F—F,, (46) 
should properly be included as part of the delocalization 
effect E, since it arises from admixture of orbital a8 
with the part of orbital a’8 that is mixed with the core 
orbital 5 as a result of an arbitrary approximation made 
to facilitate the present calculations. These terms are 
tabulated separately in Table I. Term F does not occur 
in region II because of conservation of axial angular 
momentum: the core orbitals (all ¢) cannot mix with 
the localized valence orbitals (all 7). 

Another core polarization effect, due to induced po- 
larization of a doubly occupied core orbital by ad- 
mixture of an unoccupied orbital other than the valence 
orbitals, has recently been proposed by Kondo" as the 
most important term in the superexchange interaction 
in’ MnO. This effect has been estimated by the present 
author to be small compared with D or E even in the 
case of the oxides, when evaluated in a basis of ortho- 
normal Hartree-Fock orbitals. It is of interest to 
evaluate the analogous term for the present case of two 
directly interacting atoms, even though the magnitude 
of the term calculated here cannot be compared with the 


16 J. Kondo, Progr. Theoret. Phys. (Kyoto) 22, 41 (1959). 
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corresponding term arising from polarization of an ion 
intervening between the two interacting atoms. It will 
be shown that this effect is not linear in S’(.S’+1), and 
hence cannot properly be included in the usual Heisen- 
berg formalism. 
Consider the 
determinant 


interaction between a_ projected 


W,~ (ab,ba’)+x(n,S’){ (a’b,ba)+---}+- (47) 


and other projected determinants of the form 


Voir (ac,ba’) + x( n+1,5") 
X { (ab,ca’)+ (aa’,bc)+ (bc,aa’)+---}+--- 
WVg2~ (ab,ca’)+ (n+1, S’) 


X { (ac, ba’) + (aa’,cb)+ (cb,aa’)+---}+---. (48) 


These last two functions are not orthogonal. By Eq. (6), 


(Woo,¥e1)=x(n+1, S’). (49) 


As before, the denominator in the perturbation formula 
for the energy is approximated by 


A= (@¢,,H®¢;)— (®4,H®,). (50) 


The nondiagonal matrix elements, by Eq. (6), are 


(We1,HV4)= [1 + x ( n+1, Ss") }8 (ca, aba a 
(51) 
(Ve2,HV4)= [1 +x(n+1, -} }*(cB,K 08). 


Because of the structure of the determinant ®,4, the 
effective one-electron Hamiltonian 3C, contains ex- 
change potential terms of opposite spin for the localized 
orbitals on the two different atoms. It follows that the 
two matrix elements of Eq. (51) are equal if the product 
bc is even under inversion of the molecular coordinate 
system in the midpoint of the internuclear axis, and that 
they are equal in magnitude but have opposite signs 
when bc is odd. In either case, one linear combination of 
Wg; and Vg will not interact with V4, and the matrix 
element for the normalized linear combination orthogo- 


nal to this is 
2+2x7}3 
l+«x 


X (ca, H4ba), | 


[2+ 2x(n-+1, S’)} 


( VatVee 


+-be even 


— be odd. 


(52 


Since this matrix element is independent of x (hence of 
S’) when bc is even, only bc odd contributes to spin 
coupling. Hence, 


2 i+<* 
AE(S’)=—-— 
A1l—x 


(53) 


(ca, 3 4ba)?, 


for bc odd only. This is obviously not linear in S’(S’+1). 
However, for comparison with other contributions to 
spin coupling, this can be approximated as before 
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[Eq. (41)] by a linear formula valid for S’=0 and 
S’=n only. This leads to 


(A’E)g= — (2/nA) (ca, aba)’, 
and 


G= (2/A) (ca,5C 4ba)?. 


The term arising from polarization of the doubly 
occupied bonding orbital 20, by admixture of the un- 
occupied orbital o, is analogous to the effect considered 
by Kondo.'® This is listed as G; is Table I. However, the 
interaction between the occupied bonding valence orbi- 
tal o, and the corresponding antibonding orbital ¢,, 
cannot be described as a core polarization effect, since 
it is part of the tendency for valence orbitals to change 
from molecular to atomic form as the atoms are sepa- 
rated. This has been calculated separately and is listed 
as Gy in Table I. Terms G do not occur in region III in 
the present calculations since there are no completely 
unoccupied orbitals in this region for the minimal basis 
set used here, which cannot represent configurations of 
the separated atoms with orbitals beyond the L shell. 


V. DISCUSSION OF RESULTS 


The various contributions to the effective exchange 
integral are summarized for regions IT and I in Table I. 
The most striking result is that in all cases the net effect 
is antiferromagnetic, and the largest individual con- 
tribution in general is due to term £, the delocalization 
effect. This term (together with some contribution from 
terms F and G) is essentially the same as the effect con- 
sidered by Anderson" to represent incipient covalent 
bonding between the atomic valence orbitals. As the 
internuclear distance is decreased, this effect becomes 
too large to be described by second-order perturbation 
theory in terms of atomic orbitals, the spin-dependent 
energy becomes nonlinear in S’(S’+1), and it is neces- 
sary to describe the valence electrons by doubly occu- 
pied bonding molecular orbitals. The boundary between 
regions III and II marks the transition from atomic to 
molecular form of the 2c valence orbitals, while the 
boundary between regions IT and I marks the transition 
from atomic to molecular form of the 2pm valence orbi- 
tals. In both cases an antiferromagnetic Heisenberg 
spin-coupling effect at large internuclear distances 
becomes a covalent bond at small distances, and the 
effective atomic spin is reduced. 

The ordinary exchange term C is the only ferromag- 
netic effect of any significance, and it is smaller (par- 
ticularly at the smaller internuclear distances) than the 
terms that describe incipient covalent bonding. If there 
were a diamagnetic atom or ion between the two nitro- 
gen atoms, the correlation term D might be expected 
to be much larger than in the present case, for it would 
then correspond to the superexchange coupling in anti- 
ferromagnetic crystals such as MnO. In the present 
case, with no intervening atom, this term is negligible. 

The terms F and G arise from interaction between 
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the principal Slater determinant and determinants dif- 
fering from it by a single orbital. These terms describe 
a spin-dependent polarization effect, since the sum of 
two such determinants can be expressed as a single 
Slater determinant with one orbital modified from the 
principal configuration. 

Term F is absent in region II, while term G consists 
of one part, G;, that arises from polarization of the core 
of doubly occupied orbitals, and another part G, from 
polarization of the doubly occupied valence orbital a,. 
Only the term G; can be considered to describe spin 
polarization of the core, analogous to the effect con- 
sidered by Kondo" in the case of the antiferromagnetic 
crystal MnO. In the present calculations, G; is a quite 
small fraction of the total effect, but decreases less 
rapidly with increasing internuclear distance. 

The term G2, which increases with increasing inter- 
nuclear distance in region II, arises from the polariza- 
tion of the bonding molecular orbital ¢, by admixture 
of the corresponding antibonding orbital o,. The effect 
of this admixture is to convert ¢, into the atomic orbital 
o or o’ as the atoms are separated. There is a contribu- 
tion that does not depend on total spin to the energy 
given in Table IV from this effect as well as from the 
corresponding double substitution (¢,2 replacing @,?). 
These effects become sufficiently large at R= 4.0 atomic 
units (a.u.) that second-order perturbation theory is no 
longer a reasonable approximation, as might be expected 
from the fact that the principal configuration at R= 4.0 
a.u. is that of region III, with atomic orbitals o,0’ occu- 
pied in preference to the bonding molecular orbital ay. 

Term G is absent in region III, while term F consists 
of one part F; that arises from core polarization, analo- 
gous to the effect considered by Keffer and Oguchi,"® 
and another part F; that should be included as part of 
the delocalization term £. In the present calculations, 
F, is small compared with the total exchange effect. It 
should be noted that F and G are not linear in S,4-Sz, 
and cannot properly be included in the Heisenberg 
formalism. 

The energy of the lowest 'Z,+ state is calculated by 
second-order perturbation theory in all three regions, 
using in each case the singlet projection of the appro- 
priate principal Slater determinant as zeroth order 
approximation, and including only those configurations 
in which the inner shell orbitals remain occupied except 
for the small spin-dependent polarization effects dis- 
cussed above. 

This brings in the spin-dependent effects in exactly 
the form that they are used to calculate 4S°/, with the 
addition of terms that are independent of spin. For 
comparison with the second-order perturbation results, 
the configuration interaction matrix for the eight pro- 
jected 'Z,*+ functions of greatest weight at small inter- 
nuclear distances has been calculated exactly and 
diagonalized for R<3.0 a.u. These results are given in 
Table IV. The principal Slater determinant in each 
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TABLE IV. Energy of '2,* ground state, in atomic units (a.u.). 


Lowest eigenvalue of 
eight-term configu 
ration interaction Experi 
matrix ment? 
(a.u.) (ev) (ev) 


Second-order perturbation 
theory 


Region II Region III 


| > 


Region I 


—5.4 


—9.5 


0.14791 
—0.10583 
—0.16989 
—0.15088 
—0.10257 
—0.05082 


4.025 
—2.880 
—4.623 —9.4 
—4.105 7.9 


—2.791 —5.7 


0.12454 
—0.15005 
—0.25066 
—0.29153 
—0.32933" 


ou 
= 
nw 


—0.14846" 

—0.09040 
0.05320 

—0.00668* 


co~mun 
we 


—0.20757* 
—0.02098 
3. —0.00293 
6.0 —0.00027 


PANN 


wn 
oo 


* Calculation extended into adjoining region 
b J. T. Vanderslice, E. A. Mason and E. R 
30, 129 (1959). 


Lippincott, J. 

region has been used as zeroth-order approximation for 
a second-order perturbation calculation at one point in 
each neighboring region. These values are marked by 
superscript a in Table IV. 

It can be seen that the perturbation result is quite 
close to the correct energy in region II, and appears to 
be reasonable in the outer region. However, in region I, 
the perturbation theory greatly overestimates the 
binding energy. This is due to the large number of low- 
lying configurations that interact strongly with each 
other and with the molecular orbital ground-state con- 
figuration. In fact, apparently it is preferable to treat 
the 7 orbitals as atomic orbitals rather than as molecu- 
lar orbitals even at R= 2.5 a.u., which is within region I. 

The one-electron energies appropriate to the principal 
Slater determinant in each region are listed in Table II. 
These are the diagonal matrix elements of the effective 
one-electron Hamiltonian defined by this determinant.°® 
These one-electron energies are equal to the energy 
gained by removing to infinity an electron from one of 
the occupied orbitals, or, alternatively, to the energy 
required to bring from infinity an electron to fill one of 
the unoccupied orbitals. Contrary to a widely held but 
fallacious idea, these statements follow from simple 
identities, and have no physical content. However, if 
the orbitals are canonical Hartree-Fock orbitals, (i.e., 
eigenfunctions of the effective one-electron Hamil- 
tonian), then by Koopmans’ theorem" these one-elec- 
tron energies are first-order approximations to the 
ionization potentials and electron affinities of the 
system. These energies correspond to the mean energies 
of energy bands in a crystal. 

In region II, atomic orbitals ra and 7’8 are both 
occupied and have equal energy (negative), while 
orbitals 78 and wa are both unoccupied, and have equal 
energy (positive). Thus the orbital energy depends both 
on spin and location for an atomic orbital, as a result 
of the structure of the principal Slater determinant, 
which assigns a definite orientation to the unbalanced 
spin on each atom. The energies of the doubly occupied 
orbitals of molecular form do not depend on spin. The 
large splitting between mwa and 78 is an “exchange” 


17 T, Koopmans, Physica 1, 104 (1933). 
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effect due to the Coulomb interaction of charge density 
(x)? with itself. In region III, similar statements hold 
for occupied orbitals oa and o’8, and for unoccupied 
orbitals o8 and o’a. The splitting between oa and za is 
a “crystalline field” effect due to the nonspherical en- 
vironment (the other atom) ; 
nuclear separation. 


it vanishes for large inter- 


VI. BAND STRUCTURE OF THE TRANSITION METALS 


Recently a detailed model of the band structure of 
the transition metals has been proposed by Good- 
enough."* In attempting to correlate a very large amount 
of experimental data on the transition metals and their 
alloys, Goodenough was led to make several assump- 
tions that represent a departure from more traditional 
ideas of the band theory of metals. Perhaps the most 
interesting result of the present discussion of No is that 
it demonstrates, for a system that is simple enough to 
make calculations possible, the desirability of modifying 
the traditional molecular orbital theory in a manner 
closely analogous to the proposed by 
Goodenough for the band theory of metals. Calculations 
on diatomic molecules metal 


postulates 


containing transition 


atoms could be carried out in exactly the same way as 


these for nitrogen; the generalization to energy band 
calculations for metals will be discussed in the following 
section. 

The idea of making a distinction between localized 
and collective electrons is not in itself a novelty since 
this is inherent in the idea of the special nature of the 
transition metals and rare earths. However, as was 
emphasized by Mott,’ it is necessary to distinguish 
between the concept of localized orbitals with oriented 
spins in nonconducting crystals and the apparently in- 
compatible concept of Bloch waves describing metallic 
both are 
needed in describing the transition metals. It has also 
been recognized by Slater® that the band theory must 
be modified to allow the description of a magnetic sub- 
lattice structure in the antiferromagnetic 
crystals, in the sense that the occupied Bloch orbitals 
of each spin can be made up of atomic orbitals from one 
sublattice only. These ideas of Mott and Slater can be 
reconciled if one adopts the point of view that the 
Wannier functions made up from the separate bands 
discussed by Slater should be identified with the local- 
ized orbitals of Mott.‘ This is based on the theory of 
localized equivalent orbitals in molecular structure de- 
veloped by Lennard-Jones and his collaborators," using 
the theorem that a single Slater determinant (the 
Hartree-Fock approximation to the electronic wave 
function of a molecule or crystal) is not changed by an 
arbitrary unitary transformation of the occupied orbi- 
tals, for example, by the transformation from Bloch 
waves for filled bands to the corresponding Wannier 
functions. 


electrons, and to recognize that concepts 


case of 


18 J. B. Goodenough, Phys. Rev. 120, 67 (1960) 
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It is clear from earlier work" and from the present 
calculations on Ng that it is not qualitatively correct to 
base a description of weakly interacting valence elec- 
trons on the idea of doubly occupied bonding molecular 
orbitals. However, the alternative description in terms 
of localized orbitals with spins coupled by the Heisen- 
berg exchange interaction can be carried through quan- 
titatively by the methods used here. In agreement with 
the description postulated by Goodenough, valence 
orbitals should be considered as localized atomic orbi- 
tals for large internuclear distances, but as bonding or 
antibonding molecular orbitals for small internuclear 
distances. Since the boundary between these inner and 
outer regions is different for each different subshell of 
atomic valence orbitals, e.g., 2p0 and 2pm in Nag, it is 
reasonable to expect, as Goodenough has assumed, that 
the d, and d; orbitals can be similarly distinguished in 
a cubically symmetrical environment. Since the inter- 
nuclear distance is determined primarily by the s and p 
valence orbitals in the transition metals or rare earths, 
it is to be expected that even at the equilibrium sepa- 
ration of two such atoms some of the d or f orbitals can 
still be so weakly coupled that they must be described 
as localized atomic orbitals. In Ne, of course, the p 
orbitals are themselves the principal bonding orbitals, 
so the Heisenberg spin coupling effect only appears if 
the nuclei are constrained to be further apart than the 
equilibrium distance. 

In the present calculations the antiferromagnetic 
coupling effects for neighboring atoms are found to be 
considerably larger than the ferromagnetic effects. This 
is due primarily to the delocalization effect emphasized 
by Anderson,'* which will always occur in the case of 
less than half-filled shells of valence orbitals, and is 
characterized as incipient covalent bonding. It might 
be expected that this will be a general result, as assumed 
by Goodenough for the transition metals. Furthermore, 
this effect diminishes exponentially with increasing 
distance, in agreement with Goodenough’s assumption 
that nearest neighbor interactions will be significantly 
larger than next-nearest neighbor interactions. How- 
ever, this will depend somewhat on the angular distri- 
bution of the atomic valence orbitals. 

It is reasonable to assume that localized valence 
orbitals can be coupled ferromagnetically when one or 
more antibonding valence orbitals are also occupied 
(the more-than-half-filled case of Goodenough), since 
the localized orbitals are coupled to the antibonding 
orbitals by atomic exchange integrals, generally larger 
than any of the coupling terms between different atoms. 
The fact that the ground state of the Oz, molecule is 
paramagnetic is not in itself evidence for this postulate, 
since there are no localized valence orbitals at the 
equilibrium internuclear separation. However, the 
oxygen molecule illustrates the tendency for degenerate 
orbitals to be occupied with parallel spin (Hund’s rule), 
which would induce ferromagnetic coupling between 
any localized orbitals also present. In the case of the 
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“antibonding band” in Goodenough’s model, the de- 
generacy of the antibonding orbitals is removed because 
of the band structure. It is difficult to see why this 
situation should be different from the usual case of 
Pauli paramagnetism, except for the presence of local- 
ized orbitals. But the ferromagnetic coupling between 
localized orbitals on two atoms, induced by their inter- 
action in the sense of Pauli paramagnetism with a 
partially filled valence band, could be greater than the 
net antiferromagnetic coupling due to their direct 
interaction. The band structure postulated by Good- 
enough for the bcc metals is particularly favorable for 
this, since the narrow d, band is assumed to be almost 
entirely above the bonding d; band, but to overlap the 
antibonding d; band somewhat. In these circumstances 
the metals would be Pauli paramagnetic for less than 
three occupied d orbitals per atom, antiferromagnetic 
for between three and five d orbitals, and possibly ferro- 
magnetic for five or more d orbitals, depending on the 
magnitude of the induced coupling via the partially 
filled antibonding band. Perhaps Goodenough’s special 
assumptions about the band structure in bec Fe could 
be replaced by the hypothesis that this induced coupling 
is sufficiently large to outweigh the direct antiferro- 
magnetic coupling between atomic d, orbitals on nearest 
neighbor atoms. In this form, this assumption is com- 
patible with the rest of Goodenough’s discussion, in 
particular with the rather delicate balance of forces 
shown by the rich variety of crystal structures of Mn 
and Fe. 


VII. CALCULATION OF ELECTRONIC 
ENERGIES IN SOLIDS 


It should be noted that a calculation by the usual 
band theory, neglecting configuration interaction, even 
if made self-consistent in the sense of the Hartree-Fock 
equations, cannot describe the antiferromagnetic effects 
considered here. This would give a completely false 
result for the effective Heisenberg exchange integral in 
the case of less than half-filled valence orbitals. This 
situation would not be improved by even a very elabo- 
rate configuration interaction calculation carried out 
with Bloch orbitals, unless an infinite number of con- 
figurations were chosen. It would certainly not be pos- 
sible to use ordinary perturbation theory. 

If band theory were modified in the sense suggested 
by Slater,® to allow orbitals of opposite spin to belong 
to separate orthonormal sets, not mutually orthogonal, 
the antiferromagnetic effect discussed by Anderson™ 
could at least be described qualitatively, but a quanti- 
tative calculation would have to surmount the for- 
midable barrier of an infinite set of non-zero overlap 
integrals. 

However, the method used in the present paper can 
be extended to the quantitative calculation of the 
effective Heisenberg exchange integral in solids without 
any change in the formalism. It would be necessary 
first to solve the Hartree-Fock equations in their tra- 
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ditional form for a configuration in which all singly 
occupied orbitals have parallel spin. This of course 
would require iterated energy band calculations, with 
inclusion of exchange, by the self-consistent field 
method, but it is probably not unreasonable to hope 
for such results in the foreseeable future. Then the 
occupied orbitals (calculated as Bloch waves) should 
be transformed to the equivalent set of Wannier func- 
tions,” localized as much as possible on single atoms in 
the crystal. The singly occupied Wannier functions on 
each atom should be occupied with parallel spin. The 
various contributions to the Heisenberg exchange inte- 
gral can then be evaluated by the formulas given in the 
present paper. These formulas depend for their validity 
only on the orthogonality of the spatial orbitals, which 
is maintained by the unitary transformation from Bloch 
waves to Wannier functions. For metals this procedure 
would in some cases have to be modified to account for 
partially filled bands by introducing an appropriate 
sublattice structure, as described in an earlier paper.‘ 
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Mev Level in C+ 
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An energy level in C” at 9.0 Mev has been reported as a result of (p,7,> 


on the B'(He?,p)C” 


reaction at Ey.?=2.2 Mev. This reaction has been reinvestigated 


triple coincidence measurements 


in a similar experi 


mental arrangement by using alternately Pilot-B, CsI and Nal scintillators for detection of the protons 


Only the Pilot-B, which had been used in the previous work, exhibits the proton group correspon: 


I ing toa 


‘9.0-Mev level” in C”. The triple coincidence effect in this case is actually due to the intense ~17-Mev pro 


tons in the B'(He*,p)C™ reaction leading to the 4.43-Mev first excited state of C® 


which upon entering 


the scintillator can inelastically scatter from carbon and produce secondary gamma radiation of 4.43 Mev. 
The net energy deposited in the scintillator has the appearance of a proton group to a 9.0-Mev level in C” 
in triple coincidence with two 4.43-Mev gamma rays. The magnitude of the effect is calculated from pub 
lished cross sections for inelastic scattering and it agrees with the apparent population intensity of the 


nonexistent “9.0-Mev level.” 


CONSIDERATION of possible gamma-ray back- 
ground effects when using plastic scintillators for 
the detection of energetic protons has led us to a re- 
investigation of the B'°(He*,p)C” reaction. (p,7,7) 


t Research carried out under the auspices of the U. S. Atomic 
Energy Commission. 
* Permanent address: Clarendon Laboratory, Oxford, England. 


triple coicidence measurements! had suggested the 
existence of a weakly populated energy level in C” at 
9.0 Mev. In these experiments the protons were detected 
in a Pilot-B scintillator close to the target which ac- 
cepted protons emitted in the angular range 0°-60° 
and the gamma rays were detected in two large Nal 


1D. E. Alburger and R. E. Pixley, Phys. Rev. 119, 1970 (1960). 
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detectors placed closely on either side of the target. 
When both Nal detectors were channeled on gamma 
rays between 2.5 and 5 Mev, a proton “group” was 
observed in triple coincidence having an energy cor- 
responding to a level in C” at 9.0+0.1 Mev. 

Since the Q value of the B'°(He*,p)C” reaction is 
high (19.70 Mev to the ground state), inelastic scattering 
of the protons from nuclei in the scintillation detector 
might be an observable effect. In particular the protons 
leading to the 4.43-Mev first excited state of C” have 
an energy of 17.3 Mev at 0° and 16.4 Mev at 60° when 
Eyes= 2.2 Mev. If these protons inelastically scatter in 
a scintillator containing carbon, secondary gamma rays 
of 4.43 Mev are produced when the scattering takes 
place to the first excited state of C™. This results in real 
triple coincidence events in which the net energy de- 
posited by the proton is approximately 4.4 Mev less 
than the energy of the proton group to the 4.43-Mev 
state in the initial reaction. The recoil effect of the 
inelastic scattering tends to lower the pulse height 
somewhat if the scintillator is less efficient in responding 
to the C” recoil nucleus. 

In Fig. 1 the probability of producing a 4.43-Mev 
gamma ray by inelastic scattering in a plastic detector 
is plotted versus incident proton energy. It is assumed 
that the detector has an atomic ratio C/H=0.89 and 
is thick enough to absorb the protons. The curve is 
calculated from experimentally determined cross sec- 
tions?~? for the reaction C"(p,p’)C4.43. The relative 
accuracy in the probability is low at low proton energies 
and is roughly constant at about +0.2X10~* above a 
proton energy of 10 Mev. At a proton energy of 16.9 
Mev, which is the average energy for emission between 
0° and 60° of protons leading to the 4.43-Mev state in 
the B'°(He’,p)C” reaction at Ey.'= 2.2 Mev, the proba- 
bility is 2.1 10~* per proton. This value is in agreement 
with the apparent branching ratio! of (2.10.7) 10~* 
for protons leading to a “9.0-Mev level” relative to 
those leading to the 4.43-Mev level. 

Our present experimental arrangement was essentially 
the same as that used earlier.! When Pilot-B is employed 
as the proton detector the proton line to the “9.0-Mev 
level” is observed in triple coincidence with the two 
gamma-ray detectors, but when either CsI or Nal are 
used for proton detection the corresponding region of 
the” pulse-height curve is flat and is smaller by at least 
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Fic. 1. The probability of exciting the 4.43-Mev first excited 
state of C™ by the reaction C"(p,p’)C", 4s for protons completely 
absorbed in a plastic scintillator of composition C/H=0.89. 


a factor of 10 as compared with the peak observed in 
the Pilot-B runs. 

We conclude that the apparent 9.0-Mev level is a 
result of the instrumental effect described above and 
that no such energy level exists in C”. 

The B'°(He'’,p)C” reaction was investigated! origi- 
nally in an attempt to detect the emission of 3.2-Mev 
gamma radiation from the 7.66-Mev second excited 
state of C®. Proton inelastic scattering effects of the 
type discussed above may preclude the use of this re- 
action in such a (f,7,y) coincidence experiment. From 
the ratio of 4X 10~ for the branching intensity of pro- 
tons to the 7.66-Mev state relative to the protons to 
the 4.43-Mev state at Ey.’~2 Mev and from the esti- 
mate*:* of ~2X10~ for the 3.2-Mev gamma-ray decay 
per 7.66-Mev level formed, the (,7,y) triple cascade 
rate associated with the 7.66-Mev state is estimated to 
be ~8X10~® with respect to the protons to the 4.43- 
Mev state. This number is 250 times smaller than the 
triple coincidence yield of 2X10-* observed with the 
Pilot-B detector and thus a reduction of the inelastic 
scattering effect by at least two orders of magnitude 
would have to be achieved in order for the gamma-ray 
decay of the 7.66-Mev level to be observed. Such a 
reduction might be brought about by degrading the 
proton energies and by using a suitable scintillation 
material, although the background effects from the 
proton absorber or target backing may be limitations 
to this scheme. 

8D. E. Alburger, Phys. Rev. 118, 235 (1960). 
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Angular Distributions of T(p,n)He* Neutrons for 3.4- to 12.4-Mev Protons* 


M. D. Gotpsercf, J. D. ANpERsON, J. P. SToERING, AND C. WONG 
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(Received January 30, 1961) 


Angular distributions of the neutrons from the T (p,m) He’ reaction have been obtained for i 


ratory proton energies of 3.4, 4.3, 5.0, 6.5, 8.0, 8.8, 10.3, 11.5, and 12.4 Mev 


The neutrons were detected by 


a plastic scintillator, and standard time-of-flight techniques were used to separate the monoenergetic neutron 
group from background neutrons and gamma rays. The distributions in the center-of-mass system show 
substantial backward peaking. Above about 8-Mev proton energy, a broad maximum appears at about 80 
(c.m.) and persists through the highest energy measured. The absolute 0° cross sections and the total inte 
grated cross sections are in excellent agreement with previous measurements 


INTRODUCTION 


HE 7(p,n)He’® reaction, with a Q of —0.7634 

Mev,! is a useful source of monoenergetic fast 
neutrons. From threshold at 1.019 Mev to 1.148-Mev 
laboratory proton energy, the neutrons are confined to 
a gradually opening cone which contains two energy 
groups. Above 1.148 Mev, the reaction provides a 
strictly monoenergetic group of neutrons until the 
threshold at 8.34 Mev for the T(,pm)D tritium breakup 
reaction is reached. For higher proton energies, tech- 
niques must be used that will distinguish the mono- 
energetic group from the breakup group, which groups 
are well resolved in energy from each other. 

Previously reported angular yield measurements for 
laboratory proton energies greater than 2 Mev?—® were 
made with “‘flat-response”’ long counters.’ The variation 
of the sensitivity of such a counter with energy has 
recently been shown’ to be neither flat nor smooth, the 
principal deviations being strongly correlated with the 
shapes of the variation with energy of the total cross 
section of carbon. The results of this work indicate that 
long-counter measurements may be subject to syste- 
matic errors of as much as 20%. The Los Alamos group 
has measured* angular distributions for T(p,n)He’ 
neutrons, for incident laboratory proton energies be- 

* This work was performed under the auspices of the U. S. 
Atomic Energy Commission 

t Now at Brookhaven National Laboratory, Upton, New York. 

'V. J. Ashby and H. C. Catron, University of California 
Radiation Laboratory Report UCRL-5419, February, 1959 
(unpublished). 

2G. A. Jarvis, A. Hemmendinger, H. V 
Taschek, Phys. Rev. 79, 929 (1950) 

3H. B. Willard, J. K. Bair, and J. D. Kington, Phys. Rev. 90, 
865 (1953). 

4N. A. Vlasov, S. P. Kalinin, A. A. Oglublin, L. N. Samoilov, 
V. A. Sidorov, and V. I. Chuev, Zhur. Eksp. i Teoret. Fiz. 28, 
639 (1955); [translation: Soviet Physics—JETP 1, 500 (1955) ]. 

5G. F. Bogdanov, N. A. Vlasov, C. P. Kalinin, B. V. Rybakov, 
L. N. Samoilov, and V. A. Sidorov, Zhur. Eksp. i Teoret. Fiz. 
36, 633 (1959); [translation: Soviet Phys.—JETP 9, (36), 440 
(1959) ]. 

6 “Charged particle cross sections,” edited by N. Jarmie and 
J. D. Seagrave, Los Alamos Rept. LA-2014, 1957 (unpublished). 
A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947) 
J. E. Perry, Jr. et al. Unpublished Los Alamos work, reported 
by J. D. Seagrave, in Proceedings of Conference on Nuclear Forces 
and the Few Nucleon Problem, London, 1959 (Pergamon Press, 
New York, to be published) 


Argo, and R. F 


7 
§ 


tween 1.5 and 5.5 Mev, using a proton recoil counter 


1 energy 


telescope to determine the detaile« 
of their particular long counter. 
From the theoretical point of view, the broad peak 


in the total cross section for 


sensitivity 


with a 
maximum at about 3 Mev, has been interpreted‘ as 
indicating an excited state of He*. On the other hand, 
Selove” has pointed out that 


his reaction,®4 


he broad maximum, and 
can be ex- 
invokes a 
direct interaction mechanism and implies that a com- 


also the shape of the angular distributions, 
plained in terms of a simple picture which 


pound-nucleus state is not involved. Young and Stein" 
have done an extensive analysis of this reaction, based 
on the Selove model, in which they represent the triton 
as a cluster-model system (deuteron core plus neutron 

and treat in Born approximation the 
involved; i.e., the proton either “knocks on” the 
neutron or “‘picks up” the deuteron core. The calcula- 
tions are compared with the experimental data,‘ 


direc I processes 


and 
reasonably quantitative agreement is found. In particu- 
lar, the observed dependence of backward-to-forward 
scattering upon energy is well represented. 

The present work provides angular distributions for 
neutrons from the T(p,7)He® reaction, for incident 
laboratory proton energies of 3.4, 4.3, 5.0, 6.5, 8.0, 8.8, 
10.3, 11.5, and 12.4 Mev. Above 7 Mev, the only pre- 
viously published® angular yield curves are at 8.9 and 
12.0 Mev. 

EXPERIMENT 


The protons were provided by the external beam of 
the Livermore variable-energy cyclotron. The tritium 
gas (at just under 1 atm pressure) was contained within 
a stainless steel cylinder 4 in. long 1 in. diam. A 0.020- 
in tantalum beam stopper prevented proton bombard- 
ment of the stainless end wall. The protons entered the 
target through a 0.00025-in. (about 12 mg/cm?) tanta- 
lum foil. The energy of the incident protons is deter- 
mined by means of a differential range measurement in 
aluminum. The uncertainty in the beam energy due to 
the range measurement, the intrinsic energy spread of 
® A. I. Baz and Ya. A. Smorodinskii, Zhur. Eksp. i Teoret. Fiz 
27, 382 (1954). | 

10 W. Selove, Phys. Rev. 103, 136 (1956) 

J. E. Young and P. R. Stein (to be published 
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Fic. 1. Typical time-of-flight spectrum. The incident proton 
energy is 8.0 Mev, and the neutron angle is 0° with respect to the 
proton direction. The double display results from using one stop 
pulse for every two rf cycles in the time-to-pulse height converter 
(reference 12). 


the cyclotron beam, and drifting of the beam energy is 
about +2%. 

The neutron detector was mounted on a remotely 
controllable angle changer, which was pivoted directly 
under the center of the gas target. The selsyn control 
in the counting area permitted accurate changes in 
steps of about 0.2° and was reproducible to better than 


os”. 

The time-of-flight system used has been previously de- 
scribed.” The plastic scintillator neutron detector was 
a cylinder, 1-in. diam and 1-in. thick, mounted on an 
RCA 6655A phototube. The bias level for the detector 
was set with respect to the Compton edge of the anni- 
hilation radiation (0.511 Mev) from a Na” source. A 
bias setting equal to the Compton edge was used for 
the highest-energy neutrons, and bias settings of one- 
half and one-quarter the Compton edge were used for 
successively-lower-energy neutrons. The efficiency at 
each bias setting was calculated" and compared with 
an absolute measurement using the D (d,2)He’ reaction." 

The angular resolution as determined by the target 
size, crystal size, and target-to-crystal spacing was 
about 1.2° at 0° and about 4° at 90° for energies up to 
6.5 Mev, and about 0.7° at 0° and 2.5° at 90° for 8.0 
Mev and above. The position of 0° was determined by 
telescopic alignment of collimators, target, and crystal, 
and was good to an estimated accuracy of +0.5°. 

The neutron production was monitored by collecting 
the charge accumulated by the tritium gas target. 


RESULTS 


A typical time-of-flight spectrum, as displayed on a 
256-channel pulse-height analyzer, is shown in Fig. 1. 


2C, Wong, J. D. Anderson, C. C. Gardner, J. W. McClure, 
and M. P. Nakada, Phys. Rev. 116, 164 (1959). 

18 A. Elwyn, J. V. Kane, S. Ofer, and D. H. Wilkinson, Phys. 
Rev. 116, 1490 (1959). 

14 Murrey D. Goldberg and James M. LeBlanc, Phys. Rev. 
119, 1992 (1960). 


DISTRIBUTIONS 


OF T(p,n)He* NEUTRONS 





© Ep=4.3 Mev 
e Ep= 8.0 Mev 
4 Ep 124 Mev 


RELATIVE 0 (@) 








| | ] i | 1 j ] 
20 40 60 80 100 120 140 160 


Oop 


lic. 2. Typical relative angular distribution data. The curves 
are least-squares fits to the data. The dashed portions are values 
of the least-squares curves outside the range of the experimental 
data. 





Data were taken in steps of 10° from 0° to 150° with 
respect to the incident proton direction. At lower proton 
energies (3.4, 4.3, and 5.0 Mev), the rapidly decreasing 
scintillator efficiency due to the cutoff imposed by the 
bias setting rendered the back-angle points increasingly 
uncertain. When the uncertainty was estimated to be 
greater than 10%, the points were not used. Each cross 
section measured was corrected for dead time of the 
pulse-height analyzer, which was occasionally as high 
as 20°% but was more typically 10%. In addition, the 
data at back angles were corrected for neutron attenua- 
tion due to the flanges of the gas target, the target foil 
retaining assembly, and the beam pipe. The correction 
ranged from about 5% at 90° to about 25% at 150°. 

Typical relative angular distribution data are shown 
in Fig. 2. The proton energies are 4.3, 8.0, and 12.4 Mev. 
An uncertainty of 5% can be assigned to all the data 
points except for the 110° and 120° points at 4.3 Mev 
and the 140° and 150° points at 8.0 Mev, where the 
uncertainty is 10%. The curves are least-squares fits 
(see below), and the data are normalized so that the 
cross sections are unity at 0°. 

When the absolute data are transformed to the 
center-of-mass system they can be least-squares fitted 
by a sum of powers of the cosine, i.e., ¢(@)=2,a, cos"6. 
The order » used for the fitting was determined by a 
chi-square test. The values of the expansion coefficients 
for each proton energy are tabulated in Table I. The 
variation of these coefficients with incident proton 
energy, shown in Fig. 3, provides a means of construct- 
ing angular yield curves for any energy through the 
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TABLE I. Expansion coefficients (in mbs/sr) resulting from fitting angular distributions with a sum in powers of the cosine 
Total cross sections (in mb) from integration of the cosine sum 


ao a de 


19.6+0.7 
13.6+0.4 
12.1+0.- 
9.8+0.3 
11.1+0.: 
11.2+0.3 
12.4+0.. 
12.0+0.. 
10.7+0.3 


15.5+2.6 
—9.8+1.5 
—4.4+1.6 
4.9+1.1 
9.5+0.9 
9.8+0.8 
9.2+0.8 
8.7+0.7 
6.1+0.5 


range covered. Due to uncertainties in the validity of 
the least-squares curves outside the range of the data, 
these portions of the angular distribution curves are 
always presented as dashed lines. 

The angular distributions in the center-of-mass 
system are displayed in a three-dimensional plot in 
Fig. 4. Figure 5 shows the laboratory angular distri- 
butions resulting when these least-squares curves are 
transformed to the laboratory system. 

Two striking features of the angular distributions can 
be seen in Fig. 4. The first is the appearance of an addi- 
tional broad maximum in the curves around 80° for 
proton energies of 8.0 Mev and above. The second 
feature is the strong backward peaking. The variation 
of the ratio of the cross sections at 180° and 0° with 
proton energy is shown in Fig. 6. No errors are indicated 
since the 180° values are uncertain (see above). The 
ratios from the data of Bogdanov ef al.5 and from some 
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Fic. 3. The 


variation of the least-squares expansion coefficients 
with incident proton energy. 


58.4+5.4 
56.6+3.2 
47.84+5.2 
22.94+2.6 
1.2+2.3 
-5.5+2.1 
16.342.0 
-21.7+1.8 
20.7+1.6 


of the data of Perry et al.* are also plotted. The calcu- 
lations of Young and Stein" at lower proton energies 
(up to 5.5 Mev) have had considerable success in re- 
producing this strong backward peaking, and the same 
mechanisms would presumably account for the higher- 
energy data. The broad maximum feature of the angular 
distributions at 80° c.m. could probably be accounted 
for by modifications of the /-matrix and the single- 
particle bound-state wave functions of the Young-Stein 
calculation.'® 

The available with 
proton energy of the cross section at 0° is displayed in 
Fig. 7. Two corrections were applied to the data of this 
experiment. By mass spectrometry, the gas sample used 
was determined to contain 93.5% tritium, 1.2% deu- 
terium, 3.3% hydrogen, and traces of 
Since (p,m) reactions in the gases other than tritium 
would not contribute to the monoenergetic peak, the 
data were simply corrected for the fact that the tritium 
content was not 100%. Due to the health hazard of 
tritium, the tantalum entrance window was supported 
by a gold grid which contained an array of close-packed 
holes, $ in. in diam. The transmission of this grid was 
calculated to be 85%, and the data were corrected 
accordingly. 

The data of Perry ef al.* in Fig. 7 were obtained with 
a proton recoil counter telescope, and 


information on the variation 


other 


gases. 


have an esti- 


sterad 


)- milliborns 


Fic. 4. Three-dimensional array of the ar 
in the center-of 


gular distributions 


mass Sy 


18 J. E. Young (private communication). 





ANGULAR 
mated error of 7%. The Russian data (dashed line) in 
Fig. 7 were obtained by means of a long counter up to 
7 Mev,' and by means of a counter telescope at higher 
energies.’ The experiment was performed with broad 
energy resolution due to the use of lead foils to degrade 
the energy of the protons. The quoted estimate of error 
on the data is 10%. The data of Stewart, Frye, and 
Rosen!® were obtained with nuclear emulsions, and are 
good to 20%. Recently, Wilson, Fossan, and Walter’? 
have relative measurement of the 0° cross 
section, using a proton recoil counter telescope. The 
data were normalized to the Perry eé al. curve in the 
5- to 6-Mev interval. The solid-line curve through all 
of the data represents a weighted average of the data 
and is the best value for the 0° cross section, to an 
accuracy of 5%. All angular distributions in this paper 
have been normalized to this curve. 

The total cross section for this reaction can be ob- 
tained by simple integration, using the cosine expansion 


done a 
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Ye sles Mee alle” F 
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Three-dimensional array of the angular distributions 
in the laboratory system. 
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Fic. 6. Variation of the ratio of the cross sections at 0° and 180° 
in the pone of-mass system with incident proton energy. The 
open circles are the present data, the closed circles are the data 
of Perry et al. (reference 8), and the triangles are the data of 
Bogdanov et al. (reference 5). 


16 L. Stewart, G. Frye, Jr., and L. Rosen, Bull. Am. 
Soc. 1, 93 (1956); L Seen (private communication). 

17 W. E. Wilson, D. B. Fossan, and R. L. Walter, Bull. Am. 
Phys. Soc. 5, 410 (1960); W. E. Wilson (private communication). 
We greatly appreciate permission to include these data prior to 
publication. 
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Fic. 7. Variation of the cross section at 0° with incident proton 
energy. The open circles are the present data; the closed circles 
are the data of Wilson et al. (reference 17); the triangles are the 
data of Stewart et al. (reference 16) ; the dashed line is the Russian 
data (references 4 and 5); and the long-short dashed line is from 
the data of Perry et al. (reference 8). The solid line is a weighted 
average of all the data and is accurate to about 5% 
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Fic. 8. Variation of the total cross section with incident proton 
energy. The open circles are the present data; the closed circles 
are the data of Perry ef al. (reference 8); the open triangles are 
the data of Gibbons and Macklin (reference 18); and the closed 
triangles are the data of Bogdanov et al. (reference 5). 


for the differential cross section. The calculated values 
at each energy are tabulated in Table I, and the varia- 
tion with proton energy is shown in Fig. 8. The values 
of Perry ef al.’ have been renormalized to the best value 
of the 0° cross section (Fig. 7) at each energy. Included 
in Fig. 8 are the data of Gibbons and Macklin,'* who 
used a large graphite sphere around the target to ther- 
malize the flux at all angles and measure total-reaction 
cross sections. Though these data are consistently high, 
the agreement is still well within the errors. 
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the 3.0- and 2.21-Mev states are the 9/2* and }* 


I. INTRODUCTION 
Eee Bromley, Gove, and Litherland have 


recently shown' that the rotational 
model gives a good qualitative description of many 
of the properties of the low-lying excited states of Al*’. 
The purpose of the present experiment was to investi- 
gate gamma-ray transitions from higher excited states 
of Al’? in order to test further the applicability of the 
collective model to this nucleus. A state at about 3.0 
Mev excitation energy was found to decay strongly to 
the third excited state at 2.21 Mev. This result has a 
simple explanation in terms of the rotational collective 
model. 


collective 


Il. EXPERIMENTAL APPARATUS AND PROCEDURES 


The gamma radiations from Al*’ were studied using 
the Al?7(a,a’y) 


Ea= 


reaction at a bombarding energy of 
22 Mev. Standard fast-slow coincidence apparatus 
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Fic. 1. Charged particle spectrum obtained with a 10-mil thick 
CsI crystal from the bombardment of a 0.2-mil aluminum foil 
with 22-Mev alpha particles. 
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1 E. Almqvist, D. A. Bromley, H. E. Gove, and A. E. Litherland, 


Nuclear Phys. 19, 1 (1960). 


members of a K=$ 


reaction was investigated by using particle-gamma coincidence techniques and the 22-Mev 
alpha-particle beam from the Indiana University cyclotron. A 0.79+0.03 Mev gamma-ray 
tween the 3.0- and 2.21-Mev states of Al?’ was observed. This result, together with other dat 


transition be 


§ rotational band 


was arranged so that gamma rays in time coincidence 
with inelastically scattered alpha partic les of a selected 
energy could be measured. In this way it is possible to 
study the decay of modes of individual excited states 
wherever they can be resolved by the partic le detector. 

The alpha-particle detector was a 10-mil thick 
diam CsI crystal placed 1} in. from the target at a 
forward angle of 30 deg from the beam direction. For 
the coincidence measurements, this crystal was covered 
by a }-in.X}4-in. slit collimator. The crystal was con- 
nected optically to an RCA type 6342 A multiplier 
phototube by a Lucite light in. longX¢{ in. in 
diameter. 

The gamma-ray detector was a Harshaw 3-in. X3-in. 
Nal crystal mounted on a Du Mont type 6363 multi- 
plier phototube. This detector 
front face about 3 
to the plane containing the 
detector. 

Several precautions were taken to minimize 
ground counts in the gamma-ray detector: (1 
crystal was surrounded by 2 in. of lead, ;g in. 
mium, and 5 in. of boron-loaded parainn. 2) The target 
chamber and both detectors were enclosed in a concrete 
hut with walls 15 in. thick. The 22-Mev alpha-particle 
beam from the cyclotron was collimated and stopped 
outside of this hut, so that 


in. 


pipe 12 in. 


was placed with its 
he target perpendicular 
beam and particle 


in. from t 


the 


bac k- 
The Nal 


of cad- 


the beam struck only the 
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Fic. 2. Single-crystal gamma-ray spectrum obtained 
3-in.X3-in. NaI crystal from the bombardment of a 
aluminum foil with 22-Mev alpha particles 
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Fic. 3. Uncorrected gamma-ray spectrum coincident with 
inelastically scattered alpha particles corresponding to the 2.21- 
Mev state of Al’. 


target (a 0.2-mil thick aluminum foil) inside the hut. 
(3) The cyclotron beam current was reduced to the very 
small level (~ 0.001 wa) used in this experiment largely 
at the arc source before acceleration, rather than by 
collimators after acceleration. This was done by re- 
ducing the opening in the arc cone from a normal size 
of }-in.X}-in. to a 7g-in. diam hole. Under the above 
conditions, background counts in the gamma-ray de- 
tector were negligible. 


III. EXPERIMENTAL RESULTS 


Figure 1 shows the charged particle spectrum ob- 
tained from the bombardment of a 0.2-mil aluminum 
foil with 22-Mev alpha particles. The peaks in the upper 
channels are due to scattered alpha particles. Some of 
the counts in the lower channels are due to deuterons 
from the Al?’(a,d)Si** reaction. The inelastic alpha peaks 
are identified with the known? excited states of Al?’ 
at 0.842, 1.013, 2.213, 2.732, 2.977, and 3.001 Mev. 
The states at 0.842 and 1.013 Mev and also at 2.732, 
2.977, and 3,001 Mev are unresolved. The spectrum 
shown in Fig. 1 was taken with a ;’g-in. diam collimator 
over the CsI crystal. For the coincidence measurements, 
a larger 3-in. X}-in. slit collimator was used giving 7.5% 
energy resolution for the elastic peak instead of the 
3.0% shown in Fig. 1. Under these conditions, the 
2.21-Mev peak was only slightly resolved from the 
3.0-peak. It was still possible, however, to adjust the 
differential pulse-height analyzer window for the particle 
counter to accept predominantly inelastic scattered 
alpha particles corresponding to the 2.21-Mev state. 
The 2.73-, 2.98-, and 3.00-Mev states were studied 
together. 

Figure 2 shows the single-crystal gamma-ray spectrum 


2D. J. Donahue, K. W. Jones, M. T. McEllistrem, and H. T. 
Richards, Phys. Rev. 89, 824 (1953); C. P. Browne, S. F. Zimmer 
man, and W. W. Buechner, ibid. 96, 725 (1954); W. C. Porter, 
M. A. Rothman, and D. M. Van Patter, Bull. Am. Phys. Soc. 2, 
143 (1957). 
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Fic. 4. Uncorrected gamma-ray spectrum coincident with 
inelastically scattered alpha particles corresponding to the 2.73-, 
2.98-, and 3.00-Mevy states of Al’. 


obtained with a 3-in.X3-in. NaI detector from the 
bombardment of a 0.2-mil aluminum foil with 22-Mev 
alpha particles. This spectrum is uncorrected for back- 
ground effects, which were small. The strongest peaks 
at 1.28 and 2.04 Mev are probably from the Al?’(a,dy)Si*® 
reaction.’ The peak at 2.24 Mev is probably from the 
Al’"(a,a’y) reaction. The 0.511- and 1.28-Mev gamma 
rays from an Na” source were used for energy calibra- 
tion of Fig. 2. 

Figure 3 shows the gamma-ray spectrum in coinci- 
dence with inelastically scattered alpha particles cor- 
responding to the 2.21-Mev state of Al*’. The total time 
required for collection of these data was 10 hr 45 min. 
No corrections have been applied for background or 
accidental coincidences. A true to accidental ratio of 
8 is obtained by comparing Fig. 3 with Fig. 2. Figure 3 
shows a strong peak corresponding to the ground state 
transition from the 2.21-Mev state. No cascade transi- 
tions to the 0.84- or 1.01-Mev states from the 2.21-Mev 
state were observed with an intensity as great as 20% 
that of the direct ground state transition. The 1.01-Mev 
peak is due to the inclusion of tails from the 1.01- and 
2.73-Mev states within the window of the particle 
counter. The 0.511-Mev peak is due to accidental 
coincidences. 

Figure 4 shows the uncorrected gamma-ray spectrum 
in coincidence with inelastically scattered alpha particles 
corresponding to the 2.73-, 2.98-, and 3.00-Mev states. 
The time required for this run was about 7} hr. This 
spectrum was decomposed into its individual line shapes 


3 In both the Al??+aand F!®+a reactions at 22-Mev bombarding 
energy, it is observed that the strongest gamma rays come from 
the (a,dy) reaction. The (a,«’y) reactions are somewhat weaker, 
and the (a,py) and (a,ny) reactions are very weak, in both cases. 
This is perhaps a general feature of alpha-induced reactions at 
this bombarding energy. 
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Fic. 5. Experimentally observed decay schemes of the low levels 
of. Al? and suggested collective model assignments. 


using the data of Heath.‘ The gamma-ray energies and 
assignments obtained are listed in Table I. The un- 
labeled peaks in Fig. 4 are ‘‘escape” peaks from higher- 
energy gamma rays. 


IV. DISCUSSION OF EXPERIMENTAL RESULTS 


Figure 5 summarizes the gamma-ray decay modes of 
the low-lying states of Al’’. The 0.84- and 1.01-Mev 
states have been investigated in detail recently by 
Almaqvist ef al.' The strong ground state transition 
from the 2.21-Mev state has been observed by several 
investigators.*-* The upper limits obtained from the 
present experiment for the intensities of cascade transi- 
tions from the 2.21-Mev state agree with the results of 
Ranken, Bonner, Castillo-Bahena, Harlow, and Rab- 
son.’ Ranken ef al.* have shown that the 2.73-Mev state 
decays predominately to the 1.01-Mev state. In Fig. 4 
most of the counts corresponding to this transition at 
about 1.72 Mev are due to the one escape peak of the 
2.21-Mev gamma ray. The ratio of the intensity of the 
1.77+0.05-Mev gamma ray to that of the 2.76+9.06- 
Mev gamma ray obtained from Fig. 4 is 0.7. This 
number does not represent a branching ratio for the 
state, however, since the measurement was made at 
only one angle. According to Ranken et al.,? the branch- 


*R. L. Heath, Atomic Energy Commission Research and 
Development Rept. IDO-16408, 1957 (unpublished). 

5M. A. Rothman, H. S. Hans, and C. E. Mandeville, Phys. 
Rev. 100, 83 (1955). 

®*R. B. Day, Phys. Rev. 102, 767 (1956). 

71. L. Morgan, Phys. Rev. 103, 1031 (1956). 

8 C. Van der Leun, P. M. Endt, J.C. Kluyver, and L. E. Vrenken, 
Physica 22, 1223 (1956). 

®W. A. Ranken, T. W. Bonner, R. Castillo-Bahena, M. V. 
Harlow, and T. A. Rabson, Phys. Rev. 112, 239 (1958). 
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Energies and assignments of gamma rays from 
the reaction Al’ (a,a 


TABLE I 


E,* (Mev) 


0.79+0.03 
1.02+0.03 
1.77+0.05 
1.92+0.05(?) 
2.24+0.06 
2.76+0.06 
3.00+0.06 


2.977 or 3.001 


® Uncorrected for possible 


ing ratio of the 2.73 — 1.01 Mev cascade to the ground 


state transition is equal to or greater than 3.8. 
2.73 — 0.84 


There is a slight indication in Fig. 4 for a 
= 1.89 Mev transition. This is not definitely established 
and is labeled in Table I with a question mark and in 
Fig. 5 by a dotted line. 

It is seen from Fig. 4 that either the 2.98- or 3.00-Mev 
state decays to the 2.21-Mev state, 
: Che ground state transi- 
3.0 Mev is also observed. 


giving rise to a 
0.79-Mev cascade gamma ray 
tion from one of the states at 
The energy measurement is not precise enough to 
establish whether it is from the 2.98- or 3.00-Mev state. 

It is not possible to obtain accurate branching ratios 
from the present data because (1) the 
measurements were taken at only one angle, 
the efficiency of the coincidenc« 
gamma-ray energy, falling off rapidly at low energies. 
The branching ratio numbers given in Fig. 5 for the 
2.73-Mev state are, therefore, placed in parentheses to 
indicate some uncertainty. 


coincidence 
and (2 


apparatus varied with 


V. COLLECTIVE MODEL INTERPRETATION 
OF RESULTS 


The significant new result of the present experiment 
is the strong 3.0— 2.21 Mev 
transition. This result has a simple interpretation in 
terms of the rotational! collective model 
been found! to be successful in describing the low-lying 
levels of Al?’?. On the basis of this model, the proton 
configuration, external to the O'* core, for Al’ is ex- 
pected to be (4)*($)*3, and the neutron configuration 
(4)?($)?($)", for values of the parameter 
n between 0 and +3 (prolate). This gives $* spin and 
parity for the ground state of Al’’ in agreement with 
experiment. The $* the rotational band 
based on the 3+ ground state is predicted! to be at 
about 1.85-Mev excitation energy. A low-lying 9/2* 
state is also predicted. The 0.84-, 1.01-, and 2.73-Mev 
states are interpreted! to be the 3+, }*, and 3+ mem- 
bers of a K=4 rotational band based on the proton 
configuration (4)*($)*5. 

A possible explanation for the strong 3.0 — 2.21 Mev 


establishment of the 


which has 


distortion 


member of 


Danske Videnskab. 
1953): S. G. Nilsson, 
Medd 29. No. 16 


1 A. Bohr and B. R. Mottelson, Kgl 
Selskab, Mat.—fys. Medd. 27, No. 16 
Kgl. Danske Videnskab. Selskab, Mat.—fys 
(1955). 
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gamma-ray transition is that the 2.21-Mev state and 
either the 2.98- or 3.00-Mev state are the $+ and 9/2+ 
members of the K= § rotational band as indicated 
in Fig. 5. The 3.0-Mev state would then be expected 
to decay strongly to the 2.21-Mev state by an M1 
transition and more weakly to other states because of 
higher spin differences. 
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Coupled Square Well Model for Elastic Scattering* 


D. E. Brtnorn, Rice University, Houston, Texas 


AND 


W. Tosocman,} Case Institute of Technology, Cleveland, Ohio 
(Received January 30, 1961). 


\ simple model for s-wave neutron scattering is provided by representing the scattering potential by a 
pair of coupled square wells. Such a model produces resonances that exhibit the giant resonance effect. 
We have compared isolated resonances given by this model for two types of coupling with the Breit-Wigner 
formula. We find that for a resonance with a width of about 16 kev, the resonant part of the scattering 
does indeed have the Breit-Wigner form. The resonance energy is found to be considerably shifted from 
the energy of the bound state that exists in the zero-coupling-strength limit. Also the nonresonant part 
of the scattering amplitude is considerably different from both the hard-sphere scattering amplitude and 
the zero-coupling-strength limit scattering amplitude. This last result is in accord with expectations based 


on R-matrix theory. 


N a recent paper,' a simple model (denoted hereafter 
by A) for the elastic scattering of s-wave neutrons 
was discussed. Sharp resonances were introduced into 
the slowly varying optical-model scattering amplitude 
by weakly coupling a second mode of motion (the 
compound-nucleus mode) to the motion in the incident 
channel. It was shown that the reduced widths of the 
sharp resonances in the model exhibit the giant-reso- 
nance behavior which has been observed in nuclear 
scattering. Here we shall consider the application of the 
Breit-Wigner single-level formula to these sharp reso- 
nances. The results will be compared with those for 
another type of simple model (B) for the same process. 
The scattering interaction for model A consists of a 
square-well potential modified by allowing transmission 
through the origin through a square barrier to another 
well. The second square well provides the second 
(compound nucleus) mode of motion. Explicitly, the 
potential has the form 


V (r)=0, 


=—V,, 


r>kR, 
O0<r<R, 
= V2, —R2.<r<0 
=—V;3, —(RotR3)<r<—Rz 
=o, r<—(R2+R3). 


For r>R, the radial wave function has the form 


(1) 


. Supported in part by the National Science Foundation. 
+ On leave of absence from Rice University, Houston, Texas. 
1 W. Tobocman and D. E. Bilhorn, Phys. Rev. 115, 1275 (1959). 


ry=e~‘*r—ne'*", The amplitude of the outgoing wave, 
n, can be written in terms of the hard sphere amplitude 
7H.S. aS 

n=—nu.s.5, 
where 


f= —kR, 


nu.s. =e, 


S=e*, S=—arctan(Z/T)), 


cot KR, “7 b 


Z= - =cot(K,Ri+y), 
1+6 cotK;R; 


(2) 


b=tany=b/T2, 
tanhK»R.+T; tanK;R; 


1 +T3 tanK;R3; tanhK»R> 


o= 


K,, Ke, Ks are the wave numbers for the particle 
in potentials Vi, V2, V3 and Ty=k/Ki, T2=Ke2/K,, 
T'3= Ko/K3. 

The scattering amplitude is proportional to A=1—y 
=1+x.s.S. In the limit of zero coupling (Ve= ©) we 
have '.= «, so 6 becomes zero and Z=cotK;R, which 
gives the slowly varying amplitude Ao due to the 
square well V;. For weak coupling (K2>k, Ki, Ks), Ts 
is large and it becomes possible to write 59 in the form: 


bo= 1 — 66, 
= Qe 2K ake & 1, 


B= (i-—T; tanK;R3;) [i+ (1 —6d5)T3 tanK3R; |. 


(3) 





BILHORN 


AND W. 


TOBOCMAN 











Thus 6p is close to 1 except when 1+ (1—6)I; tanA3R; 
is near zero, where bo varies rapidly, giving rise to a 
resonance. Thus the scattering amplitude far from a 
resonance takes the form 


A=1 +nH S S. 


N =exp(2id), @=—arctan(Z/T)), (4) 
Z cot[ K,R;+arctan(1/T.) ], 


and we may write the exact amplitude as A= A+A pg, 
where Ar=nu.s.(S—S) is to be identified as the 
contribution to the scattering amplitude due to the 
resonance. Since Ag may be written Ar=nu-s (—S)(1 
+Spr), and 1+Sp=(—S)"S=exp[2i(@—&—4n)], it 
is (1+S,) that is to be compared with the Breit-Wigner 
single-level dispersion form il'/(E—o+4:1) or 6-—& 
—}m is to be compared with arctan[ (E— £y)/3T]. The 
factor nu.s.X(—S) gives the relative phase of A and 
(1+Sp). 

Numerical calculations that (1+SpR) does 
indeed have the Breit-Wigner form, allowing us to 
identify A as the “potential” scattering amplitude. This 
amplitude is neither a hard-sphere amplitude, nor sim- 
ply the amplitude Ao=1+9u.s. exp(—2iI'; cotK ,R2) 
due to the uncoupled well V;. In the weak coupling ap- 
proximation, A has essentially the same form as A ex- 
cept that the effective radius in the factor Z has become 
increased [Z~cot(K,R+T; ')y=cotK,(Ri+ Ke") }. If 
we think in terms of the R-matrix formalism,’ this is 
the manifestation of the effect of distant resonances on 
the background amplitude for this model. Hence, if 
the background amplitude A is to be represented either 
by a hard-sphere amplitude or a square-well amplitude, 
some parameter must be energy dependent, for example, 
the radius of the hard sphere or the depth of the square 
well. In Fig. 1, the cross section |A\|? of a typical 


show 


? A. M. Lane and R. G. Thomas, Revs. Modern Phys. 30, 273 
(1958). 


lic. 1 
neutron elastic scattering accord 
ing to model A. Parameters are 
R,=R;=6 fermi, Re=0.48 fermi, 
J 40 Mev, Ve=500 Mev, V3; 
=45 Mev. Curve I is the exact 
cross sectior 1\? given by the 
model, curve II the background 
III the 
scattering 
of radius R,, 


ross section 1,5)? 


Cross section for s-wave 


cross section A|*, curve 
cross sectior 1.8. |* for 
from a hard sphere 
curve IV the « 
for scattering from the uncoupled 
optical well | and the dots are 
the Breit-Wigner fit 1+Apw./? 
to the exact ro ction 1 |? 
The parameter I the Breit 
Wigner formula ar l 
Mev and I 


= 2.655 


isolated resonance of the modei is presented, together 
with the cross sections: lus for hard-sphe re scat- 
tering from a sphere of radius Rj, | Ao? for scattering 
from the uncoupled well Vi, the background cross 
section |A|?, and the Breit-Wigner fit | A 
where Ap W.>7H.S (—S)iT'o (E—F, ah 
curve I shows the energy dependence of the hard-sphere 
radius R(£) needed to reproduce the background 
amplitude A. The parameters for this case are Ri=R3 
=6 fermi, R.=0.48 f, Vi=40 Mev, 1 500 Mev, 
V3=45 Mev, and the Breit-Wigner parameters are 
Eo=2.655 Mev, T'o= 18 kev. 

Another model (B), which couples a second mode of 
motion to that of the incident particle but which 
employs a different method of coupling from that 
discussed above, is provided by coupling two Schréd- 
inger equations by means of a potential.*-4 
Explicitly we write 


lp W 
In Fig. 2, 


square 


(E— Ay )hi=Vwo, (E—-H.)y Vow, 
i> ad 
H.=T+V;, Hi=T+V;, T=— 
2m dr 


Vi(r)=0, r>R; 


V 12(r) = Voi*(r) =0, 
= VyptiWy, 


and subject to R< Rj, Re. If we take R= Ri(< Re) then 
3 We are grateful to Dr. L. C. Biedenharn and Dr. M. H. Kalos 
who both independently suggested this model to us 
*T. A. Tombrello and G. C. Phillips, Nuclear Phys. (to be 
published). 





COUPLED SQUARE WELL 
the coupling of the optical mode to the compound 
nucleus mode takes place over the entire range of the 
optical potential, in contrast to model A, in which the 
coupling was concentrated at the origin of the optical 
potential. Thus, the method of coupling in the two 
models is of quite different character, and we may then 
gain information as to which properties of a system of 
two coupled square wells are sensitive to the details of 
the coupling. 

For r>R,, ¥ has the form y;=e~“"—ne*" and ype is 
zero for r>R»2. The scattering amplitude is then 
proportional to A=1—y and n may be calculated once 
the coupled equations have been solved. This is readily 
done since the potentials involved are constants in the 
range of r for which the equations are coupled. One 
finds that for the case R= R,< Ro, n has the form: 


n= —7H.Ss.5, 
ee? o=—arctan(2/71), 
kK, COtK,Ry+ ake cotkeR, 


k1(1+a) 


KI cotk,Ri+ Ke cotKs(Ro— R;) 
ko cotkeR:+K> cotK>(R»—R:). 


€ 


2m V32+W 2 
h? (K ry 
a 7 
kP=3{K2+K2+[(K?2—-K-)’ 
+4(Vi2+Wi2)2m/h }}}, 
MK e+Ke—[(Ke—K2) 


+4( V 2+ W 12?)2m h? }}}, 
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Fic. 2. Energy dependence of hard sphere radius R(/£) needed 
to fit background cross section |A|? with the cross section due 
to hard-sphere scattering. Curve I is the R(/) needed for the 
cross section obtained in model A (Fig. 1) while curve II is the 
R(E) needed for cross section due to model B (shown in Fig. 3). 


where K,, Ky are the wave numbers in the uncoupled 
wells Vi, Vo, respectively. 

The expression, z, is not as easy to analyze as was Z. 
We have not been able to find a simple expression for z 
when the energy is far from an isolated resonance. 
However, one can numerically and graphically deter- 
mine a background amplitude A=(1+7n.s.8) such 
that it, plus a Breit-Wigner amplitude [again with the 
relative phase given by nu.s.(—§8)] gives a good 
approximation to the exact amplitude A. 

The scattering cross section for a typical isolated 
resonance for this model is shown in Fig. 3 where again 
| Ay.s.|? is the hard-sphere cross section for a sphere of 
radius R,, |Ao|? the cross section for the uncoupled 
well V;, |A!? the background cross section, | A|? the 
exact cross section, and |A+A,.w.|? the Breit-Wigner 
fit. Curve II in Fig. 2 shows the energy dependence of 
the hard-sphere radius R(/) needed to fit the back- 
ground amplitude A. The parameters for this case are 
R,=6 fermi, Re=2R,=12 fermi, V;=40 Mev, V2=45 
Mev, Vi2=0.16 Mev, Wi2=0; and the Breit-Wigner 





Fic. 3. Cross section for s-wave 
neutron scattering according to 
model B. Parameters are R,=6 
fermis, Re=2R,=12 fermis, V; 
=40 Mev, V2=45 Mev, Vi12=0.16 
Mev, Wi2=0. Curve I is the exact 
cross section |A|? given by the 
model, curve II the background 
cross section |A|?, curve III the 
cross section | A q_g, |? for scattering 
from a hard sphere of radius R,, 
curve IV the cross section | Ao|? 
for scattering from the uncoupled 
optical well Vi, and the dots are 
the Breit-Wigner fit |A+Ap.w. |? 
to the exact cross section | A |?. 
The parameters used in the Breit- 
Wigner formula are /)=8.427 
Mev and I'y=15 kev. 
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parameters are Zy=8.427 Mev, I'o=15 kev. Again, we 
see that the background cross section is significantly 
different from the hard sphere or optical potential 
cross sections. Also the energy dependent hard sphere 
radius needed to fit the background cross section shows 
qualitatively the same behavior as in model A. 

The parameters have been chosen in both cases, so 
that the energy of the resonance when the coupling 
goes to zero, E, is the same. This energy is that of the 
nearest level in the uncoupled infinite square well 
representing the compound nucleus mode of motion. 
For these parameters, this energy is 5.904 Mev. (The 
compound nucleus well in model B has twice the radius 
as the compound nucleus well in model A so that the 
level density is twice as great, but the levels in such a 
well are separated by energies of the order of 20 Mev 
at this energy. Therefore, the separation of resonances 
in the scattering cross section is large compared to the 
widths of the resonances when the coupling is weak. 
Thus we are dealing with well isolated resonances in 
both cases.) The strength of the coupling in both 
models has been adjusted so that the total widths of 
the resonances, Ip, is small, and so that I’p is approxi- 
mately the same for the two resonances. In this case, 
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the reduced widths y?=I'/2kR;, in both models will be 
roughly the same if the resonance energies are the same. 
This means that the probability of forming the com- 
pound mode of motion in both cases is essentially the 
same. Using this effect as a measure of the coupling, 
we can then say the strengths of the coupling in the 
two cases are roughly the same. 

There are two points that can be made. One is that 
in general the shape of the resonance is not strongly 
model dependent, while the level shift and the back- 
ground cross section are quite sensitive to the details 
of the coupling mechanism. The second point arises 
from the realization that the widths of the resonances 
shown in Figs. 1 and 3 are small in comparison with 
experimentally observed widths. The reduced widths 
are 4 and 2 kev for models A and B, respectively. Thus 
the coupling is weak. However, the shifts in the reso- 
nance energies from E, the A’s, are large (AS£—3.3 Mev 
in model A, At~+2.5 Mev in model B). Also, even 
though the resonances are well isolated for these cases 
and the coupling is weak, the background cross section 
differs significantly from the zero-coupling cross section. 
Therefore it is evident that even in the weak-coupling 
limit, sizable effects can occur. 
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Fluorescent Response of Scintillation Crystals to Heavy Ions* 


E. NeEwMAN, A. M. SmitH, AND F. E. STEIGERT 
Yale University, New Haven, Connecticut 
(Received January 27, 1961) 


The light output of CsI(Tl) was measured as a function of energy for incident ions of B", B", C, N¥, 
O"*, and F. The response of NE 102 plastic and anthracene scintillators was also measured for ions of N“ 
and O"*, respectively. The response of CsI was essentially linear for energies above 6 Mev/A, where A is the 
mass number of the incident ion. The NE 102 was linear for energies above 4 Mev/A. The anthracene data 
showed slight curvature even at 9 Mev/A. It would appear that the response of CsI differs somewhat 


among crystal samples. 


INTRODUCTION 


URING the search for suitable particle detectors 

for heavy ions, a systematic survey of various 
scintillation crystals was undertaken by various groups 
at this laboratory. As has already been reported,'* the 
alkali halides proved generally superior in performance 
because of their higher light output and correspondingly 
better resolution. The CsI(T1) crystals demonstrated 
one rather strange characteristic, however. There 
appeared to be a reproducible difference in luminescence 
among crystals obtained at different times from different 


* Supported in part by the Office of Naval Research and the 
Atomic Energy Commission. 

1 E. Newman and F. E. Steigert, Phys. Rev. 118, 1575 (1960); 
see also, Bull. Am. Phys. Soc. 4, 51 (1959); 4, 270 (1959). 

2A. R. Quinton, C. E. Anderson, and W. J. Knox, Phys. Rev. 
115, 886 (1959). 


sources. This variation could be reliably associated with 
the pulse height ratio between the ThC and ThC’ alpha 
particle groups. The organic and plastic scintillators 
used, as well as having a total light output somewhat 
lower than that of the CsI, showed rather significant 
differences in general behavior. Hopefully, in these 
variations lies the clue to a better understanding of the 
mechanisms involved in the scintillation process. 


EXPERIMENTAL RESULTS 


The experimental data were obtained in the manner 
previously described.' Particle beams from the Yale 
heavy-ion linear accelerator were magnetically analyzed, 
degraded with nickel absorbing foils, and then re- 
analyzed in a magnet spectrometer. The detection system 
consisted of 3-in. diameter by }- to 1-mm thick crystals 
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mounted directly onto the face of a DuMont 6292 
photomultiplier. The analyzed particles were restricted 
to the central portion of the detector by means of a 
j-in. diam collimator. The pulse-height spectrum was 
observed on an Atomic 20-channel analyzer. Various 
phototube voltages from 800-1200 v were used to 
insure that there were no space charge limitations. The 
relative pulse heights obtained are displayed in Figs. 
1-3. In each case, the normalization is in terms of the 
pulse height of the ThC’ alpha particle (8.78 Mev) 
taken as unity. 

In Fig. 1 are displayed the data as obtained for the 
various ion species in CsI. A is the mass number of the 
incident ion. The curves for the two boron isotopes and 
fluorine are explicitly drawn for the entire range of 
observed energy values. Experimental points are shown 
only for the fluorine to avoid unnecessary confusion. 
As is evident, all of the curves have the same approxi- 
mate shape and converge for low velocities. The curves 
for C® and O"* are arbitrarily terminated at about 
4.5 Mev/A to avoid confusion in the general low-energy 
convergence. The nitrogen curve is experimentally 
indistinguishable from that of the B", when plotted in 
the fashion shown. All of the curves appear to be linear 
above 6 Mev/nucleon. For all of the scintillators tested, 
the resolution varied inversely as the square root of the 
energy. Typical values for full-energy ions in CsI were 
of the order of 2%. 

A comparison of these data with the results obtained 
in contemporary experiments by Quinton et al.’ dis- 
played a marked discrepancy. In general, the corre- 
sponding curves of reference 2 demonstrated a system- 
atic displacement to lower relative pulse heights. 
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Fic. 1. Light output of CsI(TI) crystals as a function of energy 
per nucleon for ions of boron, carbon, nitrogen, oxygen, and 
fluorine. Vertical scale is normalized relative to 8.78 Mev alpha 
particles from ThC’. The N“ and B" are experimentally in- 
distinguishable. The C' and O'* curves are arbitrarily cut off at 
about 4.5 Mev/A to prevent confusion in the general low-energy 
convergence. 
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Fic. 2. Light output of anthracene crystal as a function of energy 
per nucleon for ions of oxygen and helium. 


This effect could be best labeled in terms of the pulse 
height ratios obtained between the ThC and ThC’ 
alpha particles of 6.05 and 8.78 Mev, respectively. 
The crystal blanks used in the present experiment 
consistently yielded a value of 0.60, significantly below 
the ratio of 0.64 typical of reference 2. Such a lower 
ratio could well be accounted for in terms of a relatively 
insensitive surface layer equivalent to about 0.45 
mg/cm? of absorber. Unfortunately, adjustment of the 
heavy-ion data commensurate with such an assumption 
did not materially alter the nature of the discrepancies. 
Two attempts were made to resolve the apparent 
disagreement experimentally. First, a crystal blank 
borrowed from Quinton e/ a/. was used in our apparatus. 
As was to be expected, the data reproduced their 
results. Finally, the surfaces of the crystals used in the 
present experiment were repeatedly polished down in an 
attempt to remove the hypothesized dead layer. Again, 
the results were unchanged. The inescapable conclusion 
would thus appear to be that a degree of variation 
exists among some CsI crystals. Such nonreproducibility 
has been observed elsewhere as well.* 

While the source of these differences is not yet 
understood, two possible mechanisms are being con- 
sidered. Differences in the thallium concentration might 
be expected to give results of this type. It is also 
conceivable that such deviations might result from the 
existence of preferential axes for luminescence within 
the crystal lattice.‘ Such an effect might be more 
pronounced in CsI than in Nal, considering the differ- 
ence in crystal structure. Further, since the former 
usually exist as sawed rather than cleaved blanks, a 
somewhat random orientation of crystalline axes might 
be expected in any given stock of scintillators. This 
possibility is presently being investigated. 

The data for the anthracene are displayed in Fig. 2. 
The general characteristics would appear to be quite 
similar to those exhibited by the alkali halides: a 


3M. L. Halbert (private communication). 
‘R. G. Wheeler (private communication), 
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Fic. 3. Light output of NE 102 plastic scintillator as a function 
of energy per nucleon for nitrogen ions. 


gradual increase in luminous efficiency with velocity 
and becoming linear somewhere in the neighborhood 
of 9 Mev/nucleon. However, this type of behavior 
is quite antipodal to that observed by Taylor ef al.5 
for alpha particles. In this latter work, the total light 
output as a function of energy shows a negative curva- 
ture and appears to be saturating at about 2 Mev 
nucleon. Even though an effective surface absorption 
could not precipitate such an inversion, the same checks 
as with the CsI were performed. Again, the ThC-ThC’ 
alpha-particle pulse-height ratio (0.74 in this case) did 


not change with repeated polishing. This invariance 
would also seem to rule out any nonlinear sensitivity 
gradients. It should be noted that the anthracene 
lattice, like CsI, possesses axes with quite different 


atomic linear densities. This again could lead to 


preferential axes of luminescence. 














2 
dE/dx (Mev/mg cm®*) 

Fic. 4. The differential efficiency of fluorescence for CsI (TI) 
as a function of specific energy loss for ions of boron and fluorine 
The dashed curves are equivalent relationships for NaI (T1) 
crystals. 


5 C. J. Taylor, W. K. Jentschke, M. E. Remley, F. 
P. G, Krugen, Phys. Rev. 84, 1034 (1951), 


S. Eby, and 
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The curve for the NE 102° plastic scintillator is 
shown in Fig. 3. It exhibited the largest region of 
linearity of any of the materials examined. This would 
be in qualitative agreement with the results of Evans 
and Bellamy’ for protons. Actually, a slight curvature, 
commensurate with the small constant 
reported, would not be inconsistent with the present 
data. Even below the velocity region studied, it is 
apparent that no large saturation effects are necessary 
to include the origin. The resolution for high energies 
was typically 3%. 

Even a cursory comparison of the three sets of 
curves would seem to indicate considerable variation 
among the respective scintillators relative to the light- 
producing mechanisms involved. Particularly large 
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Fic. 5. The value of specific energy loss which appears to be the 
effective upper limit of linear response as a function of the nuclear 
charge of the incident ion. Equivalent data for Nal and for CsI as 
obtained in reference 2 are included for comparison 


differences apparently are involved in the saturation 
effects usually associated with high specific ionization. 

The fluorescent efficiency (dL/dE) 
boron and fluorine ions in CsI is displayed in Fig. 4 as a 
function of the specific energy loss (dE/dx). The values 
of dE/dx as a function of energy were obtained by 
extrapolation of the data of Roll and Steigert* and of 
Northcliffe e¢ al. When plotted in this fashion, the 
regions of linearity (approximately horizontal slope) 
and saturation are quite apparent. The corresponding 


for the case of 


® Nuclear Enterprises Ltd 

7H. C. Evans and E. H 
74, 483 (1959) 

’P. G. Roll and F. E. Steigert, Nuclear Phys. 17, 54 (1960) 

%L. C. Northcliffe, Phys. Rev. 120, 1744 (1960); P. E 
Schambra, A. M. Rauth, and L. C. Northcliffe, zbid. 120, 1758 
(1960). 


Bellamy, Proc. Phys. Soc. (London) 





FLUORESCENT RESPONSE 
data in Nal are dashed in for comparison. Except for a 
systematic displacement, the behavior is quite similar 
in the two. The transition region is rather well defined 
in each case and occurs consistently at values of dE/dx 
about 25% higher in the CsI than the Nal. The values 
of the specific ionization characteristic of this transition 
region are shown in Fig. 5 for both types of crystal as a 
function of the incident charge. Since both sets of 
specific energy-loss curves are constructed from extrap- 
olated values, the precise magnitude of this shift is 
not as significant as its relative constancy. The values 
obtained in reference 2 in terms of range in aluminum 
are included for comparison. 

In the saturation region, the slopes for both crystals 
for the same ion species are roughly parallel. However, 
this observation is quite sensitive to the systematic 
scaling errors likely to exist in the constructed specific 
energy loss curves. One minor difference would be the 
complete superposition of the two boron curves in CsI. 














dE/dx (Mev/mg cm®) 

Fic. 6. The specific fluorescence for CsI(Tl) as a function of 
specific energy loss. The dashed curves are the equivalent relation- 
ships for NaI (TI) crystals. 


For the case of Nal, this appeared to be true only in the 
linear and transition regions. There seemed to be some 
evidence for a slight divergence at the higher values of 
dE/dx. For the purposes of the comparisons above, the 
mean of these two branches was drawn. 

An alternative presentation of these same data is as 
shown in Fig. 6, plotting specific fluorescence (dL/dx) 
as a function of the specific energy loss. Only the boron 
and fluorine curves are shown as examples of the 
behavior in CsI. The corresponding curves in Nal are 
dashed in for comparison. The general similarity is 
again apparent. The coefficient of proportionality 
between dL/dx and dE/dx in the linear (constant slope) 
region is consistently about 70% of the slopes obtained 
for Nal. The respective values are displayed as a 
function of ion species in Fig. 7. It should be noted that 
an extrapolation of this region does not include the 
origin. Each of the CsI family of curves would appear 
to extrapolate to an intercept corresponding to positive 


OF 


SCINTILLATION CRY 





1 


@®—Nol 
o—Cal 

+— NE 102 

X< — Anthracene 











Z incident 


Fic. 7. The coefficient of linearity of the high-energy data as 
a function of the nuclear charge of the incident particle. The data 
for Nal is included for comparison. 


light output for zero energy loss, similar to the observa- 
tions for NaI. This is most likely to be accounted for by 
a small amount of positive curvature in this so called 
linear region. The behavior of both materials in the 
saturation region is such as to invalidate Birks” simple 
assumptions regarding inactivation. 

The same relationships are illustrated in Figs. 8 and 9 
for the anthracene and NE 102. For these scintillators, 
only the linear region is reasonably well described. 
For nitrogen ions in NE 102, the specific luminescence 
would seem to be strictly proportional to the specific 
energy loss, with the extrapolated locus even including 
the origin. From the pulse height data it is apparent, 
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Fic. 8. The differential efficiency of fluorescence for anthracene 
as a function of specific energy loss for ions of oxygen and helium. 


0 J. B. Birks, Scintillation Counters (Pergamon Press, New 
York, 1953). 
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Fic. 9. The specific fluorescence of anthracene and NE 102 asa 
function of specific energy loss. The nitrogen curve is in NE 102, 
the oxygen and helium in anthracene. The large d/dx portion of 
the helium curve is broken because of the relative uncertainty in 
measuring the slope of the pertinent portion of the pulse height vs 
energy curve 


however, that some saturation must be setting in at 
only slightly higher values of dE/dx. The oxygen in 
anthracene, in spite of the curvature of the pulse 
height vs energy plot, shows a reasonably defined 
linear region. The helium data are somewhat difficult 
to assess because of the large uncertainty in the values 
of dL/dE between 4 and 8 Mev per nucleon. The large 
curvature the pulse height data requires in this region 
would permit a variety of curves to be drawn, all 
satisfying the datum points equally well. Accordingly, 
this portion of Fig. 9 has been dashed in as being 
questionable. The higher energy data appear to be 
quite linear, however. Both curves in anthracene 
extrapolate to about —0.1 mg/cm?, roughly the same 
behavior as previously observed for the alkali halides. 
These data for the organic crystal are not considered of 
sufficient accuracy to attach any significance to this 
approximate coincidence. The respective coefficients of 
linearity for the heavy ions are compared to those of the 
alkali halides in Fig. 7. 


DISCUSSION 


It is apparent that the simple model proposed by 
Birks to explain the fluorescent response of lightly 


ionizing particles in organic phosphors is inadequate to 


features of the data. The 


relationship obtained is 


dL dE dk 
=A /(: +kB 
dx dx dx 


understand all present 


SMITH, 


AND STEIGERT 
where the constant A is to be identified with the light- 
producing efficiency of the ion-scintillator combination 
and &B is to be associated with the effective quenching 
due to local inactivation. Both of the alkali halides 
demonstrate a falloff in specific fluorescence far stronger 
than the simple asymptotic saturation expected from 
this model. However, if the discussion is restricted to 
the so-called linear regions, the observed behavior is at 
least compatible with Birks’ formulation. The values of 
the proportionality constant A are then approximately 
as given in Fig. 7. The corresponding value for alpha 
particles in anthracene is about 0.5 Mev~ on the basis 
of the present data. A value of kB of about 0.02 mg 
cm~?/Mev is sufficient to construct a curve consistent 
with the datum points in the linear region and also 
include the origin. This same value of kB will satisfy 
the anthracene data. While no saturation effects are 
required to account for the NE 102 results, the experi- 
mental points are again not inconsistent with a value 
of kB as large as 0.01 mg cm-?/Mev, the magnitude 
observed by Evans and Bellamy’ for the case of protons. 
It would appear that the so-called transition region, 
corresponding to the knee in Fig. 4, denotes quite well 
the limit of applicability of this simple picture. For 
values of dE/dx in t value 
(plotted in Fig. 5) some additional phenomenon would 


seem to be involved. Ideally, this me 


excess of this transition 
hanism would 
Unfortu- 
nately, the data in this region is not considered suffi- 
ciently accurate to permit parameterization of such 
higher order terms in the denominator. A more detailed 
investigation in this low-energy region is obviously 
called for. One especially strange that the 
deviations manifest themselves at increasing values of 
dE/dx as a function of ion chargé 
universal limit. This is somewhat inconsistent with the 
usual concepts of light production requiring the differ- 
ential fluorescent efficiency (dL/dE) to be a function 
only of the specific energy loss. 

A universalization of the data can be performed in 
terms of Seitz’s® generic relationship, 


L/AZ? 


entail a quite high-order loss in sensitivity. 


spect is 


rather than some 


h(E/AZ*), 


where L, A, Z, and E have the same interpretation as 
used herein and / denotes some undefined function of 
the argument. However, considering the inordinately 
large scaling factors involved (essentially Z*), such a 
test would be highly insensitive for most of the present 
data. Nevertheless, if one considers only the boron data, 
the appropriate mass ratio of 10/11 accurately describes 
the two curves shown in Fig. 1. 
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Possible Parity and Time-Reversal Experiments using the Mossbauer Effect* 
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In the successive transition of the beta and gamma decays, the excited and ground states of the daughter 
nucleus are effectively polarized, when the satellites of the Méssbauer effect are separately observed. Using 
this nuclear polarization, we design various experiments to detect parity nonconservation and time-reversal 
invariance in beta decay. These experiments involve the measurement of the coincidence counting rate of 
beta rays and satellites of the Méssbauer effect. The resulting improvement in accuracy will make possible, 
for example, the precision measurement of the asymmetry of beta-ray angular distributions. 


ANY experiments have been performed in the last 

several years to verify Lee and Yang’s theory 
of parity nonconservation in beta decay.' These experi- 
ments are characterized by measurement of? (1) beta- 
ray angular distributions from polarized nuclei, (2) circ- 
ular polarizations of gamma rays in coincidence with 
the preceding beta rays, and (3) longitudinal polariza- 
tions of the beta particles. The measurements involve 
low-temperature techniques, the use of an analyzer of 
the circular polarization of the gamma ray, or Mott or 
Maller scattering. Such requirements necessarily intro- 
duce limited accuracy in the experimental data. The 
above three experiments are measurements of the 
pseudoscalar quantities under reflection (P). A similar 
consideration has been made for time-reversal (T) 
invariance.’ 

In this paper, we will show a fourth possibility for 
testing parity nonconservation and time-reversal in- 
variance in beta decay, by using the Méssbauer effect.‘ 
In the proposal experiments, the Méssbauer effect is 
adopted merely as a technique to polarize the daughter 
nucleus. As is shown later, the degree of the nuclear 
polarization is known unambiguously. Besides, this 
nuclear polarization is achieved at room temperature, 
if the Méssbauer effect takes place at all. The resulting 
improvement in accuracy will make possible, for ex- 
ample, the precision measurement of the energy de- 
pendence of the asymmetry of beta-ray angular dis- 
tributions (that is, the precise value of C,/C,’, the 
higher order corrections due to the assumption of a 
conserved vector current,®*'® etc.). 

Consider a nuclear cascade transition, 7(8)j1(y) je, 
where the hyperfine structure is the nuclear Zeeman 
effect caused by an external magnetic field H. The 

* This work was partially supported by the U. S. Atomic 
Energy Commission. 

1T. D. Lee and C. N. Yang, Phys. Rev. 104, 254 (1956). 

2 For example, see C. S. Wu, in Proceedings of the Rehovoth 
Conference on Nuclear Structure, edited by H. J. Lipkin (North- 
Holland Publishing Company, Amsterdam, 1958), p. 346. 

8 For example, see M. Morita and R. S. Morita, Phys. Rev. 
110, 461 (1958). 

*R. L. Méssbauer, Z. Physik 151, 124 (1958); Z. Naturforsch. 
149, 212 (1959). 

5 M. Gell-Mann, Phys. Rev. 111, 362 (1958). 

6M. Morita, Phys. Rev. 113, 1584 (1959); Nuclear Phys. 14, 
106 (1959/60). 


gamma ray, which is to be resonantly scattered or ab- 
sorbed, is fixed in direction. The beta ray is observed 
in coincidence with one of the Méssbauer satellites. 
In this geometry, the beta ray angular distribution has 
an asymmetry with respect to the direction of H. The 
reason for expecting the asymmetry is as follows: If 
we observe only one Méssbauer satellite corresponding 
to the gamma decay of the (j1,m:) state to the (j2,me) 
state, no other magnetic substates of 7; except my 
contribute to the cascade transition. Therefore, the /: 
state is effectively polarized with a degree of polariza- 
tion m,/ ji, as far as this cascade transition is concerned. 
Next, if the polarized 7; state emits the beta particle 
and decays into the unoriented j state, the beta ray 
angular distribution is, of course, asymmetric. As is 
well known, the angular distribution of the original 
process, j—> ji, is the same as that of the reversed 
process, j1— j, except for a sign. After the above 
consideration, one can derive without calculation the 
first and second lines of Eq. (1) below from the pub- 
lished formula.’ 

The relative intensity of the beta ray in coincidence 
with a Méssbauer satellite, m, — mo, is given by 


W (6,01) 


=f > 
u —- 
n,L< L! 


(—)F ™1( 91) 71M1— My nQ) 


XW (jrjrLL’,nj)bu-™ (2j:+1)Px(cosd)] 
x{ } (—)m= m+ mitl(7)m 


mi, Li, Li’ 
XE (2L1 +1) (2Ly' +1) P(LiLy'1—1| 0) 
X (jol] Lal] j1) pol] La’ |p) 
XK (LiL y'm2— mym,— mz 0,0) 
X (jilimym.—my| jome) 
X (jrLi’mym2—my| jom2)Pn;(cosb:)}. (1) 


t=1 (—1) for the right (left) circularly polarized 
gamma ray. 


If the circular polarization of the gamma ray is not 


7M. Morita and R. S. Morita, Phys. Rev. 109, 2048 (1958). 
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measured, the 2, is even. The 6 and 6; are emission 
angles of the beta and gamma rays with respect to the 
spin j;. They are given by J,-p=cos@ and J,-k=cos4,. 
J;, p, and k are unit vectors in the directions of the 
nuclear spin j;, and of the momenta of the beta ray 
and gamma ray, respectively. The b;1/‘’s are the 
beta-ray parameters and are given elsewhere.* The 
other symbols are of common use. It should be noticed 
that Eq. (1) has no p-k term, although it is the coinci- 
dence counting rate of the beta and gamma ray. This 
fact follows because only one satellite, m, — mp, is taken 
into account. Therefore, the time-reversal experiment 
is impossible in this case. 

On the contrary, when the absorption line consists of 
more than two (but not all) Méssbauer satellites with 
different value of (m,—mz), the coincidence counting 
rate of the beta ray and the absorption line involves 
the interference between satellites. Then, experiments 
for testing time-reversal invariance in beta decay can 
be designed. 

In general, parity nonconservation and time-reversal 
invariance experiments in beta decay involve measuring 
pseudoscalars under P and/or T, such as 


(Is- Lx ])*(Is-k)*Sy-»)“(p- 


or 
(the same form of the above) X (Coulomb term a@Z), (2) 


with appropriately chosen powers a, 6, c, and d. A 
complete study has been done for all these powers in 
the case of beta decay from oriented nuclei.* Changing 
J (the unit vector of the direction of the spin 7) by J; 
does not alter the discussion. We do not repeat it here. 
In the Appendix, an explicit formula is given for the 
measurement of J,- p. 

The ratio of the probability of recoiless gamma de- 
cays in the solid to that of gamma decays in the free 
nucleus is given by the Debye-Waller factor, 


(ORE Tye per eT 
exp; —3 +( dx|;. (3) 
| MkOp 4 Op 0 e*—1 d 
Here, k, T, 9p, K, and M are the Boltzmann constant, 
the experimental temperature, the Debye temperature, 
the wave number of the gamma ray, and the mass of 
the parent nucleus, respectively. This factor was once 
studied for the elastic scattering cross section of neutrons 
by a crystal lattice. One may argue that the smallness 
8 These parameters are given by M. Morita and R. S. Morita, 
Phys. Rev. 107, 1316 (1957), for the allowed transition, and in 
reference 7 for the first forbidden transition. They are also given 
in reference 6, where various higher order corrections are taken 
into account 
®*W. E. Lamb, Phys. Rev. 55, 190 (1939). L. S. Kothari and 


K. S. Singwi, in Solid-State Physics, edited by F. Seitz and D 
Turnbull (Academic Press, New York, 1959), Vol. 8, p. 109 
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of the factor at room temperature limits the present 
proposal experiments. However, low temperature could 
be used to increase its value without affecting the polari- 
zation of beta-active nuclei. For example, the value 
in the square brackets of Eq. (3) is 1.03, 0.27, 
0.25 at T=Op, (Op/10), and O°K, respectively.” At 
T= (0p/10), which is achieved easily in experiments, 
the Debye-Waller factor is almost a maximum, while 
the polarization of the parent nucleus is practically zero. 


and 
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APPENDIX 


An explicit form of Eq. (1) is given in the case of 
the V-A with C;=C,’. The de- 
pendence on 6,, which is the angle between directions 


allowed transitions 


of the gamma-ray momentum and the spin /;, is dropped 


from the formula, since the gamma ray is fixed in direc- 
tion. In order to make the intensity of the beta ray in 
coincidence with the Méssbauer satellite 
an appropriate value of 6, is found for each decay 
scheme, by analyzing the third to eighth lines of Eq. (1). 
The relative intensity of the beta ray is given as a 
function of 6, which is the emission 
with respect to the spin /; 


a maximum, 


" 
angi 


of beta ray 


, as follows. 


vm, 
W(@)=1+A- 
Cc nN 


cosé, 


and 
Ajii=1 for 
=] (7:4 1) for J 
=—4i/(jit1) for 7 


Here the upper (lower) sign is for 8 


For numerical values of the integral in the Debye-Waller 
factor, see C. Zener, Phys. Rev. 49, 122 (1936); and R. G. Ringo, 
Handbuch der Physik, edited by S. Fliigge (Springer-Verlag, Berlin, 
Germany, 1957), Vol 2 
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Neutron groups resulting from the alpha-particle bombardment of separated isotopes of potassium have 
been observed. Ground-state Q values of —3.42+0.06 Mev for K*'(a,n)Sc and —7.16+0.06 Mev for 
K*(a,2)Sc® were obtained. A large number of excited states or groupings of states were also observed. The 
presence of chlorine in one of the targets permitted measurement of the Cl*7(a,n)K* reaction as well. A 
ground-state Q value of —3.86+0.06 Mev was obtained. A tentative value of —5.89+0.06 Mev can be 


given for the Cl**(a,)K** ground state. 
fo 


INTRODUCTION 


HE self-conjugate nuclei of odd Z are of special 

interest among the various low-mass _ isobaric 
polyads. A comparison of their lowest energy levels, in 
principle at least, can give reasonable estimates of the 
neutron-proton pairing energy. As noted by Moszkowski 
and Peaslee,' the singlet and triplet pairings of 
the two odd nucleons have about the same energy in 
the region above A=30. While in general the ground 
state configuration is singlet in nature, for this: par- 
ticular sequence instances of inversion, resulting in 
triplet ground states, are not unexpected. The Sc® 
nucleus is the heaviest of this series which is readily 
amenable to investigation. The 8 de-excitation of this 
nucleus to Ca® has been observed?* and would seem to 
be consistent with a 0* description of the decaying 
level. Since for this family of nuclides the triplet con- 
figuration is necessarily of this form, an inversion would 
be suggested. The singlet would then form a low-lying 
isomeric state. The absence of any long-lived activity 
would seem to rule out the reverse (i.e., normal) order. 


EXPERIMENTAL RESULTS 


A magnetically analyzed beam of 8.29+0.03-Mev 
alpha particles from the Yale cyclotron was used to 
initiate the reactions studied. The experimental ar- 
rangement was essentially as previously described.* The 
targets used were 0.3 mg/cm? of natural potassium 
(93% K*) iodide on a gold backing and 0.4 mg/cm? of 
potassium chloride enriched to 82% in K*' on a tanta- 
lum backing.® Since the primary purpose of the second 
target was to confirm the assignment of levels to Sc®, 
the presence of the chlorine was not considered un- 
tenable, particularly in the absence of other separated 
isotope compounds or targets available at the time. 
Targets consisting only of the backing material, but 
first subject to the usual depositing techniques, were 


+ This work was supported in part by the Office of Naval 
Research. 

1S. A. Moszkowski and D. C. Peaslee, Phys. Rev. 93, 455 
(1954). 

27. A. R. Cloutier and A. Henrikson, Can. J. Phys. 35, 1190 

3H. Morinaga, Phys, Rev. 100, 431 (1955). 

4H. S. Plendi and F. E. Steigert, Phys. Rev. 116, 1534 (1959). 

’ Target loaned through courtesy of the Oak Ridge National 
Laboratory. 
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also used to check background yields. All charged 
particles coming from the target were stopped in 67 
mg/cm? of gold foil backed by 434 mg/cm’ of tantalum. 
The gold leaf used was of sufficient thickness to stop 
all elastic alphas and of sufficient purity to render 
secondary reactions highly unlikely. The reaction neu- 
trons were detected by their proton recoils in 50-p 
Ilford C-2 emulsions arranged at various angles relative 
to the incident beam. In the K®(a,n)Sc® run, angles 
from 5°-175° in 10° intervals were used. For the 
K“"'(a,n)Sc“ data, angles of 0°, from 2$°-623° in 5° 
intervals, and from 623°-1623° in 10° intervals were 
used. Identical angles were taken for the respective 
background runs. Total integrated beam current was 
in each case of the order of 10000 yc. The proton 
ranges were obtained by scanning with microprojectors 
at 1000X magnification. Only recoils within 10° of the 
nominal neutron direction were accepted. 

The range histogram for the natural-potassium target 
as observed at 5° is shown in Fig. 1. The comparative 
yield of the equivalent background run is shaded in. 
On the basis of the relative intensities, the group 
labeled p may be tentatively identified with the 
K*(a,n)Sc® reaction. The remaining groups would then 
be assigned to the K“(a,z)Sc“ reaction. For any of the 
latter to arise from the K® reaction would imply differ- 
ential cross sections down by a factor of over 20 relative 
to that characteristic of the low-energy group. The 
approximate coincidence in range of group o with a 
background peak is accidental. Group o would appear 
to rise somewhat above the background level and 
further would appear to follow an angle-dependent 
shift in range. The background peak remains constant 
at 14. The location of groups a, , d, e, and i are indi- 
cated as predicted from the K* reaction data, The 
first four do not show up significantly at any angle 
observed. The last, group i, only appears at the three 
forwardmost angles, and even then only weakly. The 
groups g, /, 7, and m appear at the same relative ranges 
as in the subsequent K“ run. The remaining group / 
could not be verified in this second run, however. 

The range histogram for the enriched-isotope target 
as observed at 0° is shown in Fig. 2. Again the back- 
ground target yield is shaded in. In this case, the loca- 
tion of the groups / and # are indicated as predicted 
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Fic. 1. Range histogram of 
K®(a,n)Sc® at 5° for natural po- 
target. All groups are 
labeled as enumerated in Table I. 
Note magnification of vertical 
scale above 25 wu. Background run 
of Au(am) at 5° is shaded in. 
Peaks a, 6, d, e, andi are indicated 
as predicted on the basis of the 
enriched target data 


tassium 





Range (yz) 


from the natural-abundance target. The marked de- 
crease in the relative yield of group p is immediately 
obvious. It would further appear to be somewhat less 
distinct, as might be expected in the presence of inter- 
fering groups from the K* (and possibly even Cl) re- 
actions. Several of the other groups also require quali- 
fying remarks. The three groups 6, e, and i are in 
general rather indistinct, with evidence for the last 
two being confined to angles less than about 60°. 
Group g is likewise only consistently observed at these 
forward angles, but does not exhibit the generally 


washed-out appearance of the others. Group a also 


occurs predominantly at forward angles. However, in 
the absence of low-energy tails from longer-range 
groups, it can still be reliably isolated even though it 
is weak. 


TaBLeE I. Summary of probable identification of neutron groups.* 


Known 
Predicted E levels 


Q (Mev) (Mev) (Mev) 


—3. 376 0 
0.069 
0.14 
0.27 


Group Reaction 


a K* (a@,n)Sc* 


Q (Mev) 


3.42+-0.06 


— 3.66 
—4.21 
—4.45 
—4.80 
—5.24 

5.41 
—5.76 
—6.03 
—6.35 


—6.76 


En 8 Qh oO 


oa = oh, &, 
> 3 
= 


K®(a.n)Sc®  —7.16+0.06 
CF" (a,n)K*® 3.86 


—6.72+0.9 
— 3.877 


a> 


0.031 
—4.72 0.80 
0.89 


—5.48 1.64 
—5.89 03 2.06 
—6.35 2.56 


CP (a,n)K% —5.89 





* Note duplicate entries of groups i and k. 


Since the enriched target was in the form of a chloride, 
it was necessary to at least identify the structure due 
to this source. Preliminary runs on separated chlorine 
isotopes® would indicate that groups c, f, k, and m are 
very likely to have at least large contributions from 
the chlorine contaminant. Their spacing would further 
seem to agree reasonably well with the reported level 
structure in K®.? The group k, however, is also con- 
sistent with assignment to the Cl**(a,2)K** reaction. In 
fact, on the basis of relative intensities, it is more likely 
to represent particles from the latter reaction. The re- 
maining three would all appear to be ascribable only 
to the Cl*’ fraction. The group i would further be con- 
sistent with a recently reported level at 1.64 Mev in 
K®, 

The various peaks observed are identified and sum- 
marized in Table I. In each case, the shift of the peak 
range with angle is consistent with the assignment. 
While the chlorine groups could only be marginally 
distinguished from the potassium if this were the only 
criterion, it should be noted that in each case the as- 
signment made affords the better systematic agreement. 
This obviously does not apply to the weak and forward- 
peaked groups mentioned above, ), e, g, and 7, respec- 
tively. In particular, group & is definitely inconsistent 
with an assignment of target mass as heavy as 41 amu. 
On the basis of the relative intensities in the two sets 
of data, group p is then assigned to the K*® reaction. 
On the basis of their presence in the chlorine back- 
ground run and the previously reported level structure 
of K®, groups c, f, and m, along with some unknown 
fraction of groups & and i, may be tentatively assigned 
to the Cl*’ reaction. On the basis of relative intensities 
in both this and the preliminary background run, 
group & is very likely largely due to the Cl*® reaction. 
The known isomeric level, 0.128 Mev, in K** would 
give rise to a group at about 35 uw in Fig. 2. Due to the 


* A. J. Howard (private communication). 

7 Nuclear Data Sheets, National Academy of Sciences, National 
Research Council (U. S. Government Printing Office, Washington, 
D. C., 1960). 
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FROM K(a,n)Sc 





Fic. 2. Range histogram of 
K“'(a,n)Sc“ at O° for target en- 
riched in K*. All groups are 
labeled as enumerated in Table I. 
Note successive magnifications of 
the vertical scale at 42 w and 90 u, 
respectively. Background run of 
Ta(a,n) at 0° is shaded in. Peaks 
l and # are indicated as predicted 
on the basis of the natural iso- 
topic target data. 











probable presence of group /, this could not have been 
resolved. The remaining groups are then assigned to 
the K* reaction by default. Group / appears in the 
K* data but would seem to be masked by the very 
strong chlorine group & in the K" run. As mentioned 
above, the groups g, h, 7, and m are in evidence in both 
sets of data. The remaining groups are very poorly 
defined in the K®* run, however. Some structure appears 
to persist at about the location of group 7 but, even if 
real, it is open to question considering the possible 
presence of a chlorine group. 

The computed ground-state Q values for the chlorine 
reactions are compared to calculated mass values® in 
Table I. The levels in K® which appear to have been 
excited are similarly compared to the reported struc- 
ture. In all cases, the agreement is well within the 
experimental errors. The computed ground-state Q 
values for the potassium reactions are compared to the 
values obtained from closure of the reaction cycles 
using the appropriate K(a,p)Ca reactions® and the 8 
end points.?:"” Except for the Sc® 6 decay, the numbers 
actually used in the computations enumerated in 
Table II are the adopted mass values.* The agreement 
is again within the quoted errors. It should be noted 
at this point that assigning group o to the ground state 
K*(a,n) reaction would give excellent agreement with 
the computed mean value but would appear extremely 
unreasonable on the basis of intensity arguments. 
Comparison of the level data to the known structure 
at low excitation in Sc“ is quite meaningless. The 
techniques employed are inherently incapable of the 
resolution required. In general, only an integration 
over these closely spaced levels ought to be expected. 
The washed-out nature of group 6 would be consistent 
with this. Group a is also somewhat broad compared 
to what might be expected on the basis of range 
straggling and angular divergence. However, in the 


8 P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 

9 J. P. Schiffer, Phys. Rev. 97, 428 (1954). 

0 J. W. Blue and E. Bleuler, Phys. Rev. 100, 1324 (1955). 
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same vein, it is too narrow to be the sum of two peaks 
of about 70-kev spacing with comparable yields. Con- 
sidering both this and the absence of any systematic 
fluctuation of range relative to that predicted by the 
Q value quoted, group a has been identified with the 
ground-state reaction. 

Extrapolating this reported level density for ScM 
would seem to indicate that the structure observed 
might represent more of a general envelope over groups 
of levels than evidence of individual states of excita- 
tion. The absence of any significant structure between 
groups m and o in Fig. 1 would on this basis imply a 
very low level density at this excitation. Alternatively, 
this might argue for coarser structure than anticipated 
and for association of individual levels with a number 
of the narrower peaks. It is further quite probable that 
additional levels lie hidden under the various chlorine 
and K® peaks in the same manner as the group / which 
was observed in the chlorine-free run. 

Regardless of the interpretation of the structure ob- 
served, it would appear that at least the four respective 
ground-state groups have been detected. In all cases 
these represent consistency with computed mass values. 
Unfortunately, in the case of most interest, namely the 
K*(a,n)Sc* reaction, the magnitude of the error quoted 
for the Sc®*—Ca*® positron end point (4.80.9 Mev) 
precludes confirmation (or denial) of the observation 
of the ground-state decay. It is obvious, however, that 
the reported mean value is somewhat low. An end 


Tas_e II. Reaction cycles pertinent to K (a,m)Sc reactions. 








Reaction 


K*(a,p)Ca® 
—Sc® (8*)Ca® 
—(m,z—m,)c 
K® (a,n)Sc® 


Q Value (Mev) 


—0.118+0.007 
—5.82+0.9 
—0.783 
—6.72+0.9 


K*"(a,p)Ca“ 
-Sc#(Bt)Ca4 
—(m,—m,)c 
K" (a,n)Sc* 


1.054+0.01 
— 3.649 
—0.783 
—3.376+0.02 
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point of the order of 5.24 Mev would be more com- 
patible with the present data. In fact, recognizing the 
problems inherent in measuring short-range particles, 
even this value could be interpreted as only a lower 
limit. It is conceivable, for instance, that tracks of 
shorter range than the peak p were heavily discrimi- 
nated against because of difficulty in recognition. 
Further, both latent-image fading and incomplete de- 
velopment, when effecting a track of the order of, say, 
5 4, would severely reduce the observation efficiency. 
Thus group p might actually only represent the dis- 
torted high-energy tail of a more intense group with a 
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range several microns shorter. Two microns, for ex- 
ample, would imply an error of about 100 kev. Con- 
sidering this possibility, most of the plates involved 
were scanned by four different observers. In the absence 
of any systematic disagreement, it was concluded that 
the effect probably did not occur, and no account of it 
was taken in the error estimates. 
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Core Excitations in Nondeformed, Odd-A, Nuclei* 


A. DE-SHALITT 
Department of Physics and Laboratory for Nuclear Science, Massachusetts Institute of Technology, Cambridge, Massachusetts 


(Received January 16, 1961) 


The possibility of describing some excited states of odd-A nuclei in terms of excitations of the even-even 
core is investigated. No assumption is made on the nature of the core excitation, but certain relations 
involving electromagnetic transitions and moments are deduced. These seem to fit well some data available 
on Ag’, Agi Au’, Hg, T13, and T]®. More experimental data are required to test the validity of this 


picture in other cases. 


INTRODUCTION 


HERE are several known ways of exciting a 
nucleus from its ground state. The simplest of 
them is described, in the approximation of independent 
particle motion, by the elevation of a single particle 
from one state to another. These single particle excited 
states show up especially well! in stripping, pickup, and 
possibly other reactions. A slightly more complex 
excitation is that in which the ground-state configura- 
tion remains unchanged but the nucleons in this con- 
figuration change the relative orientation of their orbits. 
A typical case is offered by 23V23°! whose neutron shell is 
a closed one. Its ground state has /= 4 and is believed 
to be the J= 3 state of the configuration (1 /7/2)*. The 
first excited state has J=$ and is believed to be the 
J=§ state of the same configuration (1 /7/2)*. A slightly 
different example? is that of ,7Cle:°* whose ground state 
and three lowest excited states are believed to be the 
four states of the configuration (1d;; 1/72), i.e., the 
configuration of one proton in 1d; and one neutron in 
1 f7/2. A third class of excitations is that due to the 
* This work is supported in part by funds provided by the U. S. 
Atomic Energy Commission, the Office of Naval Research, and 
the Air Force Office of Scientific Research 
t On leave from the Weizmann Institute of Science, Rehovoth, 
Israel 
1 See, for instance, N. H. McFarlane and J. B 
Modern Phys. 32, 567 (1960). 
2S. Goldstein and I. Talmi, Phys. Rev. 102, 589 (1956); S. P. 
Pandya, ibid. 105, 956 (1956). 


French, Revs. 


collective motion of many nucleons.’ These well-known 
modes of excitation include collective rotations, vibra- 
tions, etc. 

The above modes of excitations may combine in 
characteristic ways. Thus it is well known that in the 
regions of large deformations, where collective rotations 
generally represent the lowest excitations, it is possible 
to excite a single nucleon from one orbit in the de- 
formed-potential to another. This excited single-particle 
state then forms the basis for a new rotational band. 

Another interesting ‘‘combined” excitation sug- 
gested by the 7j-coupling shell model, as was stressed 
by Lawson and Uretsky.* Let the ground-state con- 
figuration of an odd-even nucleus be described by 
| (jp")Jp=0jn), i.e., by a pair of protons in j, coupled to 
J,=0 and a neutron in j,. Then in addition to the 
single-particle excitation, which will be described by the 
configurations | (j,”)7,=0j,’), one should expect also ex- 
citations described by [(j,”)7;07, |y. In such states the 
neutron remains in its lowest state, while the proton 
pair is decoupled and excited to a state with J,#0, J, 
and j, then being coupled to the total angular mo- 
mentum J. 

This mode of excitation can be generalized slightly. In 
fact, consider an even-even nucleus A. Its ground state 
has J=0 followed by various excited states. Let us now 


is 


3K. Alder, N. Bohr, T. Huus, B 
Revs. Modern Phys. 28, 432 (1956) 
*R. D. Lawson and J. L. Uretsky, Phys. Rev. 108, 1300 (1957). 
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CORE EXCITATIONS 
add a nucleon to this nucleus. The ground state will be 
obtained by putting the odd nucleon in the lowest 
allowed orbit of the average potential created by the 
core of the A nucleons. Suppose now that the next 
single-particle state in this average potential is high 
compared to the lowest excitation energy of the even- 
even core. It is then reasonable to assume that the 
lowest excitations of the nucleus A+1 will be described 
by the odd nucleon staying in its lowest orbit, and the 
core excited to its first excited state. 

An example may clarify the point further. Consider 
soHg 122”, whose decay scheme is shown' in Fig. 1. In the 
average field created by Hg” the lowest allowed proton 
orbit is presumably an s; orbit; in fact g:Tli22”" has a 
measured $+ ground state. Let us now consider the 
excited states in Tl?, as shown in Fig. 1(b). The usual 
interpretation is to say that these states are obtained by 
promoting the proton (or rather a proton hole), from 
the single-particle s; state to the single-particle d; and 
dy states. We note, however, that the excitation energy 
of these states is comparable to that of the first excited 
state in Hg”. If the $+ and the $+ states in Tl?® are in 
fact hole excitations, one may ask where are the $+ and 
3’ states which would result from the coupling of the s, 
proton to the 2* excited state of the Hg?” core. The fact 
that such states are not known around an excitation 
energy of 500 kev in Tl?™ suggests that the two observed 
levels are indeed those obtained from coupling the s; 
proton to the 2+ state of the Hg” core. The single-hole 
excitations will then have to be looked for at higher 
energies. 

The clarification of the nature of these excited states 
in Tl?, as well as of similar states in other nuclei, is 
interesting not only for its own sake. If it turns out, as 
seems to be the case, that these states are indeed core 
excitations coupled to the odd nucleon in its lowest 
state, we could use measured data on these levels to 
deduce further properties of the core. We shall also have 
to modify our picture of the spacings between single- 
particle levels in such nuclei. 

The present paper is devoted to the empirical study 
of this question. We first develop some simple relations 
concerning such modes of excitations. Then, using these 
relations, we see to what extent some empirical evidence 
can be interpreted as indicative of core excitations in 
odd-even nuclei. We shall also discuss some information 
that can be deduced on the core states from the available 
data on the excited states of some odd-even nuclei. 


BASIC RELATIONS 


To investigate core excitations in odd-even nuclei, we 
shall describe the zeroth-order wave functions of such 
nuclei by the ket |J.j,/M). Here J, stands for the core 
angular momentum, j for that of the odd particle, and J 
is the total angular momentum with J,=M. In the 
absence of any interaction between the core and the odd 


5 Experimental data are taken from Nuclear Data Sheets, unless 
otherwise stated. 
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Fic. 1. Energy levels of Hg®* and T!®. Broken line shows position 
of the center of mass of the §+ and }* levels. 


particle, all the states characterized by the same pair 
of values J, and j, but different values of J (and M), are 
degenerate. We shall refer to these levels as a “core 
multiplet.” A particle-core interaction will split the 
degeneracy within a core-multiplet, leaving, in general, 
only the obvious M degeneracy. 

It is tempting to identify the core-state J, in an odd- 
even nucleus with the corresponding core-state J, in the 
neighboring even-even nucleus. This, however, can be 
done only with some reservation. The ground state 
J .=0 of an even-even nucleus, when expanded in terms 
of the single-particle states of the self-consistent average 
field, will generally include nucleons also in the state 7. 
When we add a nucleon to the j orbit, the Pauli 
principle makes it less available for the particles of the 
core. Consequently, the core state /,.=0 in an odd-even 
nucleus will generally stand for something different from 
the core state J.=0 of a neighboring even-even nucleus. 
If, however, the core states represent a thorough mix- 
ture of the self-consistent single-particle states, it can be 
expected that the addition of a single particle to the 7 
orbit will not be very crucial. We shall assume that this 
is the case and ignore the antisymmetrization of the 
wave function |J.j,J/M) with respect to the exchange 
of the odd particle and the particles of the core. The 
validity of this approximation is not too clear to the 
author at this stage. 

The interaction between the odd particle and the core 
is obviously a scalar, and we shall take it to be a product 
of two tensors of degree k: T‘"(c) operating on the core 
degrees of freedom and 7‘ (p) operating on the degrees 
of freedom of the particle. Of course, the general 
interaction is a sum of such products taken over all 
values of k. Since we leave k quite general it is more 
transparent to consider only one value of & at a time. 

The shift in energy AE(J) of the state |J.j,J) from 
its unperturbed zeroth-order energy, is given® to first 
order by 


AE. (J)=(J -jJ |T™ (ec) -T™ (p) | Jj) 
= (—1) I++ (7 || T (6) ||.) 
ae ee 


X(4I|T ( | 
P j Jc k 


; (1) 


®For various relations involving the Racah coefficients and 
tensor algebra see N. Rotenberg, R. Bivins, N. Metropolis, and 
J. K. Wooten, Jr., The 3-7 and 6-j Symbols (The Technology 
Press, M.I.T., 1959). 
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where 


ji je Js 
Bec 
L ole ds 


is a Racah coefficient. We note that the J dependence 
of AE(J) comes only through universal functions. It 
then follows from the orthogonality relations of Racah 
coefficients® that for any interaction: 


+ (2IJ+1)AE.(J)=0 if 


W (jrjelelr; jsls) 


kx#0. (2) 


Thus, inasmuch as the interaction between the core and 
the odd particle does not involve monopoles (k=0), the 
“center of gravity’’ of each multiplet coincides with its 
“unperturbed” position. 

For k=0, AE,(J) is independent of J, so that such an 
interaction produces no splitting in the multiplet. Its 
only effect, in first order, is to shift the whole multiplet 
as such, by an energy 


» (IT (p)il7 


(27-44 1)3 


AE 


The expression (J,|| 7 (c)||J.)/(2.+1)! will generally 
depend on the value of /.. There are, however, two 
important cases for which it is independent of /.. If the 
core state consists of particles in one orbit only (i.e., the 
core state is | 7,"J.)), and if 7“ (c) is a sum of single- 
particle operators, then it is easily verified that 
(J || T (c)\|J = (2J.+1)'. Similarly, if we consider a 
sequence of values of /. arising from a collective motion 
superimposed on the same intrinsic structure, and if 
T®(c) depends on the intrinsic structure only, then 
again (J,||T(c)||J.)=(2J.+1)'. In the 
separation between the centers-of-mass of multiplets 
constructed on different core states J, with the same 
single-particle state 7, should be equal to the separation 
between the unperturbed multiplets. If, further, the 
core states in the odd-even nucleus are identical with 
those of the neighboring even-even nucleus, the multi- 
plets’ center-of-mass separation ought to be identical 
with the separation between the corresponding states in 
the even-even nucleus. This is the “center-of-gravity” 
theorem of Lawson and Uretzki.‘ It is seen that in 
general there is no reason to expect this theorem to hold 
very precisely. First, for realistic cases, the value of 
(J || T (©)||J)/(2F-+1)! will probably depend, at least 
to some extent, on J,. Second, even if the core-particle 
interaction contains no monopole-monopole part, the 
core excitation in the odd-even nucleus will generally 
require different energy than the corresponding excita- 
tion in a neighboring even-even nucleus. We can, how- 


these cases 


“ce 


ever, expect the center-of-mass theorem to hold quali- 
tatively, as will be shown when we discuss the empirical 
data. 

The situation is particularly simple when the odd 


particle is in a state with 7=}4. Since J, generally as- 
sumes the values 0, 2, 4, etc., with 7=4 each value of J 
determines a unique value of /,. The multiplet structure 
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can then be expected to be very “clean.” Furthermore, 
for j=} only k=0 and k=1 can contribute to (1). We 
have already seen that k=0 does not give rise to any 
splitting, so that the whole multiplet splitting must be 
due to the term with &=1 in the particle-core inter- 
action. The existence of such a splitting and its size are 
thus a direct indication and a measure of the dipole- 
dipole interaction between an odd particle and the even- 
even core. Furthermore, if the odd particle is in an sy 
orbit, then the only (velocity-independent) operator 
T™(p) for which (s,||7(p)||s,) does not vanish is 
f(rp)@p. Therefore, the multiplet splitting in this case 
probably measures the interaction of the spin of the odd 
particle with the core. 

Apart from the considerations on energies, the pro- 
posed mode of excitation also affects very strongly the 
electromagnetic transition probabilities between the 
different states. Let us now consider these in some de- 
tail. It will be convenient to introduce the following 
notation: 

2, is the xth component of the tensor operator of 
degree k whose expectation value (more precisely that 
of Qo) gives the conventional definition of the static 
multipole moment of order &. 


For k=1, Q%=)°;¢, 1,4 8;. 


— &* 
For k=2, ,@= (1697/5)! > ev 2V o.(0:,¢;). 


(g, and g, are g factors; e; is the charge in units of the 
electronic charge.) 

The rate of emission of radiation of the corresponding 
multipolarity is then given in terms of the same 
operators Q‘” by 


T iop= E24, [1/(2J +1) ]|(f]Qli)|2. (5) 
Here i and f stand for initial and final states, respec- 
tively, J; is the total angular momentum of the initial 
state, E is the energy of the transition in question, and 
a, is a numerical constant. If / is measured in Mev, the 


numerical values of a; turn out to be 
4.210" sex 
3.8710" sec 


1 Mev; 
1 Mev-5, 


For M1 radiation, a 
(6 

For £2 radiation, ae 
We now separate each multipole operator Q‘ into a 
part due to the core and a part due to the odd particle 


Q=0,+9," 


i 


We then obtain for the general matrix element of 
interest to us 


(Jj, I] Q”+Q,||J.j, . 
= (—1) e441 (2F +1) (QI 


X12, 


+48} * 
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It will be useful to consider in detail some special cases 
of Eq. (7). Let us first look at magnetic moments and 


M1 radiations. For transitions between states belonging 
to the same multiplet, we have’ 

Fe a: 4 ; 

J; a sa 1 


T .+;(M1) 
+ (—1)%-7Kj||Q,|| 7) 


FS 
iI Jz; Jel? 
x| : |. (8) 
Fe ngiend 


=a2F-+1)| Via. 04 


This relation can be simplified by noting that it is true 
for 2. and Q, being any vector operators operating 
on the core and particle coordinates, respectively. We 
can choose then Q,=J, and Q,=j; obviously for 
J ;#J; the left-hand side of Eq. (7) then vanishes. 
Noting that (j|/j\|7)=[j(j+1)(2j+1)]!, we obtain 
therefore 


[oo 
UHH 
Fr Fe 


J; 


Se 
}=0 for J sF#J i. 
1 


j 
—Li nasty | : 
ete 


Furthermore it can be verified easily that the magnetic 
moment yu(j) of a system whose angular momentum is 
j is given by 

; " 

- | 


<7 ’ 
u()= je=|_——___ ila, 
(27+1)(2j+2) 


Equation (8) can therefore be written in the form 


t 


or ey (2T +1) j(G+1) (2741) 
E3 


Ji Jz 14? 
x| (g-—gp)?. (9) 
jgJ. 
Thus, like for M1 transitions within a rotational band in 
deformed nuclei, the ratio of two M1 transitions within 
one multiplet are independent of the specific values of 
g- and g,. For g.=g, all such transition probabilities 
vanish, since, under this condition, Q becomes pro- 
portional to J= J.+j and cannot connect two different 
eigenstates of J?. 

To obtain separate values for g, and g, we have to 
know at least one static moment. If the ground state of 
the odd-even nucleus is assumed to be the state with 
J -=0, then its g factor is identical with g,. Alternatively 
a measured g factor of an excited state can give us 
another combination of g, and g,. 

It is evident from Eq. (7) that if the ground state in 


7The quantity 7;.,;/E* is proportional to B(M1) (see work 
cited in reference 3). We prefer to leave it in the slightly more 
explicit form to avoid confusion of units, decay matrix elements vs 
excitation matrix elements, etc. 
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an odd-even nucleus has J/,’=0, then M1 radiation from 
the multiplet constructed on J.=2, say, to the ground 
state is absolutely forbidden. In checking this prediction 
one should, however, exercise great care. It is clear that 
even if the description of the nuclear states as |J,j,J) 
is a very good one, it cannot be perfect. For instance we 
expect the ground state to be |07, J= 7) with at least a 
little admixture of |27,/= 7) (if 723). Similarly, the 
state |27,J) can have small admixtures of the state 
107’,J) where 7’=J, etc. In some cases even a small 
admixture of 2-3% can lead to an appreciable M1 rate 
for a transition which strictly speaking should have been 
forbidden. Rather than discuss this question in its full 
generality, we shall take it up in a concrete case and 
show there how these admixtures operate. 

Finally we want to consider specifically Eq. (7) with 
k=2. Concentrating on /2 transitions from the multi- 
plet | J.=2, 7; J) to the ground state | J.’=0, 7; J;= 9), 
we obtain 


(T 5-44/E*) = (a2/5) | (0!|Q.||2)|?. (10) 


Thus the value of T ;.,;/E° should be the same for all £2 
transitions proceeding from the various members of a 
multiplet to the ground state. Furthermore this value 
should be equal to the value of 7.,;/E® for the 2+ — 0+ 
transitions in neighboring even-even nuclei, if the core 
states in odd-even nuclei are identical with the corre- 
sponding states in the even-even nuclei. 


ANALYSIS OF SOME EXPERIMENTAL DATA 


The identification of a group of levels in an odd-even 
nucleus as belonging to one multiplet is generally quite 
difficult. Due to the methods through which data on 
excited states are obtained, one usually discovers levels 
whose spins are rather close to each other. Thus 
multiplets with many components may not be known in 
full and their identification becomes more difficult. 

The simplest multiplets are those arising from j=}. 
According to the discussion in the previous section, in 
nuclei whose ground state has /=j7=4, we should find 
excited states with spins J/=%$ and J= } and whose 
parity is identical with that of the ground state. Fur- 
thermore, these doublets should be centered roughly 
around the energy of the first excited state in a neigh- 
boring even-even nucleus, and the electromagnetic 
radiations involving these levels should have the pe- 
culiar features indicated in the previous section. 

Ignoring the light elements, where isotopic spin may 
bring in more complications, we have the following 
regions of the periodic table in which to look for core- 
excited doublets: 

For Z or N=39—49, the p; level may and does show 
up as the ground state. Se’’, Rh’, Ag’*’, and Ag™ are 
nuclei in this region which have enough data to be 
analyzed. Another region is that with V=63—73 where 
the odd neutron is in an s; orbit, with Cd'™ and Cd" 
being possible cases for detailed study. Then come the 
Tl isotopes for which the proton is in an sy orbit, and 
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some odd-A isotopes of Pt, Hg, and possibly Pb for 
which the neutron is in a #; orbit. 

Let us consider first the Tl isotopes. All the odd-A 
isotopes from Tl’ to T?°® show the same characteristic 
spectrum : $+ as the ground state with 3+ and }* the two 
lowest excited states. Figure 2 shows the center of 
gravity of the $#+— * doublets in the odd-A T] isotopes 
as a function of the neutron number. Shown on the same 
graph are the 2+ states in Hg and Pb isotopes with an 
equal number of neutrons. The TI line follows closely 
that of Hg and suggests that the $+ and }* excited 
states could indeed be interpreted as a doublet con- 
structed from the coupling of the s; proton to the 2+ 
excited state of the core. 

For two of the Tl isotopes, Tl and TI, there are 
also half-lives and branching ratios measurements avail- 
able. These are indicated in Fig. 3. Using these experi- 
mental data we obtain for the reduced E2 matrix 
elements, i.e., 7 ;,(#2)/E*® the values shown in Table I. 

We see that the reduced matrix element for the two 
F2 transitions in each of the Tl isotopes are equal to 
each other [compare Eq. (10) ] and their value fits well 
with that obtained for the neighboring even-even iso- 
topes. The data are at best accurate to ~15%, so that 
a more detailed systematic, though apparently there, is 
not too meaningful. 

For the M1 transitions the situation is as follows: 

The § — 4 M1 transition probability is very small. Its 
reduced matrix elements are 7 \;/E*=3X10" sec" 
Mev in Tl and 1.210" sec"! Mev in TP. The 
expected corresponding value for a single-particle tran- 
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Fic. 3. Energy levels of Tl and Tl® showing the data used in the 


calculations. The branching ratios refer to total transitions. 


sition is* 2.8 10" sec! Mev *. This highly reduced M1 
rate has been often associated with the possible A/ 
forbiddenness of the transition. In fact, if the $* state is 
interpreted as a d; state, and if one takes for the mag- 
netic moment operator the conventional expression 
> g:.ditg,,:8:, then the d;— s; transition probability 
vanishes. It was, however, pointed out® that there may 
be corrections to the magnetic moment operator arising 
from exchange currents and the spin-orbit interaction, 
and that such corrections Al-forbidden 
transitions possible. The big reduction of the 3 } M1 
matrix element in the TI isotopes is therefore somewhat 
surprising on the single-particle picture. With the 
identification of the 3* 2 3 $), the situation is 
different. Now the M1 transition is forbidden, not be- 
cause of the special structure of the M1 radiation opera- 
tor, but simply because this operator is a vector (i.e., an 
irreducible tensor of degree 1), and as such cannot con- 
nect the states with J.=0 and J.=2. The tensorial 
character of the M1 radiation operator is, of course, 
independent of the corrections to it. The existence of a 
slow M1, on this picture, is then indicative of the “im- 
purity” of the state. We can, have |3)=A[2} 
+ (1—A?*)!|0 $3), and the small component |0 3 $) 
could then lead to an M1 transition to the ground state 
via the corrections to the magnetic moment operator. 
The situation is different with respect to the } — $3 M1 
transition. The reduced matrix elements here are 
T ;.5/F2=1.2X10" sec? Mev for TP? and 5.510" 
for TP”. The errors in these numbers, especially for 
Tl, are rather big since they are derived in an indirect 
way. One measures the Coulomb excitation cross section 
for the $ state and deduces the partial lifetime for the 


$ — $ transition from the branching ratio for the transi- 


tions } — 4 and $.— 3. This ratio is very small for TP, 
leading to some uncertainties in the interpretation of the 
numbers derived from it. Considering only Tl? and 
using Eq. (9) with the numerical values (6), we obtain 


would make 


state as 


TABLE I. Reduced £2 matrix elements for Tl™ 
even-even nuclei. 


al d neighboring 


T;.s/E* in 


Nucleus E2 transition sec? Mev-5 


g1 L208 3, 279 kev 


} 0.810" 
L 680 kev 


0.8 10” 
g1 TV] y245 , 205 kev 
, 615 kev 


0.6X 10" 
0.510" 


s2P bi 24° >0, 803 kev 0.310" 


soH gi 244 > 0, 430 kev 0 6X 10” 


+0, 440 kev 1.3 10" 


soHg120% 


8S. A. Moszkowski, in Beta- and Gamma-Ray Spectroscopy, 
edited by K. Siegbahn (North-Holland Publishing Company, 
Amsterdam, 1955). 

® See, for instance, R. J. Blin-Stoyle, Revs. Modern Phys. 28, 75 
(1956). 





CORE EXCITATIONS 
rasLe II. Reduced £2 matrix elements for Ag’, Ag™, and 
neighboring even-even nuclei. 


T;.7/E* in 
Nucleus sec”! Mev~® 


s7Ageo'”? 


E2 transition 


}-, 324 kev 
$~, 423 kev 


1.4K 10" 
1.4 10" 
Age! , 309 kev 
, 416 kev 


1.8 10" 
1.6 10" 


sod go!”® 513 kev 1.6X 10" 


ssCd go! *, 630 kev 1.3 10" 


16Pdg2'® , 433 kev 1.8X 10" 


ssC doz!” + 656 kev 1.2 102 


(g-—£p)~+2.6. If we take now for g, the values ob- 
tained from the observed ground-state magnetic mo- 
ment, we get 

g-=0.6 nm. 


It is difficult to estimate the limits of error on this 
number, but it seems that a value of g.=Z/A=0.4 is not 
really excluded by the experimental data on T??. The 
analysis of Tl?” along similar lines leads to g.= 1.6, but 
as was pointed out above the uncertainties in the ex- 
perimental data are too big to allow any conclusion 
from this case. 

Some of the special features of the coupling we are 
considering are obscured in the T] isotopes due to the 
fact that the single-particle assignments for the levels 
$+, $+, and $+ would also make the $+ — }* M1 transi- 
tion a slow one (Al forbidden) and the 4+— }* a 
“normal” M1 transition (dyj— d;). The situation is 
different if we consider nuclei whose ground state is }-. 
As explained in the previous section, they are expected 
to have an excited “doublet” 3- and 3-. The single- 
particle interpretation is now /; for the ground state, 
and p; and f; for the excited states. On this interpreta- 
tion, therefore, the 3- — $- is a “normal” M1 transi- 
tion, whereas the 3~ — $~ should be the Al-forbidden 
transition. If, however, one adopts the assumption of a 
“core doublet” the situation is reversed : The $- — 4> is 
“core forbidden,” whereas the 3-—>3- M1 should 
proceed with a rate proportional to (g.—g,)*. 

An example of such a case can probably be found in 
the Ag isotopes, whose relevant levels are shown in 
Fig. 4. The doublet center of mass is at 383 kev in 
wAgeo’’ and 373 kev in «Age2". This is to be compared 
with a 2+ excitation of 513 kev in «gPdg¢o!*®, 630 kev in 
Cdeo!8, 433 kev in s¢Pdee!*®, and 656 kev in s2Cdge!"”. 
The reduced £2 transition probabilities are given in 
Table II. Again we see that they fall well within the 
range of values obtained for the neighboring even-even 
nuclei in agreement with Eq. (10). 

The $-— }- M1 transition should be forbidden. In 
reality we do not expect the states to be very pure, and 
a slight admixture, say, of |0p;3) in | 2p,3) will give rise 


IN NONDEFORMED, 


ODD-A, NUCLEI 


93% 7% 





TY2*3.4x10""'sec Sp- 4 B Ti/2* 3.3x10™ sec 
99 Mi Gy * 0.47 2 107 MI Gy +0.38 
Ty2*5.9x10"*sec Ye- Tip* 5.2 x10" sec 
324 E2/mi +0.045 416 | 309 E2/m1=0.04 
BMzO0.NS 


107 109 
4749 60 47962 























yo-— 


I'ic. 4. Energy levels of Ag’? and Ag” showing the data used in the 
calculations. The branching ratios refer to total transitions. 


to an M1 radiation. Unlike the case of Tl (whose ground 
state is }*+), where the admixture could contribute only 
via the exchange-current correction to the M1 radiation 
operator, here such admixtures can contribute via the 
main part of the M1 operator. Their effect is conse- 
quently expected to be considerably bigger. The ob- 
served reduced matrix elements for the 3- — }~ transi- 
tions are T;;/E*=3.3X10" sec"? Mev in Ag" and 
4.310" sec“! Mev in Ag™. The single-particle esti- 
mates in both cases are 2.810" sec! Mev. The 
transitions are thus slowed down by nearly an order of 
magnitude. 

The §-—%- M1 transition is Al-forbidden on the 
single-particle assignment for these levels, and allowed 
if the two states are the components of a “core-doublet.” 
We obtain for the reduced matrix elements: T,;/E* 
= 1.410" sec? Mev for Ag’? and 0.910" sec" 
Mev for Ag’. Comparing this with the expected 
single-particle rate® for a } — } transition, i.e., T;,/E° 
= 3.4 10" sec"! Mev-, these transitions do seem to be 
even more hindered than the $~ — }~ transitions dis- 
cussed above. However, it turns out that for the Ag 
isotopes (g-—gp)” is very small so that the slow §- — §- 
M1 transitions may reflect the smallness of (g-—g»)? 
rather than a forbiddenness of a f,— py transition. 
Using indeed Eq. (9) we obtain for Ag™ (g.—g,) 
=+0.91 and for Ag" (g.—g,)=+0.73, leading to 
g-=0.7 nm and 0.5 nm for Ag'”’ and Ag™, respectively. 
The similarity between these values of g, and the one 
obtained for TI (g.=0.6 nm) further supports the 
“core-doublet”’ interpretation. Furthermore we see that 


the reduced matrix elements of the $-— 4- and the 


$-— $}- M1 radiations are of the same order of magni- 
tude. It is therefore difficult to interpret one as a normal 
M1 and the other as a Al-forbidden M1. On the “core- 
doublet” interpretation the smallness of the rate of the 
“normal” transition is due to the smallness of the static 
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moment of a /; proton, the latter being due to a near 
cancellation of the intrinsic moment by the orbital 
moment. 

A somewhat more convincing example is that of 
Hg™, the relevant data on which are given” in Fig. 5. 
Here again the #2 reduced matrix element for the 
5-~—»4- and the }-—} transitions are practically 
identical with each other and equal to that of Hg™ and 
Hg. For the 3- — }~ M1 radiation we obtain T,,//° 
=4 X10" sec"! Mev as compared with an expected 
single-particle value of 2.810" sec’ Mev, (i.e., a 
hindrance by a factor of 70). For the }-— 3 M1 
radiation, on the other hand, we obtain 7 ;;/F*=1.0 
X10" sec"! Mev. With the observed magnetic moment 
of the ground state of Hg™ this leads to a value of 
g-=0.4 nm—in very nice agreement with other values 
obtained for g.. This example shows very clearly the 
superiority of the “core-doublet” interpretation over 
that of single-particle excitations.’™ 

Other examples can be added, though there are not 
too many nuclei for which enough reliable information 
is available. Since, however, we only want to stress the 
possibility of this mode of excitation in odd-even nuclei, 
we shall satisfy ourselves with the few examples given 
above. 


DISCUSSION 


The idea of coupling an odd nucleon to a core state is, 
of course, not new. It is the natural thing to do within 
the framework of Bohr and Mottelson’s collective 


1 There is some confusion in the literature in quoting the data on 
Hg™. We have estimated the 50/208 branching from the intensity 
of the corresponding conversion lines and the total conversion 
coefficients as given by P. J. Cressmann and R. G. Wilkinson, 
Phys. Rev. 109, 872 (1957). 

a Note added in proof. R. Bauer, L. Grodzins, and H. Wilson 
have recently measured the magnetic moment of the § state in 
Hg™ obtaining n= +0.85+-0.15 nm. This leads to g-=0.17+0.08 
nm. However, L. Grodzins has pointed out some serious dis- 
crepancies in available data on relevant branching ratios and con 
version coefficients. It is therefore still an open question whether 
the magnetic moment of the $~ state and the rate of the }- — §- 
M1 radiation in Hg™ are consistent with the model described here. 


SHALIT 


model." Many extensive calculations” have been carried 
out with the aim of relating various quadrupole effects 
to the surface deformability, or of coupling the vibra- 
tional motion to the single-nucleon motion, etc. The 
purpose of the present note is to draw the attention to 
the simple consequences of coupling the odd nucleon to 
the core states. We deliberately avoided any identifica- 
tion of the core state being due to one mechanism of 
excitation or another. The consequences we have dis- 
cussed are valid irrespective of the nature of the core 
excitation. If they are confirmed by further experimental 
data, we could conclude that, whatever the origin of the 
core excitation is, the odd nucleon is coupled weakly to 
it. Furthermore, it seems from an analysis of Au’ that 
the width of the “‘core-multiplet” is roughly the same 
for j=} and j=}. If this is confirmed in general, it 
would indicate that the interaction between the odd 
particle and the core is predominantly a dipole-dipole 
interaction, since higher multipoles will not show up in 
the core-multiplet for 7=4 (and weak-coupling). It is 
also worthwhile to note that we were able to obtain 
consistent values for g. in various nuclei only by using 
the observed g factor for the odd nucleon (derived from 
the magnetic moment of the ground state). This g factor, 
as is well known, is significantly different from the 
Schmidt single-particle value. Thus the simple core- 
excitation approximation is valid, if at all, only if we 
assign the odd particle a renormalized effective moment. 
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Eight proton groups were observed, leading to levels in Ce at excitation energies of 0, 0.65, 1.12, 1.35, 
1.47, 1.77, 2.15, and 2.41 Mev. Angular distributions and relative cross sections were used to make the 
following assignments: $— for the ground state, }— for the 0.65-Mev state, }— for the 1.12-Mev state; 
§— for the 1.77-Mev state, and 4— for the 2.41-Mev state. 





LARGE amount of experimental information 

about heavy nuclei has been collected in the 
region of the doubly closed shell of Pb**? and in the 
region of the deformed nuclei? (A=150—190 and 
A> 222). Quantitative explanations of the data in these 
regions have been given by the individual-particle 
model* and the unified model.‘ Much less information is 
available about the energy levels of heavy spherical 
nuclei that are not near doubly closed shells. Theoretical 
interest in these nuclei has recently increased with the 
investigation of a nuclear model that represents a 
residual two-body interaction by a pairing force plus 
a long-range force.® 

The work reported in this paper is an experimental 
study of the Ce (d,p)Ce™ reaction to give information 
about the energy levels of ssCeg;'“'. This nucleus has 
eight protons outside of the Z=50 closed shell and one 
neutron outside of the V = 82 closed shell. It is expected 
to have one of the simpler level structures in this region. 
In particular, the influence of short-range forces on the 
neutron levels is small. 

The properties of the ground state of Ce’ have been 
determined by several different experiments,*’ and 
information about one excited state has been given by 
the La™ beta decay.** This decay goes to the Ce'*! 
ground state except for a weak inner beta group that is 


*Supported by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 

+ Visitor from the Nobel Institute of Physics, Stockholm, 
Sweden. 

t Now on leave at the Brookhaven National Laboratory. 
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followed by a 1.37-Mev gamma ray. Additional in- 
formation about the excited states of Ce"! is given here. 


EXPERIMENTAL PROCEDURES AND RESULTS 


Self-supporting evaporated targets of natural cerium 
(1-7 mg/cm?) were bombarded by the 10.85-Mev 
deuteron beam from the Indiana University cyclotron. 
The momenta and intensities of the outgoing proton 
groups were measured with a double-focusing magnetic 
spectrometer at a number of laboratory angles between 
12.5° and 135°. The experimental arrangement and the 
handling of the experimental data have been described 
in earlier papers." 

Natural cerium is 88% Ce, 11% Ce, and the 
remainder is Ce'* and Ce™*. All of the intense proton 
groups were attributed to the Ce (d,p)Ce™ reaction. 

Oxygen and carbon contaminants in the targets 
interfered with the cerium proton groups at forward 
angles and were subtracted out. The subtractions were 
made by comparing oxygen and carbon targets with the 
cerium targets at the angles where the subtractions 
were necessary and at other angles where the contami- 
nant peaks were not mixed with cerium peaks. A 
normalization of the targets was made at the latter 
angles. The oxygen subtraction was particularly trouble- 
some and was responsible for large errors on some of the 
data. 

The energy loss of 8.78-Mev ThC’ alpha particles 
passing through the cerium targets was measured and 
used in the calculation of the number of target atoms. 
The energy loss was attributed to the cerium (oxides, 
carbon, and other impurities affect this assumption by 
about 5%), and stopping powers were taken from 
Whaling.” The momentum resolution of the spec- 
trometer was 0.32% and the solid angle was 0.004 
steradian. Errors on the absolute cross sections are 
+40%. 

Energy measurements were similar to those described 
in earlier work."°-" The error on the Q values is +25 kev, 
except for the 1.06- and 1.8-Mev groups. The error for 
these groups is +40 kev. 


1M. T. McEllistrem, H. J. Martin, D. W. Miller, and M. B. 
Sampson, Phys. Rev. 111, 1636 (1958). 

1 G. B. Holm, J. R. Burwell, and D. W. Miller, Phys. Rev. 118, 
1247 (1960). 

2W. Whaling, Handbuch der Physik, edited by S. 
(Springer-Verlag, Berlin, Germany, 1958), Vol. 34, p. 193. 
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Fic. 1. A proton momentum spectrum for a metallic cerium target. Dotted lines separate the parts of the spectrum that were measured 


on different runs. The first five proton groups have expected experimental widths and presumably lead to single states in Ce™! 


distributions were measured for six of the first eight proton groups. 


A momentum spectrum of the outgoing protons is 
shown in Fig. 1. Eight of the proton groups are assigned 
to the Ce (d,p)Ce™ reaction. The ground-state group 
for the Ce'(d,p)Ce™ reaction is also shown. The first 
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Fic. 2 (a) The experimentally observed Ce™! states below 
3-Mev excitation. The 1.77-, 2.15-, and 2.41-Mev states are 
probably complex. (b) Possible zero-order level structure of 
Ce'!, The neutron levels are deduced from the experimental levels 
of Pb*’ as described in the text. The non-single-particle levels 
are shown only as degenerate states. Aw indicates vibrational and 
(1;)? quasi-particle states. A phonon energy of 1.2 Mev is adopted 
for Ce! and the quasi-particle energies of Ce!” are used. 


Angular 


five proton groups have expected experimental widths 
and lead, presumably, to single states in Ce. The other 
groups are somewhat broader, and each may correspond 
to several closely spaced states in Ce. Figure 
tentative level diagram for Ce'!. All of the 
shown as single states. 


(a) isa 


o\« 


groups are 


DISCUSSION 


The interpretation of (d,p) reactions in cerium 
depends upon certain expectations about the nature of 
the reaction mechanism and about the level structure. 
There are a large number of possible final states for 
the compound nucleus reaction mechanism, and its 
cross section for excitation of any single state is small. 
The stripping mechanism should be the dominant 
reaction mechanism for the observed proton groups. 

The deuteron bombarding energy of 10.85 Mev is 
slightly below the Coulomb barrier so that Coulomb 
and nuclear distortions prevent a comparison of the 
experimental angular distributions with Butler theory 
calculations. Nevertheless, the angular distributions 
should still have distinctive features that are represen- 
tative of the angular-momentum transfer in the re- 
action. The experimental results appear to confirm 
this expectation. Moreover, some unpublished experi- 
mental data," as well as distorted-wave calculations," 

8 R. L. Preston, H. J. Martin, and M. B. Sampson, Phys. Rev. 
121, 1741 (1961). 


‘Tobocman’s calculations (reference 18) give single-particle 





Ce!49(d,p)Ce! 


indicate that a comparison of the experimental relative 
cross sections with Butler theory calculations will have 
some validity in deciding level assignments. 

The stripping mechanism predominantly excites 
states that can be wholly or partly characterized as a 
single particle moving in a potential well, the shell 
model states. Shell model assignments for the neutrons 
in the N=82—126 shell are 2f7/2, 1h9/2, 3p3/2, 1¢13/2, 
2fs/2, and 31/2. These neutron states are expected in 
Ce although they may be perturbed by the protons 
in the unclosed proton shell. A qualitative estimate of 
possible levels of Ce'*! is shown in Fig. 2(b). The 
single-particle levels are taken from the neutron hole 
states of Pb”7,!5> and are corrected!® for the fact that 
Ce has a smaller nuclear radius than Pb*’. The 
perturbing levels are vibrational states and proton- 
excited states from the levels of Ce™.'? Core excited 
neutron states are neglected. 


The Ground State: Q=3.21 Mev 


The spin of the ground state has been measured’ 
and with the shell model 
assignment of 2 f7/2 for the 83rd neutron. 

The ground state angular distribution is shown in 
Fig. 3. The shell model and the measured spin of the 
state indicate that this distribution should be represen- 
tative of f-wave neutron capture in the (d,p) reaction. 
Tobocman has carried out distorted-wave calculations 
for this case and his calculations agree with the f-wave 


is 7/2. This is consistent 


assignment.!® 


The 0.65-Mev and 1.12-Mev Levels: 
Q=2.56 and 2.09 Mev 


The angular distribution for the Q=2.56-Mev group 
is shown in Fig. 4. Tobocman’s calculations agree with 
p-wave neutron capture. A similar distribution was 
found for the Q=2.09-Mev group and is also shown in 
Fig. 4. 

The 33,2 neutron state is expected at about 1 Mev 
excitation. The first group of perturbing levels is also 
expected in this region (f7,2++one phonon to give states 
with spins and parities 3/2—, 5/2—, 7/2—, 9/2—, and 
cross sections that are much smaller than the experimentally 
determined cross sections. However, the ratios of calculated cross 
sections for different / values are not appreciably different if 
either the Butler theory or the distorted-wave approximation are 
used 

18 EP, E. Alburger and A. W. Sunyar, Phys. Rev. 99, 695 (1955). 
The /y/2 level is assumed to be close to, but at a slightly higher 
energy than, the /7/2 in accordance with B. L. Cohen, S. Mayo, 
and R. E. Price, Nuclear Phys. 20, 360 (1960). 

16 Using the 0//AR obtained by J. Blomqvist and S. Wahlborn, 
Arkiv Fysik 16, 545 (1960). These 0//0R are, of course, only 
valid within a small range of variation of the nuclear radius R, 
but actually the variation in R is only about 10% and only a 
qualitative result is attempted. No attempt is made to estimate 
pairing energy and collective corrections in Pb®’. 

17 As calculated by L. S. Kisslinger and R. A. Sorenson, Kgl. 
Danske Videnskab. Selskab, Mat.-fys. Medd. 32, No. 9 (1960). 
Lower vibrational energies are used since Ce! is a “‘softer”’ 
nucleus than Ce!™, 

18 W. Tobocman (private communication). 
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ic. 3. Angular distribution of protons leading to the ground 
state of Ce™!. This distribution is representative of f/-wave 
neutron capture. 


11/2—). It seems possible that the occurrence of two 
p states is due to strong mixing of the 33/2 state with 
the vibrational 3/2—. 
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Fic. 4. Angular distributions for the 0.65-Mev and 1.12-Mev 
Ce states. These distributions are representative of p-wave 
neutron capture. 
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Fic. 5. Angular distribution for excitation of the 1.77-Mev 
Ce™! state. This distribution is similar to the one shown in Fig. 3 
and is f wave. 


The sum of the cross sections for the two states is 2.3 
times larger than the ground-state cross section. This 
value is not inconsistent with the factor of 3 given by 
Butler calculations (harmonic-oscillator wave functions 
are used to calculate neutron reduced widths). Assign- 
ments of 3/2— are reasonable for the Ce! states at 
0.65 and 1.12 Mev excitation. 


The 1.35-Mev Level: 0= 1.86 Mev 


The angular distribution for this level was not 
measured. This level is apparently the same level that 
is excited in the La™! beta decay. The 1/9/2 and 1113/2 
single-particle states are expected in this energy region. 
Mixing of the f7,2 or fs/2 single-particle states with other 
nuclear states may also be responsible for this state. 
(3p3/2 states are not considered because the level is fed 
by beta decay.) The ft value for the beta transition to 
this state is 7.5 and is consistent with an /gy/2 assignment 
(assuming 7/2+ for La™'). The (d,p) cross section is 
also consistent with an /y,2 assignment, but 5/2— and 
7/2— cannot be excluded. 


The 1.47-Mev Level: Q=1.74 Mev 


A complete angular distribution was not obtained 
for this level, although a partial distribution differed 
from the partial distribution of the 1.35-Mev level. The 
possible assignments are the same as those of the 1.35- 
Mev level, and also include 3/2— and 1/2—. Assign- 


a. J. MARTIN, 


JR. 
ments 5/2—, 7/2—, and 9/2— seem less likely as the 
state is not fed by the beta decay. 


The 1.77-Mev Level: Q= 1.44 Mev 


The angular distribution for this state is shown in 
Fig. 5 and is similar to the f-wave ground state distri- 
bution. The ratio of this cross section to the ground- 
state cross section is 0.7 at forward angles. Statistical 
factors for the fs;2 and f7,/2 shell-model states give a 
ratio of 0.75. The angular-momentum transfer is high 
and the Q-value dependence of the Butler calculation 
is not important. The 3/52 state is expected near 2 Mev 
excitation, so that a 5/2— assignment fits the 1.77-Mev 
state of Cel. 

This state and the higher states are excited by proton 
groups that have widths larger than the experimental 
resolution. This means that the groups no longer lead 
to single states, probably because of the rapid increase 
in perturbing levels near 2 Mev excitation. Mixing 
from these levels is not expected to smear out the single 
particle levels over a region as large as the shell model 
spacing. This assumption is supported by experimental 
evidence. 


The 2.15-Mev Level: Q= 1.06 Mev 


The angular distribution for the proton group with 
Q=1.06 Mev is shown in Fig. 6. No conclusions can be 
made about this distribution. 
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Q=0.80 Mev 
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Fic. 6. Angular distributions for the 2.15-Mev Ce'*! state 
ee) and the 2.41-Mev Ce"! state. 

19 J. P. Schiffer, L. L. Lee, and B. Zeidman, Phys. Rev. 115, 427 
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ent states are discussed in the 
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The 2.41-Mev Level: Q=0.80 Mev 


The angular distribution of the proton group with 
Q=0.80 Mev is also shown in Fig. 6. This distribution 
is similar to that of the Q= 2.56 Mev and Q=2.09 Mev 
groups. 

The 31/2 state is expected near this energy. Butler 
calculations for p waves vary markedly with Q and give 
a pi/2 cross section at this Q that is 0.9 times the total 
p3/2 cross section. The experimental cross section is 0.9 
times the total 3/2 cross section. A 31/2 assignment 
fits the Ce™ states near 2.41-Mev excitation energy. 


REACTION 


Levels at Higher Excitation 


An energy gap of about 3 Mev is expected between 
the 31/2 state and the next highest single-particle state 
(2g9/2). A group of unresolved levels beginning at about 
3 Mev excitation is shown in Fig. 1. The appearance of 
this group of states indicates, if the general features of 
the earlier interpretations are correct, that noticeable 
mixing can take place over rather large distances in 
Cell, 


CONCLUSIONS 


Figure 7 shows the energy levels of Ce! and the 
spin ahd parity assignments that have been made in the 
preceding discussion. The experimental data indicate 
that mixing of the neutron levels with the perturbing 
levels is limited at excitation energies of less than 2 Mev. 
The number of “extra” levels found in the study of the 
(d,p) reaction is small. A comparison of the experi- 
mental neutron level structure with the level structure 
deduced from Pb*’ shows qualitative agreement and 
encourages the possibility of a more quantitative fit. 
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Question is raised concerning the validity of the Vladimirskii mechanism of fission in which the individual 
nucleons with large component of angular momentum in the direction of the symmetry axis give rise to in 
stability against asymmetric deformation and thus lead to an asymmetric saddle point 





LADIMIRSKII' has proposed a mechanism of 


fission in which the instability against asymmetric 
deformation leading to asymmetric saddle point is at- 
tributed to the influence of the individual nucleonic 
states having a large amount of angular-momentum 
projection in the direction of the symmetry axis of the 
deformed nucleus. On the basis of the asymmetric saddle 
point thus achieved, it becomes possible to explain 
qualitatively a number of fission properties, including 
the constancy of the fission threshold, the asymmetric 
mass division, and the asymmetric neutron distribution 
at symmetric fission. In this note, a question is raised 
concerning the validity of this mechanism. 

In this theory the instability is based on an estimate 
of the rotational energy #7/,2/2Mr’ of the nucleon in a 
deformed nucleus, where #/, is the projection along the 
axis of symmetry of the orbital angular-momentum of 
the nucleon. The order of magnitude of this quantity 
is taken to be #7/2/2Mr,, where r,, is the maximum 
value of the cylindrical coordinate r; when asymmetric 
deformation is introduced, r,, increases and results in 
a reduction of the energy. 

We note that the use of r,, for an order of magnitude 
estimate is valid when we compare a number of nuclei 
deformed according to the same parameters but differing 
only in the scale of length. It is not justified when we 
compare a symmetrically deformed nucleus with an 
asymmetric one. A better estimate may be obtained by 
assuming the wave function of the nucleon to be con- 
stant over the nucleus and taking average of the energy 
term over the nucleus. When asymmetric deformation 
is introduced, one side of the nucleus becomes larger 
while the other becomes smaller. The first order effects 


a Supported by the National Science Foundation. 
1V. V. Viadimirskii, J. Exptl. Theoret. Phys., (U.S.S.R.) 32, 
822 (1957) [translation: Soviet Phys.—JETP 5, 673 (1957) ]. 


of the two sides cancel out. The second order term tends 
to increase the energy and thus contributes to the sta- 
bility of a deformed nucleus against asymmetric defor- 
mation. Thus, it seems difficult to explain the asym- 
metric saddle point on the basis of individual nucleonic 
states with large angular-momentum projection along 
the axis of symmetry. 

It may be noted that when an asymmetrically de- 
formed nucleus is compared with a symmetric one, the 
first order effect of the change of any property expres- 
sible in terms of analytic functions vanishes on account 
of the fact that the volume of the nucleus is invariant 
with respect to deformation. It takes a large asymmetric 
deformation to make the second order effect felt, and 
the change is gradual. On the other hand, the experi- 
mental results of asymmetric mass distribution in fission 
seem to indicate that as the mass ratio of the fragments 
increases from unity, the onset of the increased proba- 
bility for asymmetric fission is rather sudden. Further- 
more, this trend is later reversed suddenly. Thus, it is 
more difficult to explain these sudden changes on the 
basis of nuclear properties which are expressible in 
terms of analytic functions than to explain them on the 
basis of some irregular features, such as the nuclear shell 
structure as proposed previously. 
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It is shown that the statistical theory of nuclear fission is consistent with the recent experimental results 
of prompt neutron distribution in fission if we assume the existence of some constraint in the process of 
approaching equilibrium which controls the partition of excitation energy between the two fragments. 


HE statistical theory of nuclear fission' has met 

one serious difficulty in explaining the recent 
experimental results of prompt neutron distribution.” * 
The theory predicts that the most probable modes of 
fission (asymmetric fission) are associated with the 
emission of a large number of prompt neutrons. Further- 
more, it predicts that the heavy fragment emits more 
neutrons than the light. However, the experimental 
results are that the average number of prompt neutrons 
is nearly the same for various modes of mass division. 
Furthermore, the average number of neutrons emitted 
by the light fragment #, is nearly the same as that from 
the heavy fragment ~,. The most startling discovery 
is that symmetric fission is actually asymmetric in a 
dynamical sense in view of the fact that one fragment 
emits many more neutrons than the other. 

The purpose of this article is to show that the 
statistical theory is still consistent with these experi- 
mental results, if it is assumed that some constraint 
exists in the process of approaching equilibrium. The 
previous statistical theory was worked out without any 
constraint. The assumption of a slowly deforming 
liquid drop is actually a simplifying approximation. 
The experimental fact that symmetric fission is dy- 
namically asymetric may be taken as evidence for the 
existence of a dynamical mechanism which may act as a 
constraint when the system approaches equilibrium. 
Without working out the details of this mechanism, we 
may take the experimental distribution of the number 
of prompt neutrons with respect to the fragment mass 
as the one required by the constraint, and thence 
proceed to deduce equilibrium condition under such a 
constraint. From the experimental values of vz and vy, 
we may deduce the excitation energies of the light and 
the heavy fragments, E, and Ey. Use the level density 
formula, 


W (E)=c exp[2(a£)4], (1) 


discussed in the previous work’; the relative probability 
for a mode of fission, according to the statistical 
principle, is given by 


Pr CL exp[.2(a,E,)! len exp[2(ayEn)! l. 


* Supported by the National Science Foundation. 

1! Peter Fong, Phys. Rev. 89, 332 (1953) and 102, 434 (1956) 

2S. L. Whetstone, Jr., Phys. Rev. 114, 581 (1959). 

3Ju. P. Dozremin, B. F. Apalin, B. P. Zakharova, I. E. 
Kimukov, and P. A. Mukalin, Atomnaya Energ. 7, 15 (1960). 


Equation (2) enables us to calculate the mass distri- 
bution curve which may be compared with experimental 
results. 

For thermal neutron fission of U™®, we use the 
experimental values of v, and vy by Dozremin et al.’ 
The ratio of vz; and vy is assumed to be the ratio of 
E, and Ey. As the experimental results are that 
vi+vy is nearly constant with respect to the mass ratio, 
we assume that the total excitation energy E,+E£y 
is a constant, the value of which is taken to be 27 Mev. 
E, and Eq may now be calculated. The relative proba- 
bilities for various mass divisions are then calculated 
according to Eq. (2) and are plotted in Fig. 1 (a), where 
the radiochemical mass distribution curve is also given 
for comparison. For spontaneous fission of Cf, 
Whetstone’s? experimental values of vy, and vy are used. 
For simplicity, E, and Ey are assumed to be the values 
of v, and vy, multiplied by 8.5 Mev. The relative 
probabilities of various mass divisions are calculated 
and plotted in Fig. 1 (b), where the radiochemical mass 
distribution curve by Nervik‘ is also given for com- 
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Fic. 1. Mass-distribution curves of thermal-neutron fission 
of U* and spontaneous fission of Cf. The yields of the heavy 
fragments are plotted as a function of the mass number. 
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parison. Detailed agreement is not expected, considering 
the approximations involved in the calculation and the 
difference between the fission counting mass distri- 
bution curve and the radiochemical mass distribution 
curve. Nevertheless the pronounced asymmetric fission 
peak is unmistakable. 

The experimental error of the neutron data used for 
calculation may change the shape of-the calculated 
curve somewhat. However, the values of vz and vy of 
U™ are accurate to about +8%; the resulting change 
of the calculated probability is about a factor of 4 
higher or lower. The difference of the calculated proba- 
bility, by a factor of about 10° between symmetric and 
asymmetric fission, is thus beyond the experimental 
error of the data used. The values of vz and vy of Cf?” 
are accurate to about +5%; the range of variation of 
the calculated probability is even smaller. The accuracy 
of the values of a, and @y, which are based on fast 
neutron-capture cross sections of 42 nuclides, is already 
discussed at length in the previous paper.' It thus seems 
that the prompt neutron data do not contradict the 
statistical theory, although some mechanism will have 
to be assumed to play the part of providing the necessary 
constraint. 

A comment is in order concerning the nature of the 
mechanism responsible for this peculiar distribution of 
prompt neutrons. The Whetstone neck? is a naive 
rendering of this mechanism in terms of the liquid-drop 
model. The appearance of such a neck is not called for 
by the simple liquid-drop model, and the energy of the 
neck seems to be too high in view of the usually small 
value of v. It seems that the explanation of this distri- 
bution is not likely to be found in any simple model. 


FONG 


Incidentally, it must not be forgotten that the interpre- 
tation of the experimental results is based on the 
isotropic emission of prompt neutrons in the fragment 
frame of reference, which may not be the case in view 
of the large deformation of the fission fragments. 
Another comment may be made here concerning the 
variation of the total excitation energy with respect to 
the mass ratio of splitting. In the previous work,! the 
total excitation energy is found to be a maximum for 
the most probable mode of fission (asymmetric fission). 
It was calculated from the total energy release in 
fission (which is obtained by taking the mass difference) 
subtracted of the total kinetic energy of the fragments 
(which is assumed to be equal to the Coulomb energy 
of the two charged drops in contact). Later work,® 
with improved mass data, established that the total 
energy release has a maximum in the asymmetric 
fission region. On the other hand, recent experimental 
data® show that the kinetic energy of fragments is not 
exactly the same as the Coulomb energy of two charged 
drops. Therefore, it is not impossible that the excitation 
energy turns out to be nearly a constant, independent 
of the mass ratio of splitting as indicated by the 
experimental data of prompt-neutron distribution. 
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The hindrance to spontaneous fission by the odd nucleon in the fissioning nucleus may be explained as 
due to the pairing energy of the odd nucleon at the saddle-point deformation. 


O explain systematic features in nuclear spectros- 

copy, a number of nuclear models have been 
used with remarkable success. However, as more of 
the fine details are brought to the fore, simple models 
become inadequate and more complicated ones have 
to be developed. Eventually, one has to look into the 
individual nucleonic interactions as the final resort to 
explain all the features of nuclear spectroscopy. The 
successful treatment by Kisslinger and Sorensen! of the 
low-energy properties of nuclei by considering pairing 
and long-range interactions is an important step along 
this direction. 

A similar situation exists in nuclear fission. While a 
few salient features may be explained in terms of simple 
models, the adequacy of these models is in doubt as 
experimental data accumulate. It seems that one is 
again forced to look into the individual nucleonic inter- 
actions for the complete solution. The success of the 
Kisslinger and Sorensen treatment indicates that the 
pairing and long-range interactions may be considered 
in a similar manner for a nucleus with very large defor- 
mation such as the saddle-point deformation in fission. 
One immediate consequence is that there is to be an 
even-odd effect of the energy at the saddle point just 
as the even-odd variation of nuclear mass at the ground 
state. 

There is actually an even-odd effect in fission, and we 
may try to explain it on the basis of the above discussion. 
It is known that?* the addition of an odd nucleon to an 
even-even nuclide hinders the rate of spontaneous fis- 
sion; the lifetime becomes longer by a factor of about 
10°. The addition of an odd neutron and an odd proton 
(thus making the fissioning nuclide an odd-odd type) 
prolongs the lifetime by a factor of about 10°. If this 
is to be attributed to a higher fission barrier, the in- 
crease in barrier energy is about 0.4 and 0.7 Mev, 
respectively. To explain the hindrance factor Seaborg? 
has considered a possible change of nuclear radius due 
to the addition of an odd nucleon; on the other hand, 
Newton‘ and Wheeler® have used the unified model 
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of Bohr and Mottelson. According to the previous 
discussion, the pairing energy manifests itself in both 
the ground state and the saddle-point deformation of 
the fissioning nucleus. Thus the addition of an odd nuc- 
leon to an even-even nucleus raises the ground-state 
energy by 64, where A is the mass number of the fis- 
sioning nucleus; it also raises the saddle-point energy 
by 64%, the value of which we do not know. If 64° is 
greater than 54 by about 0.4 Mev, then we have the 
desired explanation of the increase of the fission barrier 
energy. Furthermore, the additivity of energy explains 
the hindrance factor due to an odd neutron plus an 
odd proton. The value of 645—é4 probably may be 
estimated as follows: Consider a continuous deformation 
process starting from the undeformed compound nucleus 
(odd-A type), passing through the saddle point, and 
eventually ending at two separate daughter nuclei (one 
even-even type and the other even-odd type). The cor- 
responding change of the pairing energy is from 6,4 to 
54° and then to 64,2, the latter corresponding to the 
pairing energy of a daughter nucleus with the mass 
number reduced by one-half. This value 64/2 is a mini- 
mum estimate; for an odd-A fissioning nucleus may be 
divided into an odd-odd nucleus plus an odd-A nucleus 
and the total pairing energy in the last stage is 364/2. 
According to the Fermi mass formula® in which 64 
equals 0.036/A? amu, the value of 54;2—654 may be 
calculated and turns out to be about 0.4 Mev. It is 
likely that 645—6, is of the same order of magnitude 
as the difference of pairing energies between the initial 
and final stages, the minimum estimate of which is 0.4 
Mev. Therefore, the difference in pairing energy is of 
the right order of magnitude to account for the hin- 
drance factor. 

That there is an even-odd effect for the saddle-point 
energy has been discussed by Swiatecki’ on an empirical 
basis. In an effort to establish systematics of fission 
thresholds, he found that the empirical saddle-point 
mass, obtained by adding the experimental fission 
threshold energy to the ground-state mass, as a function 
of Z?/A, actually splits into three curves corresponding 
to the odd-odd, odd-A, and even-even nuclear types 
with spacing 64%=1.2 mmu. He took the value of 54 
for ground-state masses of fissionable nuclei to be 0.77 
mmu. The difference 645—6, is thus 0.40 Mev, exactly 

6 E. Fermi, Nuclear Physics Notes (University of Chicago Press, 
Chicago, Illinois, 1949), pp. 6-8. 

7W. J. Swiatecki, Phys. Rev. 101, 97 (1956). 





1546 PETE! 
the amount account for the hindrance 
factor. In fact, Swiatecki has pointed out that the fission 
threshold energies deduced from spontaneous fission 


necessary to 


lifetimes are consistent with the systematics established 
in induced fission. 
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Decay of I'™ 
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The decay properties of 53-min I"™ have been investigated with 
scintillation techniques as part of a program for the systematic 
the 
gamma rays determined from the single-crystal and coincidence 
studies are 0.135 (3.2), 0.18, 0.23, 0.27, 0.32, 0.39 (7.2), 0.41 (0.6), 
0.43 (2.9), 0.51 (0.9), 0.54 (8.4), 0.61 (19), 0.69 (7.3), 0.75 (1.3), 
0.77 (6.0), 0.848 (100), 0.864 (4.6), 0.890 (74), 0.96 (2.0), 1.00 
(4.7), 1.07 (18), 1.15 (10), 1.28 (1.4), 1.34 (1.5), 1.46 (3.7), 1.49 
(1.0), 1.62 (4.9), and 1.79 (4.9) Mev. There are two gamma rays 
at each energy of 0.89 and 1.07 Mev. The single-crystal spectra 


study of xenon energy levels. Energies (and intensities) of 


were corrected experimentally for gamma-ray summing. Gamma 
coincidence spectra were measured by gating at energies of 0.135, 
0.41, 0.61, 0.85, 0.89, 1.00, 1.07, 1.15, 1.46, 1.62, and 1.79 Mev in 
the gamma-ray spectrum. Beta-ray spectra were measured in co 


I. INTRODUCTION 


N recent years there have been a number of attempts 

to systematize and explain the low-lying levels of 
even-even nuclei in the medium-weight (4 =40—140) 
region. Although a large quantity of experimental in- 
formation has been accumulated, in only a few cases 
have the levels of more than two or three nuclides of 
the same Z been thoroughly investigated. The even 
xenon isotopes show promise for a systematic study of 
thos sort, since their excited states are abundantly 
populated by beta-decay from iodine nuclides of con- 
venient half-life. In addition to the earlier work' on 
xenon nuclides with A =126, 128, 130, and 132, recent 
research at this laboratory? has been performed on the 
decay of I’, I'*, and I'*®, With this report of the results 
of experiments on levels in Xe™ from the decay of I, 
the even xenon isotopes form one of the largest sets of 
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Kichler, and N. R. Johnson (to be 


1.00, 1.07, 1.15, 1.46, 1.62. 
the single-crystal data 
2.41, 2.21, 1.68, 


i-gamma-gamma”’ 


incidence with gamma rays at 0.85 
and 1.79 Mev. These measurements and 
disclosed beta rays with end-] 
1.49, 1.25, and 1.05 Mev. In 
experiment the 2.41-Mev beta-ray 
a level in Xe™ at 1.74 Mev; 


between the ground states of I and 


gies ol 
a three-crystal “bet 
vas shown to populate 
: energy difference 
is 4.15+0.06 Mev. 
and spins) in 


thereto 


le vels 
1.92 


yllective 


A decay scheme is proposed with energy 
Xe at 0.85 (2+), 1.62 (2+), 1.74 (44 2.34, 2.43, 2.48, 
2.64, 2.88, 3.11, 3.30, and 3.41 Mev. A « of the 
low-lying levels is suggested in that the 1.62- and 1.74-Mev states 


nature 


appear to be members of a “‘vibrational’’ doublet at about twice 
the energy of the first excites 
rhe half-life of I 


vas redetermine 


well-characterized energy levels of a given family. The 
nuclide Xe" is of great interest si 


neighbor Xe'*® is a closed-shell nucl 
exhibits a surprising “‘vibra 


its heavier near- 
ide, 


behavior. The low- 


nce 
but one which 
tional”’ 
lying levels of its lighter, near-neighbor Xe" also appear 
As will be seen, Xe! 
to possess a similar level structure a doublet of 
2+ and 4+ character at an energy of approximately 
twice that of the first 2+ state. 


to have a collective nature. seems 


with 


Abelson® found a new 54-min iodine activity among 
the products of uranium fission, and demonstrated that 
it was the daughter of a tellurium isotope with a 43-min 
half-life. Katcoff, Miskel, and Stanley® assigned the 
54-min period to I fission-fragment range 
measurements. 


by 


The first detailed investigation of the radiations from 
['* was reported by McKeown Katcoff.? The 
gamma-ray spectrum obtained by these investigators 
showed an intense gamma ray at 0.86 Mev, which was 
interpreted as the de-excitation of the first excited state 
of Xe", Additional gamma rays were found at 0.120, 
0.200, 1.10, and 1.78 Mev. The 
component was found to have an energy of 2.50.2 
intense 0.86- 


and 


most energetic beta 
Mev, and to be in coincidence with the 
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Mev gamma ray. Another beta ray of energy 1.5 Mev 
was in coincidence with gamma rays above 0.9 Mev. 

While the work by the present authors was in prog- 
ress, an extension of the available information on I™ 
was reported by Holm and Ryde,’ who found gamma 
rays at 1.80, 1.62, 1.45, 1.3, 1.14, 1.07 0.86, 0.63, 0.42, 
0.21, and 0.138 Mev. The peak at 0.86-Mev was ob- 
served to be wider than a peak due to a single gamma 
ray, and 0.86—0.86-Mev coincidences were observed. 
The beta-ray spectrum was complex, with a maximum 
energy of 2.35+40.15 Mev, and “inner” groups of 1.57 
and 1.3 Mev. Coincidence experiments indicated that 
either or both 0.86-Mev gamma rays were in coincidence 
with the 2.35-Mev beta ray. From beta-decay syste- 
matics, Holm and Ryde correctly surmised that the 
2.35-Mev beta group decayed to the level in Xe™ at 
about 1.7 Mev. 


II. SOURCE PREPARATION AND HALF-LIFE 
DETERMINATION 


A principal difficulty in producing I" sources is the 
elimination of other iodine activities. Because of the 
distribution of tellurium half-lives, it is possible to 
separate I' from its fission-product tellurium parent 
with only a few percent of 21-hr I'* as the principal 
contaminant, provided the length of irradiation and the 
time of the tellurium isolation are chosen appropriately. 
This method excludes 6.7-hr I'*®, which is the major 
interference when an iodine fraction is separated 
directly from fission. 

The I'* sources for this study were prepared by ir- 
radiating a uranyl nitrate solution containing 2.6 g of 
natural uranium for one minute in the Oak Ridge 
graphite reactor. After irradiation, the pneumatic 
transfer “rabbit” containing the liquid sample was 
ejected from the reactor, and dropped into a shield for 
two minutes to enhance the yield of Te™ by decay of 
0.6-min Sb™. A needle punctured the sample capsule 
and the liquid was transferred pneumatically to a sepa- 
ratory funnel, in which the fission products were con- 
tacted with freshly preciptated tellurium together with 
iodide and bromide “‘holdback”’ carriers. 

After separation from the fission products, the tel- 
lurium was dissolved in nitric acid. Carrier iodide was 
added and oxidized to periodate in basic sodium hypo- 
chlorite solution (necessary for complete iodine ex- 
change) ; then the periodate was reduced to iodide with 
sodium metabisulfite. Sodium nitrite produced free 
iodine which was extracted into carbon tetrachloride. 
This iodine fraction, which contained the unwanted 
['**, was discarded, and after a suitable growth period 
(about 50 min), the separation was performed again. 
The activity finally was reduced and precipitated as 
silver iodide. At the time of the first count the sample 
usually consisted of about 95% I and 5% I. 


8G. Holm and H. Ryde, Arkiv Fysik 15, 387 (1959). 
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The I" half-life measured with an end-window beta 
proportional counter was 52.8+0.3 min. 


Ill. GAMMA-RAY SPECTROMETRY 


Gamma-ray spectra were measured with 3-in.X3-in. 
cylindrical NaI crystals mounted on Dumont 6363 
photomultiplier tubes. Polystyrene absorbers (1.33 
g/cm*) were used to stop the beta rays and a 256- 
channel analyzer was used for pulse-height analysis. 


Single-Crystal Spectra 


The single-crystal gamma-ray spectrum (high-energy 
portion) taken at a source-to-detector distance of 9.3 
cm is shown in Fig. 1. Decomposition of the spectrum 
was made by using Gaussian shapes for the full-energy 
peaks and by matching the distribution of the Compton 
and pair peaks with standards run under similar ex- 
perimental conditions. For simplicity, full spectral 
shapes of only a few of the gamma rays are shown. The 
dashed curve represents the long-lived background 
which is almost totally 21-hr I'*, and the broken line 
is the contribution from the coincident or ‘real’? sum- 
ming of cascade events coupled with the random sum- 
ming of noncorrelated radiations. The method for de- 
termining this sum spectrum is discussed below. 

The analyzed peaks at 1.46, 1.62, and 1.79 Mev are 
broader than those expected at these energies. Also, the 
valleys between these peaks and the region above 2 Mev 
show appreciable residuals. If the summing has been 
properly accounted for, then it would appear that there 
are additional gamma rays in the spectrum and/or an 
appreciable level of bremsstrahlung to be accounted for. 


ompressed Gair 


Polystyrene Absorber 


# 


GAMMA-RAY 
SUMMING 


240 2066 280 
NUMBER 
Fic. 1, Gamma-ray spectrum of I’, Low amplifier gain was 
used to emphasize the high-energy portion. The contribution from 
coincident gamma-ray summing was measured as discussed in the 
text. For simplicity the complete pulse-height distributions of only 
the two most energetic gamma rays are shown. 
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Fic. 2. Gamma-ray spectrum of I, Amplifier gain was in- 
creased to show details of the low-energy part of the spectrum. 
Contributions due to gamma-ray summing and Compton spectra 
of higher-energy gamma rays are not shown in the figure, but were 
used in the analysis. 


The low-energy portion of the spectrum taken at in- 
creased gain is shown in Fig. 2. The widths of the 0.41-, 
0.55-, and 0.61-Mev peaks indicate that there may be 
more than one gamma ray at about these energies. Also, 
there is some evidence for another gamma ray in the 
vicinity of the backscatter peak. To check this latter 
point a lead collimator was placed between the source 
and detector, and the resulting spectrum showed an 
additional gamma ray at about 0.22 Mev. Using a }-in. 
thick NaI detector to reduce the contributions from 
high-energy gamma rays, it was possible to define more 
clearly the lowest-energy peak in Fig. 2 and to establish 
its energy as 0.135 Mev. 

To avoid energy error as a result of counting rate- 
dependent gain shifts, the I source was counted simul- 
taneously with standard sources of Na” and Cs"’. In 
this manner three of the peak positions in the I gross 
spectrum were found to be at 0.862+0.007, 1.075 
+0.010, and 1.789+-0.015 Mev. These values were then 
used as a means of internal adjustment for the calibra- 
tion curve. In the first column of Table I we list the best 
energy values for the resolved gamma rays and in 
Col. 2 their single-crystal intensities relative to the 
0.85-Mev transitions. 


Sum Spectra 


As seen in Fig. 1, the summing contribution produces 
considerable distortion and complication of the desired 
gamma-ray spectrum. Experimentally this distribution 
has been accounted for by utilizing a modification of 
the sum-coincidence circuit of Hoogenboom’ as shown 


A. M. Hoogenboom, Nuclear Instr. 3, 57 (1958). 
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in Fig. 3. The gains of the two Nal-crystal-photo- 
multiplier assemblies were matched and their outputs 
summed in the linear adder. The amplified sum pulses 
were then fed to a 256-channel pulse-height analyzer 
and the photomultiplier outputs were also fed to a co- 
incidence mixer which gated the analyzer each time a 
sum event occurred in the two crystals. 

Tests were performed with standard sources such as 
Cr® and Co. Their single-crystal spectra were first 
measured so that the energy region above the photo- 
peaks might be compared with the experimental sum 
spectrum obtained with the apparatus described in the 
preceding paragraph. In the case of Co™ it was found 
that the sum spectrum, which is almost completely due 
to “real” summing of cascade gamma rays, could be 
duplicated rather precisely with the apparatus of Fig. 3. 
With a Cr® source, where the sum spectrum is com- 
prised of randomly summed events, it was found neces- 
sary to adjust the resolving time to about 1 usec so that 
the height of the experimental sum peak matched that 
observed in a single-crystal spectrum. However, the 
region between the sum peak and the photopeak was 
lower than that of the single-crystal spectrum; but 
when the decay scheme involves many cascade events, 
as is the case with I, this small discrepancy becomes 
negligible. The counting time required in a summing 
experiment of this type is one-half that for a single- 
crystal case due to the doubled detector geometry. The 
prominent sum peaks observed for I'** by this method 
are in qualitative agreement with those obtained with 
a 3-in.X3-in. Nal well crystal. 


Gamma-Gamma Coincidence Spectra 


For the gamma-gamma coincidence measurements, 
the source was placed at the center of a collimating 
anti-Compton shield and was viewed by two 3-in. X 3-in. 
Nal crystals at 180° to each other. A ‘‘fast-slow” co- 
2r, of 0.19 


psec was used to gate the 256-channel analyzer. Spectral 


incidence circuit having a resolving time, 


analysis was performed in the same manner as described 


for the single-crystal data. 


Fic. 3. Block diagram of the apparatus used to measure 
gamma-ray sum spectra 
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TaBLe I. Summary of I!“ gamma-ray data. 


“Coincidence quotient'’* with gamma rays of energy (Mev) 
0.86 —0.86 
Singles ev 
Py intensity 0.135 0.41¢.' 0.61 0.85¢ 0.89 1.00° 1.07¢ 1.15 1.46¢ 2e 1.79 Sum pulses 


0.135 40.005 3.240.8 Strong 0.12 0.038 0.038 0.012 0.026 0.049 
0.18 +0.01 
0.23 +0.01 0.019 0.013 0.034 
0.27 40.01 
0.32 +0,.02 0.021 0.021 
0.39 +0.01 ) ) ) 0.01» 
0.41 40.01 8.2 43.7 " 0.10 0.096 0.10 0.025 0.078 
0.43 +0.01 } ] } 0.16 
0.51 +0.02 1 0.036 
0.54 +0.02 f aes 0.12 0.11 0.049! 2 0.044 
0.61 £0.02 0.64 Strong 0.19 0.20 0.077 0.049 0.19 
0.69 £0.03 343. 0.043 0.048 0.053 0.076 
0.75 +0.02 4 0.12 
0.77 +0.02 9 Eee {0.056 0.083 
0.848 +0.009 1.06 Ve 0.29 1.02 1.03 
0.864 +0.014 a SE 0.42 
0.890 +0.009¢ ; 0.88 j, Sree 0.69 0.074 
0.96 +0.03 0.12 
1,00 +0.02 : 0.046 0.033 0.087 0.46 
1.07 +0.02¢ 84: 0.20 Weak 0.18 0.046 2 0.23 
1.15 +0.02 : 0.10 0.13 0.040 
1.28 +0.05 .4+0. 0.065 0.035 
1.34+0.05 540. 0.022 
1.46 +0.03 ) 0.062 0.046 
1.49 +0.03 ethan gi 0.093 
1.62 +0.03 +1.5 0.022 0.13 
1.79 +0.02 642. 0.049 





» If there is no number shown for the “coincidence quotient,” it can mean either that there was no evidence for a coincident peak or that there was 

possibly a small indication for it, but the nature of the data made its inclusion in the table questionable. 
Relative to the 0.848-Mev gamma ray as 100 units. The intensities shown here are those obtained from the single-crystal experiments, whereas the 

intensities shown in the decay scheme are the best values determined from both the single-crystal and coincidence data. 

¢ There is evidence for multiple gamma rays with about this energy. 

! Since the data from this experiment are considered primarily of qualitative value, only a relative indication of the “coincidence quotients" is shown. 

¢ This peak was very broad and appeared to include both the 0.85- and 0.89-Mev gamma rays. It is not possible to tell, but it could also include the 
0.86-Mev gamma ray. 

£ The qo.s9,0.29 value of 0.074 yields 3.7 units of intensity for the upper member of a 0.89-0.89-Mev gamma-ray cascade (see Fig. 15). An intensity of 
8.5 units is obtained for this same gamma-ray transition from the “three-crystal"’ (gamma-gamma-gamma) experiment where the observed “coincidence 
quotient” is 0.31. The average value of ~6 is shown in the decay scheme. 

« The energy observed for this peak was 0.93 Mev. 

b The energy observed for this peak was 0.36 Mev. 
Ihe energy observed for this peak was 0.51 Mev. 


Often a gamma peak may appear prominent in a co- single-channel analyzer. D» is the fraction of counts in 
incident spectrum and yet in the summary of gamma-__ the window due to yz, and knowing the window width, 
gamma coincidence information in Table I it may be one can obtain this fraction from the single-crystal 

shown strikingly reduced and occasionally not be listed spectrum. 
at all. This is a result of removing the coincidence con- The term ¥ 91D W,:(0) corrects for coincidences 
tribution from higher-energy gamma rays which give arising from “gating” events in the window from any 
Compton events falling in the single-channel window. gamma ray (y;) other than y2. Here D; is the fraction 
The analytical method involved is discussed below. of counts in the window due to ;, and q;,; is the relative 
Coincidence data are conveniently discussed in terms number of y; coincident with y; as determined from 
of “coincidence quotients”, g, the ratio of the number other coincidence experiments or as deduced from the 
of coincident gamma rays of interest to the number of decay scheme. (In this present study all ¢;,; values were 
“gating” gamma rays in the single-channel window. determined experimentally). The W(@) terms are the 
The expression used to obtain these values is given in angular distribution functions for the indicated pairs of 
Eq. (1) in a slightly modified form of that used coincident gamma rays integrated over the face of the 
previously.” crystal." Since no W(@) determinations were made for 
Pred 1 a gamma rays, the values in all cases were assumed 

a) . 7 4f: to be unity. 

raft eee 1. 1s(6) D:W;.2(6) (1) We show in Table I the “coincidence quotients” 


calculated by the above method for each of the gamma- 
where g:,2 is the number of events of 71, the gamma ray gamma coincidence experiments. These q values are 
of interest, in coincidence with yz, divided by the used in conjunction with the single-crystal intensities 
number of counts due to y2 (the “gating” event of and the decay scheme of Fig. 15 to calculate the inten- 
interest) in the single-channel window; P; is the coinci- sity of each gamma-ray transition. This procedure 
dent peak area of 1; e“¢ corrects for the fraction of y; usually involves a series of successive approximations 
absorbed by any materia! in its path; ¢, and Q are the until internal consistency is achieved. 
peak efficiency and solid angle for the detection of 71; Corrections for coincidence counts due to sum pulses 
and C, is the number of counts in the window of the and bremsstrahlung in the window are not as straight- 


0N R. Johnson and G. D. O’Kelley, Phys. Rev. 108, 85 (1957). 1M. E. Rose, Phys. Rev. 91, 610 (1953). 
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lic. 4, I gamma-ray spectrum in coincidence with a 134-kev 
window set at 1.62 Mev. 


forward as is the correction for Compton events. The 
contributions due to sum pulses could be measured by 
using the sum-coincidence circuit described above, in 
conjunction with a third Nal detector. A coincidence 
would be demanded between the third detector and a 
single-channel window set on the desired sum energy. 
Correcting for bremsstrahlung in the window is even 
more difficult in that one must deduce the effect by a 
comparison with appropriate standards. Since these 
corrections were not applied in this work some of the 
smaller “coincidence quotients” of Table I may contain 
sizeable errors. 

In some of the coincidence spectra the random co- 
incidence contribution is drawn as a dashed line, while 
in others there is no indication of such an effect. In 
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Fic. 5. Gamma rays from I™ in coincidence with 1.48 Mev. 
The single-channel window was 82 kev wide. 
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these latter spectra the random counts were subtracted 
from the gross spectrum and the difference plotted, so 
that the analyzed peaks are equivalent for the two 
methods. 

With a single-channel window 97-kev wide centered 
at 1.79 Mev, the only prominent feature of the coinci- 
dent spectrum was a peak at 0.853 Mev. There were 
indications for other rays, but 
probably these are due to sum pulses and bremsstrahl- 


some weak gamma 
ung counts in the window. 

Figure 4 shows the spectrum in coincidence with a 
134-kev window centered at 1.62 Mev. One of the more 
interesting features of this spectrum is the energy of 
the most pronounced peak. 
formed four times and the energy of the prominent 
peak was consistently in the range 0.86—0.87 Mev, the 
best value being 0.864++0.014 Mev. In both the single- 
crystal spectra and other coincidence measurements, 
gamma rays have been found at 0.85 and 0.89 Mev, 
but none at the energy observed here. Since this peak 
is best fitted by a single Gaussian distribution at 0.864 


This experiment was per- 


Mev it is thought to be an additional gamma ray as 
shown in the decay 

patible with the “gamma-beta”’ coinciden 
cussed below. If it can be 


conclusion is com- 
results dis- 
sum spec- 
1.62 Mev is 


gamma-ray events, 


scheme, whic! 


assumed that the 
trum in a single-channel window set at 
primarily due to 0.85—0.89-Mey 
then in Fig. 4 most of the coincidence spectrum below 
about 0.7 Mev would be accounted for, 
appreciable portion of that 
1.49-Mev peaks. 

In Fig. 5 we show the spectrum in coin 
an 82-kev single-channel window centered on 1.48 Mev 
h the 1.46- and 1.49-Mev 
gamma rays. Small residues at about 0.76 and 1.3 Mev 
0.41 and 0.56 


each of these 


is would an 
().995- 


between the and 


idence with 
which includes counts from bo 


and the excessive widths of the peaks al 
Mev may indicate weak gamma rays at 
energies. 

The spectra in coincidence with 1.16 and 1.07 Mev 
are shown in Figs. 6 and 7, respectively. Window widths 
of 42 kev were used in both cases. The notable 
difference in the 1.15-Mev 
gamma ray is coincident with both the 0.85- and 0.89- 
Mev peaks, whereas the 1.07-Mev gamma ray appears 
to be in coincidence with only the 0.85-Mev transition. 

Figure 8 shows the coincidence results with a 47-kev 
single-channel window set at 0.99 Mev. A significant 


most 


two spectra is that the 


feature is that only in this spectrum is a gamma ray at 
0.93 Mev observed, and since it appears merely as an 
inflection on the side of the 0.848-Mev peak, there is 
some question about the energy assigned. If the gamma- 
ray energy is 0.93 Mev as shown, there appears no 
reasonable way to incorporate it into the decay scheme 
of Fig. 15 without assigning additional levels. Very 
weak gamma rays are probably present at about 1.14, 
1.28, and 1.42 Mev although the poor counting sta- 
tistics in this region make it very difficult to decompose 
the spectrum with much reliability. 
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———| __1'34 IN COINCIDENCE WITH 1.16 Mev 
——— ON 3x3in. Nal(Ti) CRYSTALS AT 180° 
| Source Distance = 9.3cm 
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Fic. 6. Gamma-ray spectrum from I'* coincident with the events 
in a 42-kev window set at 1.16 Mev 


OINCIDENCE WITH 41,07-Mev GAMMA RAY ON 
3° x 3° NaI CRYSTALS AT 180° 


Source Distance = 9.3 cm 
1.33 g/cmé Polystyrene Absorber 
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Fic. 7. 4 gamma-ray spectrum in coincidence with 1.07-Mev 
gamma rays. The width of the single-channel window was 42 
kev. 


In an effort to point out the differences between the 
spectra coincident with the 0.848- and 0.890-Mev 
gamma rays, we gated with relatively narrow windows 
(31 and 35 kev, respectively) centered at 0.83 and 0.91 
Mev. The results are shown in Figs. 9 and 10. One of 
the most notable differences between the single-crystal 
measurement and the spectrum coincident with 0.83 
Mev is a 50-60% reduction in the height of the 1.62- 
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Fic. 8. Gamma-ray spectrum of ['* coincident with the counts 
in a 47-kev window centered at 0.99 Mev in the gamma-ray 
spectrum. 


Mev peak. This result, which is consistent with the 
recent observations of Holm and Ryde,* indicates a 
weak ground state transition at 1.62 Mev. 

In the spectrum coincident with 0.91 Mev most of 
the region above 1.15 Mev is due to 0.85-Mev gamma- 
ray counts in the window. However, all of the 1.07- 
and 0.89-Mev peaks cannot be accounted for similarly, 
which in the light of the other data necessitates postu- 
lating multiple transitions with about these energies in 
the scheme. The well-defined peak at 0.848+0.009 Mev 
provides a good energy determination for this gamma 
ray. 

Gamma-gamma coincidence experiments also have 
been performed for single-channel window settings of 
0.61, 0.41, and 0.135 Mev. Both the single-crystal and 
coincidence data lead to uncertainties concerning the 
number of gamma rays with about these energies as 
well as to their locations in the decay scheme. Therefore, 
especially for the 0.41- and 0.135-Mev settings, it 
seemed advisable to attempt an experimental determi- 
nation of the spectrum coincident with Compton pulses, 
rather than to account for these in the analytical fashion 
usually employed. We have done this for each of these 
three cases by first determining the gross coincidence 
spectrum with the window set at the peak of interest, 
and then shifting the window to a pulse height at which 
the region covered is most like the desired Compton 
distribution. After appropriate normalization, the dif- 
ference between the two spectra was plotted and 
analyzed. This method, too, is subject to error, but it 
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Fic. 9. 4 gamma-ray coincidence spectrum observed when a 
narrow wirdow (31 kev) was set at 0.83 Mev so that most of the 
events in the window were due to the 0.848-Mev gamma ray. 


is felt that for such cases as these it is probably more 
reliable than an analytical approach. 

The results of the method for a 34-kev window setting 
at 0.61 Mev are shown in Fig. 11(a). The Compton- 
gamma coincidence contribution was measured with the 
window at 0.86 Mev. The region above the 1.43-Mev 
peak is not shown, but there was some suggestion of a 
low-intensity transition at about 1.8 Mev as there was 
also in the vicinity of 1.3 Mev. 

Figure 11(b) shows the spectrum coincident with the 
events in a 32-kev single-channel window centered at 
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Fic. 11. Gamma-ray spectra in coincidence with low-energy 
gamma rays of ['*,. The gamma spectrum coincident with Comp 
ton events in the window was determined experimentally as de- 
scribed in the text. (a) Coincidence spectrum obtained for a 
window width of 34 kev centered at 0.61 Mev 
coincidence with gamma rays in a 32 i 
Mev. (c) Coincidence spectrum obser 
crystal gated by the 0.135-Mev pul 
diameter Nal detector. 


b) Spectrum in 
kev window set at 0.41 

with a 3-in.X3-in. Nal 
ses Irom a i in thick, 3-in. 


Fic. 10. Gamma rays from I" coincident with the events in a 
35-kev single-channel window centered at 0.91 Mev. This stresses 
the effect of the 0.89-Mev gamma ray and diminishes the contri- 


bution to the counts in the window from the 0.848-Mev gamma 
ray. 
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0.41 Mev. The Compton-gamma coincidence correction 
was obtained with the window at 0.32 Mev, and thus 
may have led to small errors as there is some evidence 
for a weak 0.32-Mev gamma ray. Spectral decomposi- 
tion was not performed on the large peak at about 0.89 
Mev since slight gain shifts between the two runs may 
have caused considerable error. Its width, however, does 
imply that several gamma rays are present at about this 
energy. The peak at 0.42 Mev confirms that likewise 
there are multiple transitions here. In Table I we give 
simply a relative indication of the coincidence intensi- 
ties for this experiment, as it is felt to be of qualitative 
value only. 

The spectrum in coincidence with the 0,135-Mev 
gamma ray is displayed in Fig. 11(c). While a 3-in. X3- 
in. Nal crystal was used in the single-channel side for 
all the previously discussed experiments, a }-in. X3-in. 
Nal crystal was employed in this case in order to reduce 
the Compton level from higher-energy gamma rays. To 
determine the spectrum coincident with Compton 
events, the window was sqt at 190 kev. As seen in 
Fig. 11(c), it appears that there is a very weak coinci- 
dence peak at 0.69 Mev. If the locations of the 0.69- 
and 0.14-Mev gamma rays are correct as shown in the 
decay scheme of Fig. 15, then it would appear that a 
small error has been introduced in the attempted correc- 
tion for Compton pulses in the window. 

The spectrum of gamma rays decaying to the 1.74- 
Mev level of Xe has been measured in a triple co- 
incidence experiment using three Nal crystals. Outputs 
from two detectors were in “fast-slow” coincidence, 
while the signal from the third crystal fed the multi- 
channel analyzer and also served as a second “‘slow” 
coincidence gate. The resolving time, 27, was 2.5 psec. 
Both single-channel windows were set to accept pulses 
in the energy range 0.80—0.92 Mev and the spectrum 
obtained is shown in Fig. 12. The random coincidence 
background, which is indicated by a dashed line, is a 
very large fraction of the main peak, and consequently, 
the energy of this peak when analyzed is subject to con- 
siderable error. As will be noted from Fig. 12, this ex- 
periment has provided the best definition of some of the 
low-energy transitions. 


IV. BETA-RAY SPECTROMETRY 


All beta-ray spectra were determined by the scintilla- 
tion method. Cylindrical anthracene crystals, 1} inches 
in diameter and either 3 or 1 in. long, were attached to 
Dumont 6292 photomultiplier tubes. The side of each 
crystal was wrapped with aluminum foil reflector, and 
the end was covered with an aluminized Mylar foil of 
1 mg/cm? surface density, which served both as an 
optical reflector and a window. In the early experiments 
of this study the 1}-in.X1-in. crystal was used, but 
later it was feared that the large crystal with its higher 
gamma sensitivity was contributing beta-gamma sum 
events to the beta spectra; however, no significant dif- 
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Fic. 12. Results of a 3-crystal gamma-ray coincidence experi- 

ment designed to measure the spectrum coincident with 0.85- 
0.89-Mev cascades. The multichannel analyzer recorded the 
gamma spectrum from one 3-in.X3-in. NaI crystal when two 
other 3-in. X3-in. NaI detectors simultaneously registered an event 
in the energy range 0.80—-0.92 Mev. 


ferences were noted in the spectra obtained with these 
two crystals. Gamma-ray contributions to the spectra 
were determined by absorbing the beta particles in 
about 1.5 g/cm? of copper. The distance between the 
source and the anthracene detector varied from 2 to 4 
cm. 

Silver iodide sources of about 1 mg/cm? were slurried 
onto a backing of 6.5-mg/cm? Mylar tape, and were 
covered with rubber hydrochloride film of 0.4 mg/cm.? 


Single-Crystal Spectrum 


Fermi analysis of a single-crystal beta spectrum is 
shown in Fig. 13(a). Data near the end point were 
corrected for resolution distortion using the method of 
Owen and Primakoff." The energy of 2.43+0.05 Mev 
obtained for the most energetic beta group is in good 
agreement with the value 2.35+0.15 Mev obtained by 
Holm and Ryde*® using a magnetic spectrometer. An 
analysis of the single-crystal spectrum showed, in addi- 
tion to inner groups at about 2.2, 1.7, and 1.5 Mev, a 
component at 1.2 Mev. This lowest-energy group is 
doubtful because the low-energy part of the spectrum 
was somewhat distorted by scattering from the anthra- 
cene crystal and from the thick source and backing. 
Although it was difficult to resolve these inner groups 
from the singles spectrum with confidence, the coinci- 
experiments below verified their 
existence. 


dence described 


2G. E. Owen and H. Primakoff, Phys. Rev 
Rev. Sci. Instr. 21, 447 (1950). 


74, 1406 (1948); 
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f(b) BETA SPECTRUM | 
IN COINCIDENCE 
WITH 0.835-Mev 


Fic. 13. Fermi analysis of a single-crystal measurement of the 
I'* beta spectrum, together with results of beta-gamma experi- 
ments pertaining to the place of the 2.41-Mev beta group in the 
decay scheme. All spectra were determined by use of an anthra- 
cene scintillation spectrometer. (a) The single-crystal spectrum 
(b) Beta-ray spectrum in coincidence with a 29-kev window set 
at 0.835 Mev in the gamma-ray spectrum. Most of the beta events 
arise from coincidences with the 0.848-Mev gamma ray. (c) Analy 
sis of the beta spectrum recorded in coincidence with 1.74-Mev 
gamma coincidence sum pulses (see text) 


““Gamma-Beta”’ Coincidence Experiments 


Two “gamma-beta” experiments were performed to 
determine the gamma-ray spectrum in coincidence with 
beta rays of a selected energy. The gamma-ray detector 
was a 3-in. X 3-in. Nal crystal shadowed by a 1.33-g/cm? 
polystyrene beta-ray absorber. The 1}-in.X1-in. an- 
thracene crystal was used for beta detection. When the 
gamma spectrometer was gated by beta particles of 
energy greater than 2.1 Mev, a few coincident gamma 
events were recorded which indicated a gamma energy 
of 0.85-0.90 Mev. The statistical accuracy was very 
poor because of the small number of gate pulses availa- 
ble from the upper 0.3-Mev portion of the 2.4-Mev 
beta group; however, this experiment did indicate that 
the 2.4-Mev beta component decays to either the 
0.848- or 1.74-Mev excited states of Xe™. A second ex- 
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periment was performed in which beta particles above 
1.6 Mev gated the gamma spectrometer. Most of the 
gate pulses were due to either the 2.2- or 2.4-Mev beta 
components, with only a few events from the 1.7-Mev 
group. This time, a favorable coincidence rate was ob- 
tained. The most prominent feature of the coincident 
gamma-ray spectrum was an intense, broad peak at 
0.87 Mev, which was analyzed into two peaks with 
indicated energies of about 0.86 and 0.90 Mev. Less 
intense, but well resolved, was a peak at about 1.09 
Mev. There were indications of peaks at about 0.5 and 
0.6 Mev, in low intensity. 


Beta-Gamma Coincidence Spectra 


The beta-gamma experiments were performed by 
recording beta-ray spectra in coincidence with selected 
gamma-ray peaks, using equipment similar that 
already described for the gamma-beta determinations. 


to 


In Fig. 13(b) is shown the beta-ray spectrum in coinci- 
dence with a gamma-ray energy interval 29 kev wide, 
centered on 0.835 Mev ; under these conditions most of the 
events falling within the energy interval are due to the 
0.848-Mev gamma ray. Although the Fermi analysis 
at 2.41+0.07 Mev, 
with inner groups at 1,700.08 and 1.23+0.07 Mev, itis 
>> 


shows the most energetic component 


possible that beta rays were present at 
perhaps 1.8 Mev (see decay scheme 
by the more intense components. 


53>. or 
but were obscured 


The gamma-beta and beta-gamma experiments just 


described, together with gamma-ray intensities and 
positions of the energy levels in Xe™ determined from 
gamma spectrometry, suggested that the 2.4-Mev beta 
group of I proceeded to the 1.74-Mev level in Xe™, 
As a test of this hypothesis, a determination was made 
of the beta spectrum in coincidence with 1.74-Mev 
gamma-ray sum pulses. Except for the addition of an 
anthracene beta detector, the experimental arrangement 
was similar to the gamma-ray sum coincidence circuit 
described above and sketched in Fig. 3. The gains and 
geometries of the two Nal detectors were 
matched, and their outputs were summed. A single- 
channel analyzer with a window 99-kev wide was 
centered on the 1.74-Mev peak of the gamma-ray sum 


gamma 


spectrum, and supplied a gate pulse to a “slow” channel 


of the “‘fast-slow”’ The 256-channel 
analyzer recorded only those beta-ray pulses from the 
anthracene spectrometer for which there was both a 
fast coincidence (27™~0.19 usec) between the beta pulse 
and a gamma sum event, and a slow coincidence with 
1.74-Mev sum pulses. The important feature of the 
coincident beta spectrum displayed in Fig. 13(c) is the 
very intense group at 2.40+0.05 Mev. This evidence, 
in conjunction with the beta-gamma results, demon- 
strates that the 2.4-Mev beta group decays to the 
1.74-Mev level of Xe'™. 

An attempt was made to determine tl] 
component in coincidence witl 


coincidence mixer. 


1e beta-ray 
the gamma rays in a 
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(b) 
BETA SPECTRUM 
N COINCIDENCE 
WITH 1.15 Mev 


Fic. 14. Analyses of coincident beta-ray spectra observed when 
a single-channel window was set to the following energies in the 
gamma-ray spectrum (and window widths): (a) 1.07 Mev 
(60 kev), (b) 1.15 Mev (52 kev), (c) 1.60 Mev (70 kev), (d) 1.79 
Mev (90 kev). 


single-channel window set at 0.99 Mev. From the 
gamma-ray spectrum of Fig. 1 it will be noted that this 
transition is very weak. In a window 40-kev wide only 
half of the counts are due to the 1.00-Mev gamma ray ; 
10% of the other counts arise from the sum spectrum, 
and the remainder from Compton events of higher- 
energy gamma rays. The coincident beta spectrum 
under these conditions showed components of 2.20 
+0.16, 1.49+-0.08, and 1.08+0.10 Mev. Gating events 
from the 1.07-Mev gamma ray probably account for 
the beta component at 2.20 Mev, and the 1.49-Mev 
beta group can be ascribed to the gamma ray of interest 
at 1.00 Mev. The origin of the 1.08-Mev beta group is 
obscure. 

The results of a measurement of the beta spectrum 
coincident with the 1.07-Mev gamma peak are shown 
in Fig. 14(a). More than 90% of the counts within the 
60-kev window centered at 1.07 Mev are due to a 
gamma ray of that energy; the remainder originate 
mainly from Compton events from the 1.79-, 1.62-, 
1.46-, and 1.15-Mev gamma rays. Hence, the beta 
group at 2.23++0.06 Mev is thought to originate from 
coincidences with the 1,07-Mev gamma ray and the 
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1.66+0.05 Mev beta group can probably be ascribed 
to coincidences with the 1.07- and 1.62-Mev gamma 
rays. 

With the window of the single-channel analyzer 52- 
kev wide and centered on the peak at 1.15 Mev, the 
spectrum of Fig. 14(b) was obtained. Here, only about 
65% of the counts falling within the energy interval are 
due to the 1.15-Mev gamma ray. The gamma sum spec- 
trum amounts to 12% of the counts, with appreciable 
intensity from the spectra of the 1.07-, 1.46-, 1.62-, and 
1.79-Mev gamma rays. These interferences account for 
the beta component of 1.69 Mev; however, the com- 
ponent of 1.23+0.06 Mev appears to result from a co- 
incident with the 1.15-Mev gamma ray. 

Because there are gamma rays at both 1.46 and 1.49 
Mev (see Table I), two beta-gamma coincidence experi- 
ments were performed with the single-channel window 
set at 1.46 and 1.48 Mev in the gamma-ray spectrum. 
In both cases beta groups were found at about 1.05 and 
1.5 Mev, with indications for higher-energy events. 
Although it is difficult to interpret these results, as there 
was a large contribution to the counts in the window 
from the gamma-ray sum spectrum and from Compton 
events from the 1.79-Mev gamma ray, these results are 
not inconsistent with a coincidence between the 1.05- 
Mev beta group and the 1.49-Mev gamma ray. 

Figure 14(c) displays the beta spectrum in coinci- 
dence with events in a 70-kev window set at 1.60 Mev 
in the gamma-ray spectrum. The only important inter- 
ference is offered by the gamma-ray sum spectrum, 
which amounts to about 18% of the counts in the 
window. Coincident beta groups are shown analyzed 
at 1.67+0.05 and 1.27+0.04 Mev. 

The results with a 90-kev window set on the peak at 
1.79 Mev are shown in Fig. 14(d). A prominent beta 
group is seen at 1.50+0.05 Mev, and a second group 
is resolved with an end point of 1.00.1 Mev. 

Energies of the I beta-ray transitions from the 
various beta-gamma coincidence experiments are sum- 
marized in Table II. The results of the single-crystal 
beta-ray measurements and preferred energy values of 
the beta-ray transitions as determined from all experi- 
ments are presented in Table III. The beta intensities 
in Table III were calculated from gamma intensities 
and the decay scheme, and the comparative half-lives 
were computed using the Moszkowski nomographs.” 


V. DISCUSSION 


The decay scheme shown in Fig. 15 agrees with most 
of the experimental observations. The left-hand side of 
the scheme gives the features most strongly substan- 
tiated by experiment, while the right-hand side shows 
the gamma-ray transitions and additional levels which 
agree with, but are less definitely indicated by the ex- 
perimental data. Twenty-one of the twenty-seven 
gamma rays listed in Table I have been incorporated 


18S, A. Moszkowski, Phys. Rev. 82, 35 (1951). 
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“ABLE IT. Energies of I beta-ray transitions, as determined from beta-gamma coincidence experiments. 


Beta-ray energies in coincidence with gamma rays of energy (Mev) 


Beta 
component* 


By 74 
Bi.92 
Boas 
B2.64 
Bo.38 
Bs il 


0.848> 1.07 
~ 2.41+0.07 
? 2.20-+0.16! 
1.70+0.08 
? 


1.00° 


2.23+0.06 
1.66+0.05 
f 1.49+0.08 
1.23+0.07 

1.08+0.10! 


* Beta subscripts denote energies of final states in Xe™ 


1.15 


1.69+0.07! 


1.230.06 


1.464 1.62° 1.74 


2.40+0.05 
2.19+0.09! 

1.67+0.05 - 
1.50+0.06' +0.05 
1.27+0.04 


1.06-++0.05 +0.1 


> The single-channel window was set at 0.835 Mev to discriminate against counts due to the 0.89-Mev gamma ray 


¢ The single-channel analyzer was set to 0.99 Mev. 


1 The single-channel analyzer was centered on 1.48 Mev. Results were the same as obtained at 1.46 Mev, except that 


achieved 
e Actual setting of the single-channel analyzer was 1.60 Mev. 
f This group is believed to originate from 
of the particular beta energy 


into this scheme. To account for the coincidence results, 
it was necessary to assume that there were two gamma 
rays, each with energies of 0.89 and 1.07 Mev. 

Both the gamma-gamma coincidence data and the 
single-crystal intensities indicate that the 0.848-Mev 
transition, and not the 0.890-Mev transition, decays to 
the ground state of Xe™ from its first excited level. 
Similarly, the 0.890-Mev gamma ray is shown in a 
cascade from the level at 1.74 Mev. It was shown that 
this latter level is fed by a 2.41-Mev beta-ray group; 
hence, an energy separation of 4.15+0.06 Mev is indi- 
cated between the ground states of I and Xe™, 

Since the 1.62-Mev level is a point of considerable 
interest and is discussed at some length below, a de- 
tailed justification for its existence follows. (1) The 
intensity of the 1.62-Mev gamma ray coincident with 
the counts in a window at 0.83 Mev was less than half 
that observed in the single-crystal experiment, and as 
the data show that no other ground-state transition is 
present, the 1.62-Mev group must represent a transition 
to the Xe™ ground state. (2) The measurement of the 
gamma-ray spectrum coincident with 1.62 Mev was 
repeated several times and the energy of the most pro- 
nounced peak was consistently greater than 0.848 Mev, 
the best value being 0.864++0.014 Mev. (3) Finally, as 


TABLE III. Summary of the energies, intensities, and compara- 
tive half-lives of I" beta-ray transitions. 


Preferred 
energy,” Intensity® 
Mev q 


2.41+0.06 
2.21+0.08 
(1.814) 
1.68+0.06 
1.49+-0.06 
1.25+0.06 
1.05+0.07 


Singles 
energy, 
Mev 


Beta 
component*® 


Bi 74 


Bi 92 


log ft 


2.43+0.05 
2.19+0.07 


25+8 
12_,*% 
0.5_9 9%! 
1543 
23+8 
1.0+0.2 


Bo.34 

70+0.05 
.45+0.07 
.20+0.08 


Bo. 4 
B2.64 
Bo.s8 
Bs. 


in Xe, 


rystal measurement 


® Beta subscripts denote energies of final state 

>From a weighted average oi the single 
coincidence results of Table II 

© Beta intensities and their errors were 
and the gamma-ray intensity data 

4 Energy calculated from the decay scheme, but not observed directly. 


and the 


calculated using the decay scheme 


coincidences with other gamma-ray 


istical accuracy was 


spectra in the single-channel window, but sa measurement 


shown in Table I, the small “‘coincidence quotients” for 
the gamma rays coincident with the 1.62-Mev peak are 
<0.46 and these are consistent only with a 1.62-Mev 
ground-state transition. 

Levels at 1.92, 2.48 2.64, 2.88, and 3.11 Mev are 
based on both single-crystal information and gamma- 
gamma and beta-gamma coincidence data. Although 
assigned with less certainty, the levels at 2.43, 3.30, 
and 3.41 Mev are necessary to explain the gamma- 
gamma coincidence results. The level at 2.34 Mev 
seems well established since all the intensity of the 
0.61-Mev gamma ray appears to cascade through the 
0.89- and 0.85-Mev transitions, while no other gamma 
rays are strongly in coincidence with 0.61 Mev. How- 
ever, this level presents a conflict in that no beta-ray 
transition was observed to it, yet the gamma-ray in- 
tensities call for a branch even more intense than the 
1.69-Mev beta-ray group which was observed feeding 
the 2.48-Mev level. Possible sources of difficulty are 
that we have not accounted for internal conversion of 
the 135-kev transition; there may be another 0.6-Mev 
gamma ray elsewhere in the scheme; there could be 
undetected gamma rays of very low energy cascading 
into the 2.34-Mev level; or perhaps the inconsistency 
is due to the interpretation given the Fermi plots. 

A reasonable assumption for the ground state neutron 
configuration of I is that it can be described as a dsy2 
neutron hole. The odd proton is probably a gz/2 particle 
which is in line with the recent observations of Fletcher 
and Amble." They pointed out that as a closed neutron 
shell is approached in the iodine isotopes, the g7/2 proton 
level becomes more stable than the ds;z level. DeShalit 
and Goldhaber'® have explained such behavior in terms 
of added stabilization of the g7/2 proton state resulting 
from the addition of /,;;2 neutron pairs (this stabilizing 
effect of a particle of one kind by a pair of the other kind 
is strongest when /,~/,). Therefore, in line with the 
rules for 77 coupling recently stated by Brennan and 


4 P. C. Fletcher and E. Amble, Phys. Rev. 110, 536 (1958). 
18 A. de-Shalit and M. Goldhaber, Phys. Rev. 92, 1211 (1953). 
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Fic. 15. Decay scheme pro- 
posed for I, All energies are in 
Mev. Relative intensities deduced 
from the single-crystal and co- 
incidence data are given in paren- 
theses beneath the gamma-ray 
energies. Intensities of the beta 
groups were calculated from the 
relative gamma-ray intensities and 
the decay scheme. The 1.81-Mev 
beta group is the only one shown jy eae 
which was not observed directly S Towa 
(see Discussion and Table ITT). 





Bernstein,'® the most likely spin possibilities for I" are 
2+, 4+, and 5+. We can rule out 2+ since no beta 
decay was observed to the 2+ first excited state of 
Xe, Either a 4+ or 5+ assignment would be con- 
sistent with the experimental observations. 

As Xe is an even-even nuclide, its ground and first 


excited states are expected to have spin assignments of 
0+ and 2+, respectively. The 1.74-Mev level is most 
likely 4+ since it is fed by a strong beta-ray group and 
there is no detectable beta decay to the first 2+ level. 
Further, there is a strong cascade transition to the 2+ 


Fic. 16. Low-lying energy 
levels of even xenon 
isotopes. 





eet enka 


[134 





T 3,44 
57 3,30 


. Fai, ase | Lov 344 
ens ee 
0.39 0.54 as 
(7.2) (8,4) 
. JAA, ai] a Oy 
| Bahl eal > RRR oly 
GE wumersre 3 Sis SaseTR Le 


' 0.43 O75 069 
1S | (29043)(73) 





+--+ ++ 
| 


! 4.74 (44) 
- —— 1,62 (2+) 


one rene 


first excited state, but no observable crossover transition 
to the ground state. The levels at 1.92, 2.48, 2.64, 2.88, 
and 3.11 Mev are fed by beta decay, and therefore, 
probably have high spins. 

The level at 1.62 Mev decays to both the first 2+ 
and to the 0+ ground state. Also, this level is not popu- 
lated by beta decay, yet is fed by gamma decay of levels 
which probably have spins of 3 to 5. Thus, it would 
seem that the 1.62-Mev level has a spin of 2+ and may 
be a member of a multiplet predicted'*-” at about twice 
the energy of the first 2+ state for medium-weight, 








Ke 126 








16M. H. Brennan and A. M. Bernstein, Phys. Rev. 120, 927 (1960). 
17 G, Scharff-Goldhaber and J. Weneser, Phys. Rev. 98, 212 (1955). 


18 L.. Wilets and M. Jean, Phys. Rev. 102, 788 (1956). 
19 B. J. Raz, Phys. Rev. 114, 1116 (1959). 
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‘is only two neu- 


even-even nuclei. Then although Xe 
trons removed from a closed shell, its low-lying levels, 
like the surprising case of Xe'*, appear to possess col- 
lective properties. The asymmetric rotor model of 
Davydov and Filippov” has had moderate success in 
predicting some of the low-lying energy states, and 
gamma-ray transition probabilities between them, for 
this class of nuclei. It gives the energy states of an 
asymmetric top as a function of y, where y determines 
the deviation of the nuclear shape from axial symmetry. 
The ratio of the energy of the second 2+ state (1.62 
Mev) to that of the first 2+ state (0.85 Mev) observed 
in the present case corresponds closely to y= 30°. The 
Davydov-Filippov model predicts the first 3+ level in 
Xe! to be at 2.54 Mev, the sum of the first and second 
2+ levels. As shown in Fig. 15, there is a level close to 
this energy at 2.48 Mev which is indeed compatible 
with a 3+ assignment; in further agreement with the 
predictions of the model for y=30°, gamma emission 


* A. S. Davydov and G. F. Filippov, Nuclear Phys. 8, 237 


(1958). 
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occurs from this level to the second 24 
first 2+ state. In the 
B(E2, 2' — 2)/B(E2, 2’ — 0) is 
infinity, whereas we observe a much smaller value of 
50 corresponding to y~27°. The model appears un- 
successful in predicting energies for any of the higher 
spin states of Xe™, 

The first few levels of the even xenon nuclides are 
shown schematically in Fig. 16. The continuous increase 


and not to the 
the 
expected to approach 


case considered, ratio 


in first excited state energies as V approaches 82 is, of 
course, to be expected. However, it is surprising that 
the collective behavior as evidenced by the ratio of 
second to first excited state energies of ~2 does persist 
up to the closed shell. The graph suggests that second 
excited state doublets should exist in Xe'®*, Xe!"5, and 
Xe! 
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Neutron-Deficient Nuclides of Hafnium and Lutetium* 
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New neutron-deficient nuclides of lutetium and hafnium were produced by bombarding lutetium oxide 
with 300- to 400-Mev protons. The genetic relationships and mass assignments were established by means 


of high-purity chemical separations and a series of chemical isolation experiments ir 


activity was determined as a function of time. 


The positron spectra of the different nuclides were measured with an anthracene crystal dete 
256-channel pulse height analyzer. Gamma radiation was also observed for Lu'®, Lu 


vhich the daughter 


ctor and a 


, Hf, and 


168 Lu 


Hf'® by means of a Nal crystal detector and the pulse height analyzer. The half-lives and maximum positron 


energies observed are: Lu'®, 7y)=7.0 min, Eg+= (1.20+0.05) Mev; Lu'®, 7,;=1.5 days; Lu! 
Mev; Hf!*8, 7,;=22 min, Egt=(1.7+0.1) Mev; Hf!, 7,;=1.5 hr; Hf'”, 7,;=9 hr 


INTRODUCTION 


ie the course of a study of the spallation reactions 
ol 


tantalum and with 300—400-Mev 
protons using the Carnegie Institute of Technology 
synchrocyclotron, several new neutron-deficient nu- 
clides of hafnium and lutetium were observed. After 
performing a few preliminary experiments, a detailed 
study was undertaken to establish the half-lives, genetic 
relations, and radiation characteristics of these new 
nuclides. The investigation included the hafnium 
nuclides of Hf!®*, Hf'®, and Hf!” and those of lutetium 
of the same mass numbers. 
In these more detailed studies LusO; was bombarded 
with 300-400 Mev protons producing only the neutron- 


tungsten 


* Research carried out under contract with the U. S. Atomic 
Energy Commission. 
7 Present address: Max Planck Institut, Mainz, Germany. 


°, Ty=1.9 days 


deficient nuclides of hafnium and lutetium by (p,xn) 
and (p,pxn) reactions, and eliminating interfering 
neutron excess nuclides of these elements. In order to 
avoid separating the lutetium activities from the many 
other rare-earth activities produced in the bombard- 
ment, the lutetium decay products were chemically 
separated from the purified hafnium fraction. All 
lutetium nuclides produced, heavier than Lu'®, decay 
to stable ytterbium nuclides with the exception of 
Lu'®, which decays to 32-day Yb'®. The well-known 
spectrum of Yb'® was used as evidence for the mass 
assignment of Hf'® and Lu'®. The 
for these nuclides are listed in Table I. All the nuclides 
decay either completely or in part by electron-capture. 
Positron emission was observed in Hf'®*, Hf'®, Lu'®, 
Lu'®, 
evidence was found for Hf'” and Lu! 


half-lives observed 


and In addition to these six nuclides, some 


with half-lives 
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TABLE I. Observed half-lives. 





His 
Hie 
Hfi7 


Lu! 
Lu'® 
Lu!” 








of ~10 min and ~4 min, respectively. No evidence was 
observed for a 55-min activity associated with Lu'® as 
reported by Aaron et al.! and Harmatz et al.” 


EXPERIMENTAL 

The targets used in the experiments consisted of 
tantalum and tungsten metal foils, and LusO; wrapped 
in aluminum foil in quantities of 30-200 mg. The 
targets were irradiated in the internal beam of the 
140-in. synchrocyclotron with 300-—400-Mev protons 
for periods ranging from 5-15 min with a beam of about 
10" protons per cm?-sec. Immediately after irradiation, 
the targets were chemically processed to separate 
hafnium and lutetium. 

The gamma rays emitted by the different hafnium 
and lutetium isotopes were measured by using a 2 in. 
2 in. Nal crystal connected to a 256-channel pulse- 
height analyzer. The positron radiation from these 
nuclides was detected with a simple magnetic spec- 
trometer and an anthracene crystal in connection with 
the 256-channel pulse-height analyzer. 

The genetic relationships between the different 
nuclides was determined by choosing adequate milking- 
experiments and measuring techniques. Fast hafnium 
and lutetium chemical separation procedures were 
developed which provided very high decontamination 
factors from disturbing radioactivities. 

The bombarded target (LusO3) was dissolved in 
5N HNO; and evaporated to dryness. The residue was 
dissolved in 10 ml 2N HNO; containing 20 mg Zr- 
carrier (for hafnium), holdback carrier of Yb (200 mg), 
and 5 mg of each of the following elements: Cu, Ni, 
Ca, and Na. The zirconium (Hf) was extracted for 5 
min with 10 ml of a 0.5 molar TTA-solution in xylene. 
The organic layer was washed twice with 10 ml 14 
HNO; (Yb carrier was added to the wash-solution). 
The zirconium (Hf) was then back extracted with 10 
ml of a mixture of 0.3N HNO;+0.3N HF. To this 
solution 8 ml concentrated HNO; and 7 ml concen- 
trated H2F 2 were added together with 20 mg tantalum 
carrier. After cooling the solution to about 20°C, the 
zirconium (Hf) was precipitated with an excess of 
Ba(NOs)2 solution. 

The BaHfF, was dissolved in saturated H;BO; and 
HNO. Hafnium was then precipitated as Hf(OH), by 
adding NH,OH. For the experiments where hafnium 
was measured, the Hf(OH), was dissolved in 6N HCl 
and after the addition of about 0.5 g La holdback 


1P. M. Aaron, A. V. Kalyamin, A. N. Maurin, and V. A. 
Yakovlev, Izvest. Akad. Nauk S.S.S.R. Ser. Fiz. 22, 817 (1958). 

2B. Harmatz, T. H. Handley, and J. M. Mihelich, Bull. Am. 
Phys. Soc. 3, 358 (1958). 
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carrier, the hafnium was precipitated with phenyl- 
arsonic acid. 

In cases where the lutetium was isolated from the 
hafnium fraction, the Hf(OH), was dissolved in 15 ml 
2N HNO; and the zirconium (Hf) again extracted with 
10 ml 0.5M TTA (in xylene). The organic layer was 
washed with 10 ml 6N HCl. 

The lutetium was extracted by mixing the organic 
layer for 4 min with 10 ml 6N HCl, containing 10 mg 
Yb carrier. To the aqueous solution, 5 mg Zr carrier 
were added and the zirconium (Hf) precipitated with 
phenylarsonic acid. The scavenging with zirconium 
was repeated once or twice and finally 5 ml H.F,2 and 
0.5 g zirconium (Hf) holdback carrier added. The 
YbF; (LuF;) produced was centrifuged and then 
transferred with a pipette to a filter disk. 

When using Ta or W targets, the metal foils were 
dissolved in a HNO;-H2F, mixture and the hafnium 
and zirconium, respectively, precipitated as BaHfFs 
with an excess of Ba(NOs)2 solution. After converting 
to Hf(OH), and dissolving in 2V HNO; it was treated 
as described for Lu,O; targets. 


Half-Life Measurements 


All the following measurements were based on LusO3 
targets unless otherwise stated. 

Beta decay measurements on a hafnium sample, 
separated from the Lu,O; target 40 min from the end 
of irradiation, first showed an increase in activity with 
time for the first 10-15 min. Following this, the decay 
curve was resolvable into periods with half-lives of 22 
min, 1.5 hr, 13 hr, 44 hr, and long-lived activities of 
about 8 days and 70 days. This latter activity was 
probably due to Hf!”®. 

Beta decay measurements on the lutetium sample 
gave results which were dependent on growing time 
allowed for the lutetium decay products from the 
hafnium. In a fast separation of the lutetium from 
hafnium, a strong 7-min activity was observed, followed 
by a half-lives of 1.5 days, 2.0 days, and finally 8.5 days, 
probably associated with Lu'”. 

A simple magnetic spectrometer was used to make 
crude separations of positrons, electrons, and electro- 
magnetic radiations. The hafnium sample showed 
positron radiation which again increased in activity 
for the first 15-20 min and then decayed with half-lives 
of 22 min, 80 min, and 45 hr. No longer-lived activity 
was observed. 

The magnetic spectrometer was also used to measure 
the decay of electromagnetic radiation alone, and 
negative electrons alone. Decay periods similar to those 
found with positrons alone were observed in all cases. 

In one experiment, the lutetium was extracted from 
a freshly purified hafnium fraction after a growing 
time of 15 min. Use of the magnetic spectrometer to 
measure positron radiation indicated that 90% of the 
total lutetium activity decayed with a 7-min half-life. 
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The remaining activity decayed with a 1.9 day half-life. 
These beta decay measurements indicate that the 7.0 
min activity belongs to a lutetium nuclide which decays 
at least in part by positron emission. The results of all 
these measurements are listed in Table II. 

Several lutetium chemical isolation experiments were 
performed varying the growth time for the lutetium, 
in order to determine the genetic relationships of the 
different hafnium and lutetium isotopes. Figure 1 shows 
the results of such an experiment in which the growth 
time was 30 min. The experiment proves that the 
22-min hafnium isotope is the parent of the 7-min 
lutetium daughter. The most likely mass assignment 
for this chain is 168 since there was no evidence for a 
radioactive daughter of the 7-min isotope, and Yb'* 
is stable. 

In another isolation experiment, the lutetium was 
extracted from the hafnium in intervals of 1.5 hr. The 
1.5-day lutetium activity measured in these experi- 
ments at the time of chemical isolation from the 
hafnium parent, and plotted vs the isolation time, 
yielded a curve with a half life of 1.5 hours for the 
hafnium parent. The 1.5-day lutetium decayed into a 
32-day nuclide which could be assigned to Yb'®. This 
was confirmed by detecting the well known gamma 
spectrum of Yb'® in all the isolated lutetium samples 
and noting that the intensity of this spectrum also 
decreased from sample to sample with a 1.5-hour 
half-life. 

On still another experiment, a lutetium activity of 
1.9-day half-life was successively separated from the 





ACTIVITY 
°, 


ro MuevurTes. aN 








\\ 


L 
150 180 
SEPARATION TIMES (Mimwres) 








I 


Fic. 1. Chemical isolation of Lu'®* from Hf!®* at successive times. 
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TABLE II. Decay periods associated with various radiations. 


Hafnium fraction 
Half-lives observed 


80 min 45 hr 
11 hr 44 hr 


Radiation 


22 min 
24 min 


Positrons 

Negatrons 

Electromagnetic 
radiation 


Initial growth 
Initial growth 
24 min 44 hr 


Initial growth 10 hr 


Lutetium fraction 
Radiation Half-lives observed 
Positrons 
Negatrons 
Electromagnetic radiation 


min*® .9 days 
min 5 days 
min .7 days 





* The 7-min positron activity accounted for 90% of 
activity associated with the sample. 


the total positron 


hafnium sample. Extrapolation of the 1.9 day-lines to 
the separation time and plotting the total activity vs 
separation time yielded a curve indicating a 9-hour 
half-life for the hafnium parent. It was, of course, 
impossible to resolve the 1.9 day and 1.5 day periods 
in the lutetium gross decay curve; which instead 
indicated the presence of a nuclide with a 1.7-day 
half-life. However, choosing proper growth times for 
the lutetium daughters, it was possible to obtain 
samples in which one or the other of these two lutetium 
daughters were prominent. By use of the magnetic 
spectrometer and detection with an anthracene crystal, 
it was possible to identify positrons associated with the 
1.9-day lutetium activity. This fact was also confirmed 
by counting annihilation radiation with a Nal crystal 
detector. 

A search was made for Lu'®’, which was reported 
recently by two different groups to have a half-life of 
~55 min.'? To check this result, a tantalum target 
was used in order to get a higher yield of the very 
highly neutron deficient hafnium-lutetium isotopes. The 
hafnium fraction showed, besides the known half-lives, 
a component with a half-life of about 10 min. Lutetium 
was rapidly extracted from the hafnium and immedi- 
ately beta counted. It initially decayed with a half-life 
of 4-7 min. No 55-min activity could be observed. In 
addition to the 4-7 min half-life, half lives of about 
20 min and ~2 days were observed. The 20-min 
activity was produced from a parent activity with a 
half-life of about 10 min. From the experiments, one 
can conclude that Hf'®’ has a 10-min half-life, decays 
to an approximately 4-min Lu!® which in turn decays 
to Yb'® with a reported half-life of 19 min. It is possible 
however, that the measured 20-min activity is an 
unknown and unexplainable contamination, and that 
Hf'*’ has a half-life so short that no 55-min Lu'® could 
be extracted. The first lutetium milking from the 
hafnium fraction was made 50 min after the end of the 
irradiation, and that would mean the half-life of Hf'* 
has to be shorter than about 10 min. It is also possible, 
however, that the observed decay rates of 10 and 4 min 
may be due instead to the Hf'®* and Lu!® decay chain. 
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Positron and Gamma Ray Energy Measurements 


The energies of the positrons were measured with a 
2 in. X} in. anthracene crystal scintillation spectrometer 
connected to a 256-channel pulse-height analyzer. The 
beta spectrometer was calibrated with standard beta 
sources such as C*, Co™, T1™, and Bi?”. 

Two positron emitters were observed in the lutetium 
fraction, corresponding to the 7.0-min Lu'® and 1.9-day 
Lu'”. A series of Fermi plots, constructed from spectra 
at different times during the decay, yielded two positron 
groups (Fig. 2). Resolution of the Fermi plots yielded 
(1.20+0.05) Mev maximum positron energy for Lu'® 
and (1.80.1) Mev maximum positron energy for Lu’. 

The beta spectrum of the hafnium sample showed an 
increase in intensity for the first 10 min of measurement, 
due to the growth of the short-lived Lu'®. By analyzing 
the Fermi plots at different times (Fig. 3), it was 
possible to derive two positron groups from the hafnium 
samples. One had a maximum positron energy of 
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(1.2+0.1) Mev and decreased with a half-life of ~25 
min. This is probably the 1.2-Mev 8+ due to 7.0-min 
Lu'® growing to equilibrium with Hf'**. The second 
positron group had a maximum energy of (1.70.1) 
Mev, and decayed with a half-life of ~25 min. This 
positron group is probably associated with the decay 
of Hf!**, However, an exact assignment of these positron 
groups is difficult because of the number of isotopes 
and radiations present in the sample. At the same time 
that these measurements were made, Lu'” was growing 
in from Hf'”, giving rise to positrons with 1.8 Mev 
maximum energy. A positron group between 1.3-1.4 
Mev was also observed. Resolution was very difficult, 
due to the presence of the other positron groups in 
greater intensity. However, this 1.3-Mev positron group 
appeared to be associated with the decay of Hf'™. 

The gamma radiations from these nuclides was 
detected with a 2 in.X2 in. Nal crystal spectrometer, 
and analyzed with a 256-channel pulse-height analyzer. 
Table III summarizes the results. 





40 


Fic. 2. Fermi plots of the 
lutetium fraction at different 
times. Curve 1, within 10 min of 
separation from hafnium. Curves 
2-12, at 3 min intervals. Resolved 
maximum beta end points yielded: 
Lu, Egt=(1.20+0.1) Mev; 
Lu!”, Eg*= (1.80+0.1) Mev. 
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Fic. 3. Fermi plots of the hafnium fraction at different times. 
Curve 1, within 20 min of end of bombardment. Curves 2 and 3, 
at 10-min intervals; curves 4-8, at 20-min intervals; curves 9-12 
at 1-hr intervals. Resolved maximum positron end points yielded: 
Lu'® (daughter of Hf), Es+=(1.2+0.1) Mev; Hf", gt 
= (1.7+0.1) Mev 


It is very likely that in Hf'®* and Hf'® y rays with 
energies considerably higher than those listed are 
emitted, but as a consequence of their low intensity in 
comparison to the other gammas, an exact energy 
determination was not possible. 


DISCUSSION 
Five neutron-deficient hafnium isotopes are reported 
in the literature.’ Hf'”® is reported to have a half-life of 


*D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 751 (1958). 
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70 days, Hf'” about 5 years, and Hf'” 1.8 hr. The 
half-lives of Hf'* and Hf!” are uncertain, due to 
different values being reported by various investigators 
for these nuclides. Hf!” is reported with half-lives of 
28 hr and 44 hr, while Hf'” is reported with 12 and 
16 hr. 

Hf'” was reported to decay by about 27% 6+ and 
73% electron capture, having a maximum + energy of 
2.4 Mev and showing no y emission. Beta-decay energy 
systematics give a Q* value of 2.0 Mev for Hf!”. This 
discrepancy makes it seem doubtful that this assign- 
ment could be correct. A tentative assignment for this 
positron decay to be associated with Hf'® was made in 
the Nuclear Data Sheets.‘ The Q* value for this isotope 
is ~3.5 Mev. In the present investigation, a hafnium 
activity of 1.5-hr half-life was found in good agreement 
with the previously reported 1.8-hr value. It also was 
found that this activity belongs to Hf'® as a conse- 
quence of the observed decay chain Hf'® (7,=1.5 hr) 
Lu'® (7,=1.5 days) Yb'® (T,;=32 days). However, a 
disagreement exists in the observed positron energy for 
this isotope. The present measurements give a branch- 
ing ratio fz/fs+ of about 2.5. However, the measured 
maximum beta energy is only about 1.3 Mev. A careful 
search for 2.4-Mev positrons was made, but no 
energy greater than 1.8 Mev could be detected at all 
in the hafnium sample. 

The 1.8-hr hafnium activity found by Wilkinsen® 
was produced by bombarding lutetium with 60-Mev 
protons. It is interesting that Nervik and Seaborg® 
report a 1.2-hr ytterbium activity which decays by 
positron emission with a maximum energy of 2.4 Mev. 
If it were possible that Wilkinson had a contamination 
of ytterbium in his hafnium fraction, it might explain 
his report of this @* energy. 

A previously unreported activity with a half-life of 
(942) hr was observed in the hafnium fraction, which 
cannot result from the reported 12- or 16-hr activities 
for Hf'", because the half-life reported in this work 
was derived from milking a 1.9-day lutetium activity 
from the hafnium fraction. The 1.9-day lutetium 
activity is Lu'®. The Lu'” activity extracted from 
hafnium in intervals of 1.5 and 3.0 hr was detected by 
its positron-radiation. 

As a result of this indirect determination, the error 
in half-life reported for Hf!” is relatively high, (9+2) 
hr. No positron emission was found for this isotope, 
all decay presumably goes via electron capture to Lu’. 
Also it was impossible to identify any y radiation for 
this isotope because of the disturbing radiations from 
Hf!!, the half-life of which is very similar and also its 
Y spectrum is not well known. 

As was mentioned, Nervik and Seaborg® found half- 
lives of 12 hr for Hf!” and 44 hr for Hf'”, whereas 


4 Nuclear Data Sheets, National Academy of Sciences, National 
Research Council No. NRC 59-—2-80 

5 G. Wilkinson and H. G. Hicks, Phys. Rev. 81, 540 (1951). 

6 W. E. Nervik and G. T. Seaborg, Phys. Rev. 97, 1092 (1955). 
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Wilkinson® reported 16 hr and 24 hr, respectively, for 
the same isotopes. Nervik and Seaborg produced these 
isotopes by the spallation of tantalum. However, 
Wilkinson produced them from a (p,xm) reaction on 
lutetium with protons varying between 30-60 Mev. A 
mixture of isotopes with half-lives of 9 and 16 hr may 
easily appear like a single half-life of 12 hr. Also the 
measured 44-hour half-life for Hf'® could be confused 
by the lutetium descendant activities: Lu'® (7,;=1.5 
days) and Lu!” (T,=1.9 days). 

The third hafnium isotope reported, Hf'®, has a 
half-life of (2242) min, measured directly and indi- 
rectly by milking its 7.0-min lutetium daughter at inter- 
vals of 30 min. It is very difficult to ascertain if positrons 
are associated in this decay as a result of its descendant- 
activity, the 6+ emitter Lu'®*. However, from the 
measured 8-spectra of the hafnium and lutetium frac- 
tions, it seems likely that Hf'®* decays by both electron 
capture and positrons. The contribution of the * 
decay is definitely not very large, it may be in the 
order 1-3%. Wilkinson® was the first to report a 1.7- 
day activity in lutetium which he assigned to Lu'”. 
Later, Nervik and Seaborg,* confirmed by Gorodinskii,’ 
reported the discovery of about a 2-day lutetium 
activity which they assigned to Lu'®™ because they 
could follow the decay into Yb'®, measured by its 
well-known y spectrum. Mihelich ef al.* reported the 
opinion that the 1.7-day lutetium activity of Wilkinson® 
might have been a mixture of Lu'® and Lu'”. They 
reported half-lives of 1.5 days and 1.9 days for Lu'® 
and Lu'”, respectively, in excellent agreement with the 
values reported here. The decay constant for Lu'” was 


7G. M. Gorodinskii, A. N. Murin, V. N. Pokrovskii, B. K. 
Preobrazhenskii, and N. E. Tilov, Doklady Akad. Nauk S.S.S.R 
112, 405 (1957). 

8 F. W. Mihelich, B. Harmatz, and T. H. Handley, Phys. Rev. 
108, 989 (1957). 
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Taste III. Energies (in Mev) of gamma rays observed 
for the various nuclides. 





Lu'*s Lu'® Lui Hfis Hf 
0.084 +0.002 0.129+0.005 0.049+0.005 
0.15 +0.01 0.17 +0.01 0.115 +0.005 
0.19 +0,.01 


(0.51 +0.01)* 


0.024 +0.002 
0.062 +0.003 
0.111 +0.003 
0.20 +0.02 
0.59 +0.02 


0.088 +0.002 
0.223 +0.005 
0.71 +0.02 
0.89 +0.02 
1.44 +0.05 
1.81 +0.05 
2.12 +0,07 





* Annihilation radiation from 8*. 


measured, in the present work, by its positron radiation. 
With this half-life established, it was possible, by 
choosing adequate intervals for the isolation of lutetium 
from hafnium, to derive the 1.5-day half-life for Lu’. 
Within the experimental limits, no positron radiation 
was observed for Lu'®. Lu!” decays, as already men- 
tioned, by electron capture and a small branching of 
8* decay with a maximum energy of (1.80.1) Mev. 

The Lu'®, which decays with a half-life of 7.0 min, 
has a fe/fg* ratio of about 8. The maximum f+ energy 
is found to be (1.20+0.05) Mev. The y spectrum could 
be measured very accurately for this isotope, due to 
the fact that this isotope could be isolated nearly free 
from other activities. No radioactive decay product 
of this radionuclide was observed, and therefore, the 
assignment must be Lu!®, 

In recently published papers by Wilson and Pool,” 
it is reported that Lu'®* and Lu'” were produced by 
separately bombarding enriched Yb'® in one case, and 
enriched Yb!” for the other, with ~5-Mev protons. 
Their reported y energies are in good agreement with 
the ones found in the present investigation; however, 
they do not report any positron radiation associated 
with either Lu'® or Lu'”. 

*R. G. Wilson and M. L. Pool, Phys. Rev. 118, 207 (1960). 

1” R. G. Wilson and M. L. Pool, Phys. Rev. 120, 1843 (1960). 
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The nuclear levels of Ta'* were investigated by a study of the 
8 decay of Hf and the electron capture decay of W"*!. Evidence 
for weak M-shell conversion lines of an ~6-kev transition in the 
Hf'*! was found with a 8 spectrometer. An investigation of the 
W'® decay with this instrument revealed strong M-shell con- 
version lines corresponding to a 6.25+0.3-kev transition. With 
the aid of additional evidence, the conclusion is made that the 
476-kev transition in the Hf'*' decay occurs between the 482-kev 
level and a new level at 6 kev. On using an argon proportional 
counter, a 6-kev y ray was also found in the W'® decay. The 
conversion coefficient of this transition was determined to be 
ar=44+7. This conversion coefficient and the M-subshell con- 


version ratios indicate that the 6-kev transition is of £1 multi- 
polarity. The 6-kev level is assigned as the 9/2— [514] Nilsson 
intrinsic state. It is also concluded that the previously reported 
152-kev transition in the W'* decay occurs between a new 
11/2— (K=9/2—) rotational level at 158 kev and the 6-kev 
level. From a measurement of the tantalum L/K x-ray intensity 
ratio, the W'® decay energy is found to be 176_22*“ kev. The 
branchings of this decay to the various Ta™ levels are as follows: 
158 kev (0.11%), 136 kev (0.067%), 6.25 kev (~35%), and 
ground state (~65%). All findings and proposals are consistent 
with predictions of the unified model of the nucleus. 





I. INTRODUCTION 


HE success of the Bohr-Mottelson-Nilsson “‘uni- 
fied model”! in interpreting nuclear spectra of 
deformed nuclei has led to many investigations of 
nuclei in the mass regions where the deformations are 
known to be large. One of the most frequently studied*~® 
deformed nuclei is Ta'*'. This nucleus has been investi- 
gated in studies of the Hf'*' 8 decay and W' electron 
capture decay as well as in Coulomb excitation experi- 
ments. However, there are still some open problems 
concerned with the Ta'* levels. 

Boehm and Marmier’ found a weak 476-kev transition 
in the Hf'*' 6 decay and suggested it was probably an 
M2 transition occurring between a }— intrinsic level 
at 958 kev and the well-known 482-kev level. Debrunner 
et al.,* however, reported that a coincidence experiment 
excluded the 476-kev transition from being in cascade 

+ This paper is based on a thesis submitted by Arthur H. Muir, 
Jr., to the California Institute of Technology, Pasadena, Cali- 
fornia, in partial fulfillment of the requirements for the Ph.D. 
degree (1960). A preliminary report of the early work has been 
given in Bull. Am. Phys. Soc. 4, 367 (1959), and a private com- 
munication of a summary of the results has appeared in Nuclear 
Data Sheets (National Academy of Sciences, National Research 
Council, Washington, D. C., 1960), set 2. 

* This research was performed under the auspices of the U. S. 
Atomic Energy Commission. 

{Present address: Experimental Physics Group, 
International, Canoga Park, California. 

1A. Bohr, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
26, 14 (1952); A. Bohr and B. R. Mottelson, ibid. 27, 16 (1953); 
S. G. Nilsson, ibid. 29, 16 (1955). 

2B. R. Mottelson and S. G. Nilsson, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Skr. 1, 8 (1959). 

8 F. Boehm and P. Marmier, Phys. Rev. 103, 342 (1956). 

*P. Debrunner, E. Heer, W. Kiindig, and R. Riietschi, Helv. 
Phys. Acta 29, 463 (1956). 

5 J. M. Cork, W. H. Nester, J. M. LeBlanc, and M. K. Brice, 
Phys. Rev. 92, 119 (1953). 

*A. Bisi, S. Terrani, and L. Zappa, Nuovo cimento 1, 651 
(1955). 

7P. Debrunner, E. Heer, W. Kiindig, and R. Riietschi, Helv. 
Phys. Acta 29, 235 (1956). 
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Modern Phys. 30, 585 (1958). 

® Nuclear Data Sheets (National Academy of Sciences, National 
Research Council, Washington, D. C.). 


Atomics 


Seaborg, Revs 


with the 482-kev transition. In a study of the W'* 
decay, Cork et al.5 found 136- and 152-kev transitions. 
On the other hand, Bisi ef al.° subsequently reported 
seeing no evidence for these transitions. From L/K 
x-ray intensity ratio measurements, these authors 
estimated the electron capture decay energy to be 
92+10 kev. Confirming Cork’s work, Debrunner et al.” 
found both the 136- and 152-kev transitions, and 
established that they were not in cascade. The 152-kev 
transition, which is not known from the Hf'™ decay, 
was interpreted by these workers as being E1+M2. 

The present work was undertaken to resolve some of 
these questions. The results lead to a consistent Ta!* 
level scheme which also is in good agreement with 
nuclear model predictions. 


II. APPARATUS AND SOURCES 


The apparatus and sources used in these measure- 
ments will now be described briefly. A more complete 
description has been given elsewhere.” 

The low-energy electron spectra from the Hf'* and 
W'* decays were studied with a 180° magnetic 6 
spectrometer" having a momentum resolution Ap/p 
=~0.8%. The spectrometer detector was a Geiger 
counter with a 10-20-ug/cm? Formvar foil window. 
The homogeneous field ring focusing 8-ray spectrom- 
eter’ was used to supplement some of the 180° spec- 
trometer measurements. 

For the study of very low-energy y rays, two gas- 
filled proportional counters were built.'* These counters 
are 143 in. long and 4 in. in diameter, and have 1-in. 
diam side windows of 3-mg/cm? mica. One counter is 
filled with a mixture of 90% argon and 10% methane 


1 A. H. Muir, Jr., Ph.D. thesis, California Institute of Tech- 
nology, Pasadena, California, 1960 (unpublished) 

1H. E. Henrikson, Norman Bridge Laboratory of Physics, 
California Institute of Technology Special Tech. Rept., 1956 
(unpublished). 

12 J. W. M. DuMond, Ann. Phys. 2, 283 (1957). 

13 A. H. Muir, Jr., California Institute of Technology internal 
report, 1959 (unpublished). 
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at 1 atm pressure, and the other with a mixture of 
90% xenon and 10% methane at ~} atm pressure. 

A standard 1-in. diam X1-in. long Nal(TI) scintil- 
lation crystal spectrometer was employed for some of 
the y-ray measurements. However, to measure the 
L/K x-ray intensity ratio from the W'*' decay with 
good accuracy, special provisions were necessary be- 
cause of the low energy of the Z x rays (~9 kev) and 
because of the presence of scattering of both K and L 
x rays. Figure 1 shows the arrangement used for the 
L/K x-ray measurement. The thin square (2.3 cmX 2.3 
cmX0.55 cm) Nal scintillation crystal was freshly 
polished with methyl alcohol, lightly coated with 
mineral oil, and mounted directly on the face of the 
photomultiplier tube. Fresh polishing of the crystal 
face was necessary to prevent surface losses": of the 
low-energy ZL x rays. The crystal was covered by a 
0.25-mil aluminum foil, while the source was sandwiched 
between 0.4-mil Mylar. With this covering, attenuation 
of the L x rays was very slight. Cylindrical Plexiglas 
spacers S of various lengths were used to support the 
source at different distances from the crystal. In order 
to reduce x-ray scattering and attenuation, a plastic 
bag attached to the counter body permitted the spec- 
trometer to be surrounded by a helium atmosphere. 
The entire assembly was housed in a cave of ? in. 
brass, 7g in. tin, and 2 in. lead. 

A standard fast-slow triple-coincidence circuit'® with 


resolving time 27=4.4X10-* sec was employed to 
study the 476-kev transition in the Hf"* decay. 


Sources 

Three different samples of W'* were used in this 
study: (1) About 2 mg of WO; enriched in W'™ (6.6% 
abundance) obtained from Oak Ridge National Labo- 
ratory was irradiated for about 30 days in a flux of 
~3X10" neutrons/cm*-sec at the Materials Testing 
Reactor (MTR) at Idaho Falls. (2) About 3 mg of 
the same material was irradiated for about 50 days in 
a flux of ~5X10" neutrons/cm*-sec at the MTR. 
(3) About 2 mC of carrier-free W'*', accelerator pro- 
duced by the reaction Ta'*'(p,n)W'®, was procured 
from the Nuclear Science and Engineering Corporation, 
Pittsburgh, Pennsylvania. Samples (1) and (2) were 
vacuum evaporated onto sheets of aluminized mica and 
aluminum foil, respectively. Sources cut from these 
sheets were used for the 6-spectrometer investigations. 
Sample (3) was deposited on a Plexiglas sheet for the 
proportional counter source. This same activity was 
redeposited, sandwiched between 0.4-mil Mylar, for the 
scintillation counter measurements. A source from 
sample (1) was also checked with the proportional 
counter. 

A sample (from Oak Ridge) containing about 7 mg 
of HfO, enriched in Hf'® (93% abundance) was 

at E. Rehfuss and B. Crasemann, Phys. Rev. 114, 1609 

959). 
OT R L. Garwin, Rev. Sci. Instr. 21, 569 (1950) ; 24, 618 (1953). 
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Fic. 1. Scintillation counter arrangement for measuring the 
L/K x-ray intensity ratio from the W'*! decay. 


irradiated for about 10 days in a flux of ~2x10" 
neutrons/cm*-sec at the MTR. Approximately 5 mg of 
the activity was vacuum evaporated onto aluminized 
mica for 8-spectrometer and proportional counter uses. 
The source employed in the coincidence measurement 
was also made from this sample. 


Ill. EXPERIMENTAL RESULTS 
A. Coincidence Experiment 


Although Debrunner ef al.‘ reported finding no 
coincidences between the 476- and 482-kev transitions 
in the Hf'* decay, this coincidence experiment has been 
repeated because the result is crucial for the decay 
scheme arguments. The single-channel pulse-height 
analyzers of the fast-slow coincidence circuit were set 
for an energy of about 480 kev with a 9% channel 
width. Coincidences were counted for a total run time 
of 300 min. The observed coincidence rate was 0.077 
+0.016 count/min, while the calculated random 
coincidence rate was 0.101++-0.006 count/min. The 
expected true coincidence rate, if the two transitions 
were in cascade, could be determined from the 476-kev 
transition intensity* and the measured source strength. 
This rate was 4.1 counts/min. It is, therefore, concluded 
that the two transitions are not in cascade. 


B. Low-Energy Electron Spectra 


To check the possibility that the 476-kev transition 
is in parallel with the 482-kev line, a search was made 





Lu L Augers 


\ 
| f 


saa i Ww \ VA (a 


3 4 5 8 ® Bek @ 





Nae Nye One 
6 kev Conversion Group Anh 
Arn) 
'| To L Augers 
% ty | 
i | 


3.9 kev raed | 
Conversion Group hh i | 
o 


6 kev 
Conversion Group 


we 


Vv 


N 
i 





— 


7 @ 9 

ELECTRON ENERGY IN KEV 
Fic. 2. 180° 8-ray spectrometer curves from the decays of 
(a) Hf*75, (b) W#8!, and (c) Hf'*'. The predominant peaks between 
about 5-9 kev are LZ Auger electron groups. Low-energy con- 
version electron groups are present in (b) and (c). Curve (b) in 
particular exhibits pronounced M-shell conversion lines of a 
6.25-kev transition. The energy region below 5 kev in curve (c) 
is a pictorial representation of the average of data from a large 
number of spectrometer runs. The line intensities derived from 

this region should be considered as upper limits. 


for a difference transition of 6 kev in the Hf'*' decay. 
The electron spectrum of an Hf'* source was carefully 
studied with the 180° 8 spectrometer. The spectrum 
below 12 kev is shown in Fig. 2(c). The prominent 
peaks are the Ta LZ Auger electrons. Conversion 
electrons corresponding to the previously reported® 
3.9-kev transition appear at the left of the figure. The 
region in the figure marked “‘6-kev Conversion Group” 
is where the M-shell conversion lines of a 6-kev y ray 
would be expected. Figure 2(a)!* shows the low-energy 
electron spectrum of Lu’’® excited by the electron 
capture decay of Hf'’®. The prominent lines are the 
Lu L Auger electrons. No low-energy conversion lines 
have been found'®* in the Hf!”* decay; hence, by 
comparing Figs. 2(a) and (c), it can be seen that the 
“bumps” at about 4 kev in the latter appear to be 
conversion lines. 

A W'* source was also studied to see if the 6-kev 
transition might be excited in this decay as well. The 
results are shown in Fig. 2(b). Near 4 kev four very 


16 EF. N. Hatch, Ph.D. thesis, California Institute of Technology, 
Pasadena, California, 1956 (unpublished). 
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VU-subshell conversion ratios for a 
6.25-kev transition in Ta. 


TABLE I, 


Subshell conversion ratio 


Vin Miu/Min Miy,v/Miu 


0.57 1,20 
66.4 6.9 3 
0.85 1.79 1.76 


Multipolarity My 


FE1 (theoretical) 
M1 (theoretical) 


Observed 


3 
0 


strong electron lines appear, which by comparison with 
(a) must be conversion lines. The four lines close to 
each other suggest an M-shell conversion group.” The 
energies of these lines, obtained by averaging the results 
of several runs, are 3.5, 3.8, 4.1, and 4.4 kev. These 
energies can be combined with M-shell binding energies'® 
of Ta to yield values for the transition energy. A 
weighted average of the results gives E;ransition= 6.25 
+0.3 kev. The stated error takes into account the 
statistical error in the measurement and the calibration 
error of the instrument. 

It has been shown” that the 6-kev transition in the 
tungsten decay cannot be due to the presence of any 
other tungsten isotopes (or daughters) which might be 
expected in the source material, and must, therefore, 
belong to Ta'*', (Subsequent proportional counter 
observation of 6-kev y rays in accelerator-produced 
W'*! confirms this conclusion.) 

From curves such as those shown in Fig. 2, the 6-kev 
conversion intensity relative to the Auger intensity is 
obtained. Combining the results from several runs, the 
relative (M-, N-, and O-shell) internal conversion 
intensity in the W'* decay is” Js wno/I1 Auger==0.51 
+0.05. By comparing curve (c) to curve (a), an 
estimate of the 6-kev M-shell conversion intensity in 
the Hf'*' decay is obtained. The result, [¢ a/Z1 auger 
<0.07, is given as an upper limit because of possible 


ascent 
50 
Electron Energy in Kev 


Fic. 3. 8-spectrometer curve from a W'*! source. The lines due 
to K Auger transitions and K conversion of the 136- and 152-kev 
y rays are shown. A K conversion line of the 155-kev transition 
in Os!88 appears as the result of a source impurity. 


17 The Myy and My lines would not be resolved with this 
instrument. 

1R. D. Hill, E. L. Church, and J. W. Mihelich, Rev. Sci. 
Instr. 23, 523 (1952). 

19 Because of the uncertainty about a correction for the counter 
window attenuation, this result should be considered as a lower 
limit. Arguments can be made, however, which indicate that this 
attenuation ought to be negligible. 





NUCLEAR SPECTROSCOPY OF 


Fic. 4. Typical LZ x-ray spectra 
taken with the argon proportional 
counter using (a) W"*!, hh) Hf'*!, 
and (c) Ta'* as sources. The exper- 
imental data have been decomposed 
to exhibit a 6-kev transition in the 
decays of W'*! and Hf"*!. Gaussian 
shaped decompositions are drawn 
in fine line. The Ta'® spectrum, 
which has no 6-kev y ray, is shown 
for comparison. The L x rays are 
labeled La, Lg, and L,, and the 
main x-ray escape peaks are labeled 
Lae and Lege. 


COUNTS (Arbitrary Units) 





contribution from the 3.9-kev transition and because 
of poor counting statistics. 

At this point it may be noted that a calculation” 
has shown that the observed 6-kev intensity in the Hf'* 
decay is in agreement with what would be expected if 
the 6-kev transition were in cascade with the 476-kev 
transition. This result, along with the coincidence 
experiment, implies that a 476—6-kev cascade competes 
with the well-known 482-kev transition. 

An indication of the multipolarity of the 6-kev 
transition is given by the M-subshell conversion line 
ratios of Fig. 2(b). Table I presents Z1 and M1 theo- 
retical” M-subshell conversion ratios for a 6.25-kev 
transition in Ta along with the observed ratios for the 
W'*! decay. The agreement between the observed 
ratios and the theoretical £1 ratios is reasonably good. 
The M1 ratios are definitely not in agreement with 
experiment, and for higher multipolarities there is 
pronounced disagreement. Ratios calculated for multi- 
polarity mixtures also fail to yield agreement with 
experiment. That there is not closer agreement with 
the £1 ratios can be understood* to a large extent in 
terms of the so-called anomalous conversion coefficients. 
Asaro et al have shown that for £1 transitions in 
heavy-element odd-A isotopes, Liz experimental coeffi- 
cients usually agree with the theoretical ones, while Ly 
and especially Ly experimental coefficients may be 
considerably larger than the theoretical ones. Similar 
considerations apply to M-shell conversion coefficients, 
with Myy,yv experimental coefficients tending to be low 
relative to the theoretical ones. The discrepancies 
between the theoretical El and the observed 6-kev 


% These coefficients are obtained by extrapolating the values 
given by M. E. Rose, Internal Conversion Coefficients (North- 
Holland Publishing Company, Amsterdam, 1958). 

*1 Interpolation and extrapolation of Rose’s tabulated coeffi- 
cients may also contribute to the discrepancy. 

2. Asaro, F. S. Stephens, J. M. Hollander, and I. Perlman, 
Phys. Rev. 117, 492 (1960); F. Asaro, F. S. Stephens, J. M. 
Hollander, and I. Perlman, University of California Radiation 
Lab. Rept. UCRL-8786, June, 1959 (unpublished). 
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Channel Number 

coefficients (Table I) are all in the directions predicted 
by Asaro’s observations. These workers” have related 
the conversion coefficient anomaly to the retardation 
of the y-ray lifetime over the theoretical single proton 
lifetime estimate.* On using Asaro’s technique™ and 
his M-shell data, it has been concluded” that the 6-kev 
y ray should be retarded by a factor of ~2X105, 
assuming all the discrepancy between theoretical and 
experimental coefficient ratios in Table I is due to 
anomalous conversion. Recently, Hauser®® has measured 
the 6-kev transition half-life to be (6.80.4) X 10-6 sec. 
This corresponds*® to a y-ray lifetime retardation of 
5.2 10°, in good agreement with the above estimate. 


C. Electron Spectra at Higher Energy 


A detailed study of the 136- and 152-kev transitions 
reported®’ in the W'*' decay has been made with the 
180° 8 spectrometer. Figure 3 is a portion of a spec- 
trometer curve and shows the AK Auger groups, as well 
as the weak 136- and 152-kev K conversion lines. A 


TABLE II. Conversion line and Auger line relative 
intensities for the W'* decay. 





Measured value 


0.056 +0.006 
1.83 +0.2 
0.0305+0.004 
2.74 +0.35 
2.62 +0.38 


Intensity ratio 








Ik Auger/I1 Auger 
Tisex/Tisex 
Tisex/Ix Auger 
Tisox/TissK® 
Tis2x/T152, 1551.” 





* The 155-kev transition is in Os'** and is present because of a W'#% 
source impurity. 

> The Os 155-kev L conversion lines are superimposed on the Ta 152-kev 
L conversion lines. 


3S. A. Moszkowski, Beta- and Gamma-Ray Spectroscopy, 
edited by Kai Siegbahn (North-Holland Publishing Company, 
Amsterdam, 1955), Chap. 13. 

* A log log plot of the anomaly, the relative deviation from the 
theoretical coefficients, vs the lifetime retardation for a number 
of F1 transitions is roughly linear. 

2° U. Hauser, Nuclear Phys. (to be published). 

26 The 6-kev transition conversion coefficient, ag=44 (derived 
in Sec. III G), is used in making this estimate. 
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Fic. 5. Tantalum x-ray spectrum from the W'*! decay observed 
with the thin window Nal scintillation crystal spectrometer. 


weak K conversion line from the 155-kev transition in 
the Re!®* decay also appears.?” From this study, the 
exact energy of the 152-kev transition is found to be 
Eys2= 152.5+0.3 kev, in good agreement with Cork’s® 
value, 152.5 kev. Table II summarizes various con- 
version line and Auger line intensities obtained with 
the 180° spectrometer. A W'* source was also studied 
with the ring-focusing 6 spectrometer. The K-conversion 
intensity ratio for the 152- and 136-kev transitions 
obtained with this instrument is J152x/J1s6x = 1.7+0.4. 


D. Proportional Counter Spectra 


Proportional counters were used to search for the 
unconverted 6-kev y ray. Figure 4 presents typical 
spectra taken with the argon proportional counter 
showing the decays of W'*', Hf, and Ta'™. The 
prominent peaks are the LZ x rays. To the left of the 
L x rays are two “bumps” that correspond to the escape 
peaks from the LZ, and Lg x rays plus any low-energy 
(6 kev) y-ray contribution. With the aid of measure- 
ments of the counter escape fraction and resolution as 
a function of energy, it has been possible to decompose 
the observed curves into Gaussian x-ray and escape 
peak components.” For each spectrum the difference 
between the sum of the decomposed curves and the 
observed curve gives the y-ray contribution, which is 
shown in the inset. The W"*! 6-kev y-ray intensity was 
also determined by means of a differential absorber 
method and by means of a “normalized x-ray shape 
difference” method.” Weighted averages of all the 
relative intensity results, corrected for counter effici- 
ency, are given in Table III. 


27 The source material had a W'** impurity, which through 
double neutron capture. produced W'**. This isotope decays to 
Re!®*, which in turn decays to Os'**. See reference 8. 
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Studies were also made using the xenon proportional 
counter, for which the Z x-ray escape peak is no longer 
superimposed on the 6-kev line. Although the resolution 
of the xenon counter was not as good as that of the 
argon counter, the existence of the 6-kev y ray could be 
confirmed. 


E. Scintillation Spectrometer Measurements 


If the W'* decay L/K x-ray intensity ratio is known, 
it is possible to determine the decay L/K capture ratio 
and thus the decay energy. Figure 5 shows a typical 
tantalum x-ray spectrum taken with the Nal counter 
of Fig. 1. Backscattering from the source mount was 
made negligible by having the source deposited on 0.4- 
mil Mylar. The apparent L/K x-ray ratio®® depended 
on the source-crystal geometry, decreasing with in- 
creasing separation. This result was interpreted” as 
a scattering effect. The materials which surrounded the 
scintillation crystal had scattering coefficients” for the 
L x rays at least twice as great as those for the K x rays. 
In close geometry, scattering could increase the apparent 
relative L x-ray intensity. By measuring the L/K 
x-ray ratio in both air and helium as a function of the 
source-crystal separation, it was possible to extrapolate 
the data to a negligible scattering condition. The 
resultant x-ray intensity ratio is /;./Jx.=0.264+0.013. 

Note added in proof. Quite recently a group at Liver- 
more has measured this x-ray intensity ratio—see J. H. 
Zenger, C. D. Swift, H. Mark, and R. C. Jopson, Bull. 
Am. Phys. Soc. 6, 72 (1961); R. C. Jopson, H. Mark, 
C. D. Swift, and J. H. Zenger, University of California 
Radiation Laboratory Rept. UCRL-6207, December, 
1960 (Phys. Rev. to be published). Their value for the 
L/K x-ray intensity ratio is 0.312-0.005. When allow- 
ance for detector efficiency is made, this corresponds to 
a ratio of about 0.30. Since this value is in disagreement 
with the result reported in the present paper, a re- 
measurement has been made. With a freshly polished 
Nal crystal (2.3 2.30.55 cm) and a source-crystal 
separation of 13.34 cm, a (corrected) ratio of 0.278 
+0.009 was obtained. The previous result for this 
geometry was 0.277+0.014. Thus the extrapolated ratio 
is still 0.264. The discrepancy in the ratios of Zenger 


TABLE IIT. Relative intensities from argon proportional 
counter measurements 





Value for 
W!*! decay Hf'*! decay 
~ 0.04640.007  0.00740.003 
0.96 0.98 
0.19 0.16 


Intensity ratio 





* I.x is the total L x-ray intensity, Ita +I]1g+I1 Ly. 


8 Corrected for absorption and coincidence losses. 

* G. W. Grodstein, X-Ray Attenuation Coefficients from 10 kev 
to 100 Mev, National Bureau of Standards Circular No. 583 
(U. S. Government Printing Office, Washington, D. C., 1957). 





NUCLEAR SPECTROSCOPY OF 


el al. and the present measurements is probably related 
to differences in scintillation crystal preparation and 
scattering conditions at the detector. For example, 
roughing the surface of the polished crystal with emery 
paper gave considerably poorer resolution and an x-ray 
ratio about 10% lower. 

In studying the very weak’ 136- and 152-kev rays 
in the W'*' decay with the standard scintillation 
spectrometer, it was necessary to use graded filters to 
attenuate the strong K x rays accompanying this decay. 
Figure 6 shows a typical observed spectrum. In the 
inset the background has been subtracted, and the 
experimental data have been fitted by two Gaussian 
curves of appropriate width and energy location. If 
corrections are made for counter efficiency and attenu- 
ation” in the absorbers, these data yield a value for the 
y-ray relative intensity. The combined intensity result 
from five different runs with various filter combinations 
is Iy527/I1s6y=1.80+0.3. The filtered spectra along 
with one unfiltered curve have also been used to 
determine the combined 136-, 152-kev y intensity 
relative to the K x rays. A weighted average of the 
results gives J136,1527/I«x= (1.240.3)XK10™. The esti- 
mated errors allow for systematic as well as for sta- 
tistical uncertainties. - 


F. L/K Capture Ratio and Decay Energy 


Previously discussed results lead to the conclusion 
that Ta! has a level at 6.25 kev above the ground 
state.” If for the moment it is assumed that all of the 
W'" capture decay occurs to the Ta!*! ground state,* 
then the L/K capture ratio P;/Px can be related*.” 
to the L/K x-ray intensity ratio /;x/Ixx by the formula 


P1/Px= (l/r) 1 ix/Ixx)ox—oxk |. (1) 


Here wx is the K-shell x-ray fluorescence yield, wz, is 
the average L-shell fluorescence yield for vacancies 
produced directly by Z capture, and wzx is the average 
L-shell fluorescence yield for vacancies produced 
through K capture. The K-shell yield, wx (Ta), is taken 
from the tables of Wapstra ef al.,** while the L-shell 
yields must be computed® from the available data. 


%® Debrunner’s upper limit on the W!*! decay energy indicates 
that the 6-kev transition does not occur between the 482-kev 
level and a level at 476 kev. 

31 The weak branching to the higher energy levels may be 
neglected, while capture to the 6-kev level may be included with 
the ground state capture, since the energy difference is small and 
the wave functions for the two transitions are the same. 

% A. H. Wapstra, G. J. Nijgh, and R. Van Lieshout, Nuclear 
Spectroscopy Tables (North-Holland Publishing Company, 
Amsterdam, 1959). 

% For a process P, 

3 
wpp= Z upwri; 
t=1 


where “p; is the chance that process P produces a vacancy in the 
L; subshell, and wz; is the L;-subshell partial yield. Table VII of 
Appendix A summarizes various partial yield measurements, and 
gives average values for wz;. Table VIII of Appendix A lists the 
values of wp; used in calculating wz, and wrx. 


Tal?! 


TABLE IV. X-ray fluorescence yields for Ta as 
excited in the W'*! decay. 








Value 


ox Ce 0.943 
WLK 0.1885 
WLL 0.169 


Fluorescence yield 











Table IV presents these yields. The L/K capture ratio 
obtained from Eq. (1) is Pz/Px=0.358+0.070. The 
stated error only takes into account the uncertainty in 
the x-ray intensity measurement. P;/Px is very sensi- 
tive to the L-shell fluorescence yield values. Because 
of uncertainties associated with these yields, it is not 
practical to state a realistic error for the capture ratio. 
The value above is the best estimate that can be made 
on the basis of the presently available fluorescence 
yields. 

Note added in proof. The Livermore group has also 
determined P;/Px(=0.23+0.05) using a slightly differ- 
ent approach than the one given above. See note added 
in Sec. III E. 

The orbital capture decay formulation of Brysk and 
Rose“ may be used to compute the capture decay 
energy. Using their notation and assuming that the 
transitions are either allowed or first-forbidden, non- 
unique, the capture ratio is given by 


Plased ). (2) 


Pr qu’ f/gur 
Pre =: 1 
Pr qx’ \ gx’ 


gir 
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Fic. 6. Nal scintillation spectrum from the W'*! source showing 
the combined peak due to the 136- and 152-kev y-ray transitions. 
Filters of 0.018-in. Sn, 0.003-in. Mo, 0.005-in. Cu, and 0.003-in. 
Al have been used to attenuate the intense K x rays. The inset 
shows the experimental points (with background and scattering 
corrections) fitted with Gaussian curves. 

( 4H. Brysk and M. E. Rose, Revs. Modern Phys. 30, 1169 
1958). 
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The g’s and the f’s are radial wave functions evaluated 
at the nuclear surface, and the q’s are the neutrino 
energies, 7x=Qec— Bx, etc. Quc is the decay energy 
and Bx is the K-shell binding energy. Using wave 
functions from reference 34 and binding energies from 
reference 32, Eq. (2) gives the value Qgc= 176_22™ kev. 
The error limits take into account only the uncertainty 
in the x-ray intensity measurements. 

This decay energy value is not in agreement with the 
value 92 kev (410%) determined by Bisi et al.,° who 
used a similar method. Their L/K x-ray intensity ratio 
of 0.39-+-0.01 disagrees with the present result (0.264). 
The value Qec=176 kev is, however, in good accord 
with the decay energy arguments of Debrunner e¢ al.,”7.*° 
who from x-ray~y-ray coincidence experiments con- 
cluded that 160 kev<Qec<205 kev. Furthermore, 
the present decay energy value is in agreement with 
the W'*'—Ta!*! mass difference, Q=186 kev, deter- 
mined from the recent atomic mass tables of the 
Minnesota group.*® 

If,. contrary to the previous assumptions, it is 
assumed that all of the capture occurs through a first- 
forbidden, unique transition (AJ=2, yes), then the 
above procedure would give a decay energy of about 
422 kev, in contradiction with experimental evidence. 
This result and similar results for the higher orders of 
forbiddenness indicate the validity of the original 
assumption of allowed or first-forbidden, nonunique 
transitions. 


G. 6-kev Conversion Coefficient 


In evaluating the 6-kev conversion coefficient the 
weak branching to the 136 and 152 kev transitions may 
again be neglected. Assuming allowed or first-forbidden, 
nonunique, transitions, the L/K capture ratio is the 
same for both the 6-kev level and ground state 
branches.**7 The total (M+N-+0) shell internal con- 
version coefficient for the 6-kev transition may now be 
expressed in terms of the fluorescence and Auger** 
yields, and either (1) the 6-kev conversion and y-ray 
intensities relative to the Z Augers and L x rays, 
respectively, or (2) the 6-kev conversion and y-ray 
intensities relative to the K Augers and K x rays, 
respectively. The results are (1) ar=41.9, and (2) 
ar=45.0 The fairly close agreement indicates an over- 
all consistency. The final value adopted is ar=44+7. 
A multipolarity assignment of £1 is indicated by this 
result (see Table X of Appendix B). 


35 P,. Debrunner, E. Heer, W. Kiindig, R. Riietschi, and T. 
Lindquist, Helv. Phys. Acta 29, 432 (1956). 

% VY. H. Bhanot, W. H. Johnson, and A. O. Nier, Phys. Rev. 
120, 235 (1960). 

37 The energy difference between ground state and 6-kev level 
capture is neglected. 

38 The Auger yields may be derived from data in Tables IV, 
VII, and VIII. 
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H. W'*' Decay Branchings 


With the assumptions of Sec. III F, the L/K capture 
ratio and the ratio of M+N+--- capture to LZ capture” 
are used to obtain the fractional K capture, Nx/N 
=0.689, and the fractional L capture, V,/N=0.247. 
As above, two expressions may now be derived for 
N0/Ne, the ratio of ground state to 6-kev state total 
capture. The value based on L-process intensities is 
No/Ne= 1.96, while the K-process value is No/N¢= 1.82. 
The average, Ny/Ns=1.89, is used to calculate the 
percentage branchings to the lower capture transitions, 
No/N=35410% and No N=65+10 O- 

In the Discussion it is concluded that the 152-kev 
transition occurs between a level at 158 kev and the 
6-kev level. To determine the branchings to the 136- 
and 158-kev levels, the following conversion coeffi- 
cients® are used : ax (136) = 1.40, a7 (136) = 1.80, ax (152) 
=1.30, and a7(152)=1.58. The ratio of capture 
branching between the two levels may be computed 
from the y-ray intensity ratio and from the K conver- 
sion intensity ratio. The results are (Niss/Ni36)y= 1.66 
and (Niss/Nis6)k= 1.82. The average value, Ni5s/Nise 
= 1.7+0.2, used in calculating the 
branchings. _ 

The ratio of total upper level (158,136) to total 
lower level (6,0) capture, V.,/Ni, may be obtained from 
the y-ray data and from the conversion line data. The 
results, (N./Ni)y=2.04X10- and (N./N)x«=1.47 
x10, give an average value, NV,/N,;=1.8X10™, 
which is used to calculate the percentage branching to 
the two lower levels, Vs o/Nr=99.8%. 

Table V summarizes all of the branching results in 
terms of percentages of the total W'*! decay. A com- 
parison of these results with those of Debrunner et al.,’ 
shows that the present ratio Niss/N 136 is in very close 
agreement with their value. The percentage values, 
Nisg and Ny436, agree with Debrunner’s values within 
the stated error, but the agreement is not as close as 
in the case of the ratios. 


is percentage 


I. Log ft Values 


The often used nomographs of Moszkowski® for 
calculating ft values are not suitable for the present 
case because L capture is not taken into account and 
because the electron binding energies are neglected. 
Hoff and Rasmussen“ give formulas that express f (for 
allowed transitions) in terms of the electron wave 
functions* and the capture neutrino energies. The 
neutrino energies are computed from the present decay 
energy value, 176 kev. The W'*' half-life is known® to 
be 145 days. Partial half-lives can then be calculated 
using the branchings® of Table V. 


® See the discussion of conversion coefficients in Appendix B. 

“0S. A. Moszkowski, Phys. Rev. 82, 35 (1951) 

* R. W. Hoff and J. O. Rasmussen, Phys. Rev. 101, 280 (1956). 

@ Niss and Ni36 are corrected for (M+N-+---) shell capture. 
See Chap. 5.4 of reference 32. 
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TaBLe V. Percentage branchings in the W'*! decay. 


Branch* 


Niss, 136 
N 6,0 
Niss 
N 136 


0.11 
0.067 
Ns 34.9 
No 64.9 





*The branch is designated by the energy of the level to which the 
transition occurs. 


Table VI gives the results of the ft calculations. The 
errors for 0 and 6 kev take into account the uncertainty 
in both the decay energy and branching, while the 
remaining errors allow for the decay energy uncertainty 
only. The agreement between the independent evalu- 
ations of the log ft values for K- and L-capture to the 
6 kev and ground states is good. 


IV. DISCUSSION 


Although the present experiments alone allow several 
choices of Ta'*' level arrangements and spins, a unique 
level scheme can be determined with the aid of data 
from previous experiments combined with nuclear 
model considerations. 

The 6-kev transition has £1 multipolarity (with 
possible small M2 admixture). The Ta'* ground state 
is well known? to be the 7/2+ [404] state. The 6-kev 
level must have spin 5/2, 7/2, or 9/2 and negative 
parity. Observed decay branchings from the 9/2+ 
[624] W'* ground state rule out spin 5/2. The 
476-kev transition occurs between the 5/2+ [402] 
level at 482 kev and the 6-kev level. The conversion 
and branching data® for this transition and the 1.1 10-* 
sec lifetime® for the 482-kev level require the 476-kev 
transition to be M2 with possible E3 admixture. This 
multipolarity choice then rules out spin 7/2—, and 
thus the 6-kev level must be assigned 9/2—. With this 
choice of spin and parity, the M2 transition would be 
classified as unhindered—in agreement with the ob- 
served lifetime. On the basis of Nilsson’s* calculations, 
a 9/2— [514] intrinsic level is to be expected in Ta. 

The 152-kev transition either occurs between a 
152-kev level and the ground state or between a 158-kev 


TABLE VI. Log/t values for the W'*! decay 
K- and L-capture transitions. 





Transition to 
level at log (ft) x log (ft) 
6.70_6.1 +0.2 
6.93_6.:7° 3 
7.59+1 
6.04+2 


0 kev 
6 kev 
136 kev 
158 kev 


6.70 0.2°° . 
6.92_.2*°-4 





43 B. Harmatz, T. H. Handley, and J. W. Mihelich, Phys. Rev. 
119, 1345 (1960). 
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7iLu 
Fic. 7. Intrinsic levels of some odd-A, odd-proton nuclei near 
A=181. Each level is denoted by its energy, spin, parity, and 
asymptotic quantum numbers, [Nn,A]. See B. R. Mottelson 
and S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Skr. 1, 8 (1959). The trend of the 9/2— [514] level is of particular 
interest 
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level and the 6-kev level. If the latter case were true, 
the 158-kev level might be a first rotational (11/2—) 
level based on the 9/2— intrinsic level. The moment 
of inertia for such a rotational band has been esti- 
mated,“ and a rotational level is expected in the 
neighborhood of 164 kev. The discussien of conversion 
coefficients in Appendix B indicates that the 152-kev 
transition should have multipolarity M1 (+£2). 
Studies** of the Hf'*' decay combined with nuclear 
model! and asymptotic selection rule*® considerations 
give strong support” to the choice of.a spin 11/2— 
level at 158 kev. 

In agreement with the log ft values of Table VI, the 
transitions to the K=7/2+ rotational band are classi- 
fied*® allowed, hindered, while the transitions to the 
9/2— band are first-forbidden, unhindered. These 
classifications are consistent with the assumptions made 
in the previous section (Sec. ITI). 

Some interesting exceptions to the orderly filling of 
the Nilsson levels have already been noted.2? The 
tantalum odd-A isotopes are expected to have 5/2+ 
[402] ground states, but 7/2+ [404] are observed. 
Rhenium odd-A isotopes are expected to have 9/2— 
[514] ground states, but 5/2+ [402] are observed. 
The curious result is that the 9/2— level does not seem 
to occur as a ground state, although in Ta'”® and Ta!*! 
it is “almost” the ground state. Figure 7 is a schematic 
representation of the Nilsson intrinsic states of some 
odd-A, odd-proton nuclei near Ta'*'. The diagrams are 
arranged in order of increasing A. The 9/2— [514] 
level starts at a relatively high excitation energy, 396 
kev, in Lu'”® and moves down toward the ground 
state with increasing A, until in Ta'*' it is just 6 kev 


44 The average ratio of the moment of inertia for the K=9/2— 
rotational band to that of the ground state band for Lu!” and 
Re!*§ has been used in estimating the Ta*! 9/2— band moment 
from the ground state band moment. 

45 G. Alaga, Phys. Rev. 100, 432 (1955); Nuclear Phys. 4, 625 
(1957). 
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Fic. 8. Complete Ta!® level 
scheme showing the 9/2— 6.25- 
kev level. The 152-kev transition 
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above the ground state. In view of this trend, infor- 
mation about the intrinsic levels in Ta'® and Ta'*® 
might be most interesting. 

The results of this work are summarized in a level 
scheme for Ta‘* presented in Fig. 8. All experimental 
findings are consistent with the proposed decay scheme 
and with the unified model.!? 
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Vv. APPENDIX 
A. Ta L-Shell Fluorescence Yields 


In calculating the L-shell fluorescence yields of 
Table IV it is necessary to know the partial yields for 
the three LZ subshells. Unfortunately these yields are 
rather poorly known. The problem of experimentally 
measuring wz; and wz is particularly difficult. The 
results of several measurements of the Ta L yields are 
given in Table VII, along with the average values which 
are used for the calculations. Errors in these yields 
may be as large as 10%. A more complete discussion 
of this subject is to be found in the book by Burhop.** 

Table VIII lists the probabilities, «p;, that also enter 
into the fluorescence yield calculations. The ux;(Z= 73) 
are determined from the graphs of Fig. 7.52 in reference 
32. Ratios of the #,;(Z=74) are obtained from graphs 
of electron radial wave functions evaluated at the 
nuclear surface given in reference 34. The wu ,; are 
normalized by the condition >> wz;=1. 


«“E. H. S. Burhop, The Auger Effect (Cambridge University 
Press, New York, 1952). 


TABLE VII. L-shell partial fluorescence yields for tantalum. 





WLI WLIT @LIII 


0.191 
(0.18) 
0.191 


Source 


0.153 
0.17 
(0.284) 


0.283 
0.31 

(QO 326) 
0.23 0.23 
0.274 0.204 


Laskar* 
Kinsey> 
Kiistner and Arends® 
Roos@ 


Average® 0.162 





® W. Laskar, Ann. phys. 3, 258 (1958). Laskar’s values for wzi have been 
plotted and extrapolated to Z =73. 

> B. B. Kinsey, Can. J. Research 26a, 404 (1948) 

¢H. Kiistner and E. Arends, Ann. Physik 22, 443 (1935). 

4 This unpublished measurement by C. E. Roos has been cited by B. L. 
Robinson and R. W. Fink, Revs. Modern Phys. 32, 117 (1960). These 
authors also give a value for wz1( =0.28) from Roos, but in a private 
communication Roos has stated that this value should have been labeled 
wT, the total yield for all the Z subshells together. 

¢ The values in parentheses have not been included in the average. 
Kinsey's value for wi111 is rejected because, as he and other workers have 
noted, it is probably 10% too low. The wz1 and wz values of Kiistner and 
Arends are rejected on the basis of arguments given in Chap. 7.5 of reference 


B. Internal Conversion Coefficients 


The internal conversion coefficients of the 136- and 
152-kev transitions were used in several calculations 
and the 6-kev theoretical coefficients were used for the 
multipolarity assignment. A brief discussion of these 
coefficient values will now be given. 


136-kev Transition 


This transition has been previously studied exten- 
sively and information relating to its conversion coeffi- 
cients has been determined by several different means. 


TABLE VIII. Probabilities for vacancy production 
in the tantalum ZL subshells. 





Vacancy probability for 
Bi Ly Lin 


~ 0.030 0.288 0.513 
0.943 0.057 0 


Means of excitation 


K hole filling (ux;) 
L capture process (uz;) 











NUCLEAR SPECTROSCOPY OF Ta?®! 


Experimental results on conversion coefficients, con- 
version ratios, and angular correlations (for Hf'* 6 
decay and Ta'*' Coulomb excitation) have been ex- 
pressed” in terms of the percentage £2 in the 136-kev 
M1-+ E2 multipolarity mixture. The average percentage 
value, 16.1+10%,*” and the theoretical** conversion 
coefficients give the following values for the K-shell and 
total (K+L+M)-shell coefficients: ax (136)= 1.40 and 
ar (136) = 1.80. 


152-kev Transition 


For this transition Debrunner ef al.,? obtained 
ax (152)=1.0+0.2, but this result was based on ax (136) 
=1.2.3 Their value, corrected for the new ox(136) 
above, gives ax«(152)=1.17. A value ax(152)=1.42 
+0.2 can be derived from ax (136) and the K-conversion 
and y-ray intensity ratios found in the present study. 
The value adopted for the calculations is the average, 
ax (152)=1.30+0.15. 

This result allows the 152-kev transition to be 
assigned M1 (+£2) or Ei+M2. Table IX presents 
calculated conversion coefficients**” for three possible 
multipolarity mixtures. Debrunner ef al.,’ preferred 
case 3, although their choice depended on nuclear 
model considerations. The K/Z conversion ratio of 


Taste IX. Conversion coefficients and possible multipolarity 
assignments of the 152-kev transition. 








Assumed Multipolarity Calculated 


Case mixture er axK/az 





pure M1 
98% M1+ 2% E2 
81% El +19% M2 








® Theoretical coefficient for a pure M1 transition in Ta. 
b Lower experimental limit for ax (152) [1.30 —0.15]. 


‘7 This percentage E2 value is in good agreement with an 
average value, 16+1.5%, published recently by E. M. Bernstein 
and R. Graetzer, Phys. Rev. 119, 1321 (1960). 

48M. E. Rose, Internal Conversion Coefficients (North-Holland 
Publishing Company, Amsterdam, 1958). 

#1. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Report, 1956 [translation: Report 57 ICCK1, issued by 
Physics Department, University of Illinois, Urbana, Illinois 
(unpublished) J. 
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TasBLe X. M-shell conversion coefficients for Z=73. 











Energy, k 


(myc?) a(E1) 


0.0187 
0.0403 3.34 
0.126 24.3 
0.878 732 
0.0122" 47.5 7.7X 105 
0.0122> 81 1.3X 108 


a(E2) 
0.888 


a(M1) 


0.230 
0.528 
1.72 
13.2 
0.85 X 108 
1.5 108 


a(M2) 


3.81 
13.0 
78.5 
2210 
2.2 10 
4.0X10¢ 








* 6.25 kev. 
> The values above have been corrected to allow for contributions from 
the N and O shells. These values are thus ar, the total conversion coefficient. 


Cork et al.,5 ax/a,=~8+2, favors cases 1 or 2. K/L 
evidence™ from the present study also suggests this. 
The 152-kev transition is therefore assigned as M1 
(+ £2). This choice is completely in agreement with 
the decay systematics in the Discussion, whereas. the 
other choice is not. Table [X is used to obtain ar(152) 
= 1.58 from the experimental a«(152). 


6-kev Transition 


Theoretical (£1, £2, M1, and M2) M-shell conversion 
coefficients for tantalum obtained®™ from the tables 
of Rose** are presented in Table X. The values for 
k=0.0122 (6.25 kev) in the last row have been cor- 
rected” to allow for the contributions from the N and 
O shells, and thus represent total coefficients. All these 
coefficients should be used with caution for several 
reasons. The extreme extrapolation down to 6 kev may 
introduce errors of unknown magnitude and direction. 
Furthermore, no screening corrections were made in 
the calculations, and Rose® has estimated that the 
theoretical M-shell coefficients may be as much as a 
factor of two too large because of this. 


% Overlapping of the Os'** 155-kev L-conversion lines with the 
152-kev Z lines made exact analysis difficult. The data in Table II 
suggest, however, that ax/az (152) is considerably greater than 4. 

51 M-subshell coefficients for each energy were summed and 
this total was plotted against Z on semi-log paper. The interpo- 
lated coefficients for Z=73 were plotted on log log paper to 
extrapolate to 6.25-kev energy. 

%M. E. Rose (private communication), reported in M. E. 
Bunker, B. J. Dropesky, J. D. Knight, J. W. Starner, and B. 
Warren, Phys. Rev. 116, 143 (1959). 
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rhe hyperfine-structure separations and isotope shifts of several radioactive isotopes of thallium have 
been measured by optical spectroscopic techniques. The results are: «= 1.57 nm; »™!'=1.58 nm; and both 


w™™!| and |u| £0.15 nm. The isotope-shift measurements, which include the first data of this kind ob 
tained for heavy odd-odd nuclei, permitted a comparison of the relative isotope shifts for isotones in mercury 
and thallium. A marked similarity in the shifts was observed. 


HROUGH the use of a large (width, 10 in.) plane, 

blazed diffraction grating and the development of 
techniques for the preparation of spectral lamps con- 
taining as few as 10" atoms of the desired element, we 
have succeeded in studying the spectrum of a number of 
radioactive thallium isotopes having half-lives as short 
as 7.4 hours. Kuhn and his co-workers! have made 
interesting systematic studies of even-neutron num- 
bered isotopes of medium-A nuclei. For a more general 
investigation such as the extension of these studies to 
odd-neutron isotopes of either even or odd Z, the neces- 
sity of working with radioactive isotopes is obvious. 
The fact that quite extensive measurements of the 
hyperfine-structure separations and isotope shifts in 
mercury (Z=80) were available made it desirable, 
particularly for the isotope-shift data, for us to study 
the adjacent element, thallium (Z=81). 

We have used for our measurements the thallium 
resonance line 3776 A and the 5350 A line that connect 
the states shown in Fig. 1. Figure 2 shows the transitions 
that occur when the nuclear spin =}. The Doppler 
broadening of about 0.030 cm™ in the green line does 
not permit the resolution of the hfs in the ?P; state.? The 
use of a multiple-wavelength mirror monochromator® 


\\s350 A 


3776a\ \ 
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Fic. 1. Electronic energy 
levels of thallium. 





* This work, which is based on a Ph.D. thesis by R. J. Hull 
submitted to the Department of Physics, Massachusetts Institute 
of Technology, January, 1961, was supported in part by the U. S. 
Army Signal Corps, the Air Force Office of Scientific Research, 
and the Office of Naval Research. 

1H. G. Kuhn and S. A. Ramsden, Proc. Roy. Soc. (London) 
A237, 485 (1956); W. R. Hindmarsh, H. G. Kuhn, and S. A. 
Ramsden, Proc. Phys. Soc. (London) A67, 478 (1954); H. G. Kuhn 
and A. G. Warner, Proc. Roy. Soc. (London) A245, 330 (1958). 

2G. Gould, Phys. Rev. 101, 1828 (1956). 

3H. H. Stroke and K. K. Y. Li, J. Opt. Soc. Am 
published). 


(to be 


of approximately 40-ft focal length permitted simulta- 
neous photographic recording of these lines. 

For the optical spectroscopic work, in contradistinc- 
tion to atomic-beam magnetic-resonance experiments, 
we cannot, in usual cases, produce the radioisotopes by 
neutron-induced reactions. In the present experiments 
we used a- and d-induced reactions in the M.L.T. 
cyclotron. With a 30-Mev a-particle beam, having an 
external beam current of 5-15 wa, we bombarded gold 
foil in several runs for periods of from 2 to 8 hours. 
We produced Tl?” (27 hr), Tl’ (7.4 hr), Tl! (5.3 hr), 
and Tl!%* (1.9 hr). We also made one 300 ya-hr internal 
beam run. The isotopes Tl" (72 hr), TI? (12 day), and 
TI (4 yr), as well as the isotopes previously produced, 
were obtained by deuteron bombardment of natural 
liquid mercury. For these runs bombardments of 30-35 
ua-hr in the external beam at an energy of approximately 
15 Mev were used. Gamma-ray spectra and half-life 
decay curves were used to identify the reaction products. 

The results for the magnetic moments of the thallium 
isotopes are given in Table I. These data were obtained 
from hfs measurements in the 6p ?P; and 7s 7S, states 
through the use of the Fermi-Segré formula and the 
known values of the stable thallium magnetic moments; 
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Fic. 2. Hyperfine-structure intervals for a spin } thallium 
isotope. The bottom part of the diagram shows the theoretical 


structure of the lines with relative intensities indicated 
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ISOTOPE SHIFTS 


TABLE I. Magnetic moments of thallium isotopes. 





Mtn (nm) 
Mexp (nm) I II 


1.57 1.38 1.63 
lw |< 0.15 
1.58 
lu |< 0.15 
1.608 
+0.089¢ 
1.61% 


A 
199 
200 
201 
202 
203 
204 
205 


~ 
. 


1.36 1.61 


NM we NO ee 


1.33 1.58 


we tO we 





*D. Strominger, J. M. Hollander, and G. T. Seaborg, Revs. Modern 
Phys. 30, 585 (1958). 

> L. L. Marino, W. B. Ewbank, H. A. Shugart, and H. B. Silsbee, Bull. 
Am. Phys. Soc. 3, 319 (1958). 

eG. O. Brink, J. C. Hubbs, W. 
Phys. Rev. 107, 189 (1957). 


4. Nierenberg, and J. L. Worcester, 
hfs anomalies were neglected. For the odd-A isotopes, 
we also give the results of configuration-mixing calcula- 
tions using the theory of Arima and Horie.‘ For the 
protons the contributions are (1/11/2)'3s;. For the 
neutrons, choice I in Table I is (33)*(1i13/2)"”, where 
N is the neutron number of the particular isotope. For 
choice II in Table I, we take the less likely possibility 
that the neutron p shells are completely filled before the 
i shell ; that is, the neutron contributions are (12)3/.)"~""”. 
The single-particle value without configuration mixing 
is 2.79 nm. 

The odd-odd isotopes all have very small moments. 
Coupling the s; proton (with a stable thallium g value) 
to a py neutron (using the Hg” g value) gives .~1 nm, 
a value that is approximately ten times larger than the 
experimental value. Configuration mixing does not im- 


TABLE IT. Relative isotope shifts in thallium and mercury. 





Relative isotope shifts 
A Tl Hg* 
rT a 
199 3.00 —0.80 
200 2.86 0 
201 2.10 0.30 
202 1.76 1.00 
203 1.00 
204 0.61 


1.99 
205 0 “oe 





*H. Kopfermann, Nuclear Moments, translated by E. E. Schneider 
Academic Press, Inc., New York, 1958), p. 181. 


‘A. Arima and H. Horie, Progr. Theoret. Phys. (Kyoto) 12, 
623 (1954). 
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Fic. 3. Relative iso- 
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prove the agreement,® nor does the coupling of the s, 
proton state to a possible, but unlikely, 2/; neutron 
state. If, however, we assume that we couple a 3p; 
neutron to the 2+ core (g~0.4) to give a total angular 
momentum of 3, and then couple this to the 3s; proton 
to yield the observed spin of 2, quite good agreement 
with the value of the moment of Tl?“ can be obtained, 
even without admixing other states.* Such a coupling 
scheme might also make a spin of § for Hg” plausible; 
this value would be expected on the basis of its beta 
decay, in which there is a lack of transitions to the 
ground state of Tl? which has a spin of }. 

The results of the isotope-shift measurements are 
given in Table II. The shifts are measured relative to 
TP, with the Tl?*-TI]*® shift, which equals 0.059 cm~! 
in both the green and ultraviolet lines, set equal to 1.00. 
We also indicate the relative isotope shifts of the ad- 
jacent element, mercury. In Fig. 3 we compare these 
relative isotope shifts as a function of neutron number. 
This shows a remarkable similarity which indicates that 
the effect of the addition of neutrons is strongly de- 
pendent on the neutron number, but appears to be 
relatively independent of whether the nucleus has an 
odd or even number of protons. 

A complete report on the experimental techniques 
used in making these spectroscopic measurements and 
a detailed discussion of the measurements is being sub- 
mitted for publication to the Journal of the Optical 
Society of America. 

We wish to thank Dr. L. C. Bradley, III, and 
Professor A. de-Shalit for valuable discussions, and 
Professor F. Bitter for his continued interest and sup- 
port. We are also grateful to Earle F. White for assist- 
ance in the cyclotron bombardments, and to Dr. H. 
Kraner for his help in the use of the multichannel 
analyzer. 


5H. Noya, A. Arima, and H. Horie, Progr. Theoret. Phys. 
(Kyoto) Suppl. 8, 33 (1958). 

6 The authors are indebted to Professor A. de-Shalit for sug- 
gesting this coupling scheme. 
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A liquid scintillator loaded with indium has been used to study the fourth-forbidden beta decay of In"5. 
Specific activity measurements yield a half-life of (6.9+1.5)X10" years. A crude beta spectrum was ob 
tained. Linear extrapolation of the Fermi-Kurie plot gives an end-point energy of 625+70 kev. 





INTRODUCTION 


ROM the rules of nuclear stability, one of the 

adjacent isobars of In"® and Sn"® is expected to 
be unstable to beta decay. Geochemical evidence! and 
experiments with Geiger counters? searching for the 
characteristic x radiation of indium were negative and 
showed the half-life of Sn"* undergoing orbital electron 
capture to be greater than about 10” yr. 

Martell and Libby‘ used a screen wall counter in 
some careful measurements on samples of indium ob- 
tained from several different geographical locations. 
Comparisons with the results obtained using isotopically 
enriched samples showed the activity to be due to the 
beta decay of In™*. From absorption measurements 
they determined the beta end-point energy to be 
0.63+0.03 Mev. No accompanying gamma radiation 
was observed. Their results gave a half-life of 62X10" 
years for In™®. Cohen,® using Geiger counters with 
indium cathodes, detected a beta activity which corre- 
sponded to a half-life of ~ 10" yr for In". 

The spins and parities of In"® and Sn"® are known® 
to be 9/2+ and 4—, respectively. These values indicate 
a fourth-order forbidden beta transition and are con- 
sistent with the ft value of 210” obtained by Martell 
and Libby. This is the only known example of a fourth- 
forbidden beta decay. 

Measurements by Bell ef al.” on the decay of the 
4.4-hr isomeric state of In" lead to the conclusion that 
the energy of the natural beta decay of In"® to Sn" 
should be equal to 490 kev, which is in disagreement 
with the 630 kev obtained by Martell and Libby. 

The present measurements, using a scintillation de- 
tector, were undertaken to obtain information on the 


t Supported in part by the U. S. Air Force under a contract 
monitored by Air Force Office of Scientific Research of the Air 
Research and Development Command. 

!L. H. Ahrens, Nature 162, 413 (1948). 

* E. Zingg, Helv. Phys. Acta 13, 219 (1940). 

*L. I. Rusinov and J. M. Igelnitsky, Compt. rend. acad. sci. 
U.R.S.S. 53, 631 (1946). 

*E. A. Martell and W. F. Libby, Phys. Rev. 80, 977 (1950). 

5S. G. Cohen, Nature 167, 779 (1951). 

* “Nuclear level schemes,’ National Research Council, NRC- 
60-3-105. 

7P. R. Bell, B. H. Ketelle, and J. M. Cassidy, Phys. Rev. 76, 
574 (1949). 


shape of the beta spectrum and as a check on the 
energy discrepancy mentioned above. 


APPARATUS 


A liquid scintillator® containing 2.56% indium tri- 
hexanoic acid (1.0% indium metal, by weight) was 
used to detect the In"® betas. 63.9 grams of the liquid 
scintillator solution were contained in a 2-in. diam X2- 
in. high glass cell of low potassium content.’ A similar 
cell containing 65 g of a liquid scintillator loaded with 
cadmium was used to determine the background. This 
comparison detector contained 0.98% cadmium metal 
by weight. The two cells were covered with a special 
reflector coating by the supplier. A third unloaded 
liquid scintillator was used as a check on the back- 
ground measurements. 

The cell to be counted was mounted on a low-noise 
photomultiplier (EMI9578S) in a vertical position. 
Pulses were taken from across a 47-kohm anode load 
resistor directly to a type A-61 linear amplifier and 
counted by a 256-channel pulse-height analyzer. An- 
other detector consisting of a 5-in. diam X6-in high 
plastic scintillator with a 2§-in. diam X4$-in. deep well 
was mounted over the liquid scintillator cell and con- 
nected in anticoincidence. A thin layer of MgO and 
a 0.03-in. thick copper sheet surrounded the plastic 
scintillator which was coupled to a 5-in. diam photo- 
multiplier. This anticoincidence arrangement was ef- 
fective in reducing the Compton background from an 
external 662-kev gamma source by approximately 25%. 

Shielding on the sides was provided by several con- 
centric sections of iron pipe to give a total thickness 
of 2} in. iron. The pipes were surrounded by 5 in. of 
lead on the side. The shielding on the top consisted of 
32 in. iron and 4 in. lead and on the bottom 1 in. iron 
plus 4 in. lead. 


COUNTING AND RESULTS 


Runs made with the three different liquid scintilla- 
tors, in turn, were 30-40 hr in duration. The total 


8 Obtained from Nuclear Enterprises, Ltd., Winnipeg, Mani- 
toba, Canada. The percentages quoted are those provided by the 
supplier. 

* Obtained from Corning Glass Works, Corning, New York. 
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counting time for each scintillator was approximately 
120 hr. System gain checks were made every 8-10 hr 
using the Compton edge produced by an external 662- 
kev gamma source. These were made in situ with the 
top shielding removed. The performance of the anti- 
coincidence arrangement was checked at the same time. 
The zero level of the analyzer was checked at 30-40 hr 
intervals. Gain and zero level were maintained to 
within approximately 2%. Final energy calibrations 
were made by comparing the im situ calibrations with 
the positions of the Compton edges of several different 
external gamma sources determined for the three scin- 
tillators. Individual runs agreed with each other within 
statistics. The absolute counting of the pulse-height 
analyzer was checked by counting the alpha activity 
of Sm"? using a similar cell containing a samarium- 
loaded liquid scintillator. This samarium activity 
had been previously measured using a single-channel 
analyzer. 

As was expected, the metal-organic compounds in 
the loaded scintillators reduced their scintillation effi- 
ciencies. The relative pulse amplitudes of the Cd- and 
In-loaded cells were approximately 70% and 47%, re- 
spectively, of those produced by the unloaded scintil- 
lator. Accompanying these reductions in scintillation 
efficiencies was a deterioration in the resolutions as 
determined from the half-widths at half maxima of 
the Compton edges from the 662-kev gamma source, 
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Fic. 1. Differential spectra. The closed circles represent the 
data obtained using the In-loaded scintillator, and the open 
circles show the background obtained with the Cd-loaded com- 
parison scintillator. No correction has been made for the slightly 
different amounts of solution present in the two cells. 
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Fic. 2. Beta spectrum of In"™*, The closed circles show the 
difference between In-loaded cell and the unloaded comparison 
cell. The open circles show the difference between the In-loaded 
cell and the Cd-loaded comparison cell. The data have been 
normalized to compensate for slight differences in total scintilla- 
tion efficiencies of the three cells. 


e.g., these resolutions (fractional half-width at half 
maximum) were 28%, 23%, and 17% for the In-loaded, 
Cd-loaded, and unloaded scintillators. 

Figure 1 shows the spectra obtained with the In- 
loaded and Cd-loaded scintillators. The data are not 
considered reliable below channel 10 because of elec- 
tronic noise and analyzer nonlinearities. The spectrum 
obtained with the unloaded scintillator was indistin- 
guishable, within statistics, from that obtained with 
the Cd-loaded detector. This indicates that the effects 
of the resolution differences of the different detectors 
on the determination of the smoothly varying back- 
ground are small enough to be neglected. This assump- 
tion was checked by deteriorating the resolution of the 
Cd-loaded cell to approximately that of the In-loaded 
cell and taking additional runs with the Cd-loaded 
scintillator. No difference was distinguishable in the 
two cadmium runs. 

The raw data showed the spectrum obtained with 
the Cd-loaded scintillator crossing that obtained with 
the In-loaded in the region between channels 34-37 
and lying a small distance above at higher energies. 
The difference can be accounted for by the slightly 
different amounts of scintillation material present in 
the two cells. A normalization factor (0.957) based on 
the total counts in the interval between channels 45 
and 60 was used to adjust the spectrum obtained with 
the Cd-loaded cell. This adjustment has not been made 
in the data shown in Fig. 1. 

Figure 2 shows the differences between the spectrum 
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Fic. 3. Fermi-Kurie plot of the fourth order 
forbidden beta decay of In", 


obtained with the In-loaded cell and the two reference 
spectra. The end point of the beta spectrum is in 
channel 40+3 which corresponds to 600+70 kev. The 
error quoted on the maximum beta energy includes the 
estimated uncertainties in the rather crude energy 
calibration made using the Compton edges of several 
different gamma-ray spectra. The energy calibration 
was carried out in this way because the response of the 
cells to gamma rays was not such as to show photo- 
peaks and it was not feasible to introduce calibration 
sources emitting internal conversion electrons directly 
into the scintillators. 

Figure 3 shows the Fermi-Kurie plot of the fourth- 
forbidden beta decay of In'®. Corrections for finite 
resolution” have not been made. These were uncertain 
because of the large scatter in the original data, and 
rough estimates of their magnitude showed them to be 
comparable to the statistical error. The corrections for 
escape of the electrons from the surfaces of the scintil- 
lator are small and have also been neglected. A linear 
approximation to the Fermi-Kurie plot is shown, Extra- 
polation of this straight line yields an end-point energy 
of 625+70 kev. This is in excellent agreement with 
maximum energy of 630 kev obtained by Martell and 
Libby.‘ 

The end-point energy obtained is in disagreement 
with the energy difference of 490 kev between the 
ground states of In"® and Sn'® computed from the 
data of Bell et al.’ This suggests that either there are 
unexpectedly large errors in the beta-energy measure- 
ments reported here and by Martell and Libby, or that 
the decay of the 4.4-hr isomeric In" is to an excited 
state of Sn'® which has been thus far undetected. A 
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re-examination of the 4.4-hr activity is underway in 
this laboratory. 


No attempt has been made to further analyze the 
Fermi-Kurie plot because of the large uncertainties in 
the data and because of the questionable value of such 
an analysis. 

The integral spectrum obtained by integrating the 
data presented in Fig. 2 is shown in Fig. 4. Extrapola- 
tion to zero energy gives a total activity of 360+75 
counts/hr or a specific activity of 560+120 counts/hr 
per gram of indium metal. This extrapolation is made 
from ~ 160 kev and includes ~ 40% of the total count 
rate. In view of the general shapes of highly forbidden 
beta spectra, i.e., the maxima of the energy spectra 
occurring at very low energies, it is felt that such a 
large extrapolation does not appreciably increase the 
error in the final result. The uncertainty quoted in- 
cludes an estimate of the accuracy of the quantitative 
analysis of the total indium content provided by Nu- 
clear Enterprises Ltd." 

Using the relative isotopic abundance of 0.958 of 
In"5, one obtains a half-life of (6.91.5) 10" yr. This 
is in reasonably good agreement with the result of 
Martell and Libby.‘ This result assumes that all the 
activity observed is attributable to In'®. That this is 
reasonable is based on the following: (1) The highest 
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Fic, 4. In" integral spectrum obtained from the data in Fig. 2. 
Extrapolation to zero energy yields a total activity of 360475 
counts/hr corresponding to a specific activity of 560+120 counts 


hr. per gram of indium metal and a half-life for In"® of (6.9-+1.5) 
10" years. 


1 W. R. Allison (private communication 
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purity indium available was used in the liquid scintil- 
lator;" (2) the spectrum obtained does not have the 
structure associated with a possible alpha-emitter con- 
taminant such as thorium, nor is it similar to that ob- 
tained with gamma rays; (3) the activity has been 
observed for a period of 1} yr and has not changed in 
this time. 
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Coherent Scattering of 1.17-Mev and 1.33-Mev Gamma Rays through 
Small Angles* 
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The dependence of the differential cross section for the coherent scattering of 1.17-Mev and 1.33-Mev 
gamma rays on atomic number was investigated. An empirical procedure, which makes an absolute deter- 
mination of the cross sections unnecessary, was used to estimate the Compton scattering cross sections. 
The latter were subtracted from the measured cross sections in order to obtain the relative coherent scatter- 
ing cross sections, which were found to vary as Z". Our average value for is 3.07+-0.18. 

The angular distribution of the total (coherent and Compton) scattering cross section was also investigated 
in the case of copper and lead between 2.43° and 5.79°. Our results are compared with the existing theoretical 
predictions and with the results of the earlier experiments, wherever the latter are available. 


I. INTRODUCTION 


UCLEAR resonance scattering, Delbriick scatter- 

ing by the nuclear Coulomb field, Thomson 
scattering by the nuclear charge, and Rayleigh scatter- 
ing by the bound electrons in an atom represent different 
processes involving the coherent scattering of energetic 
gamma rays by atoms. Of these processes, resonance 
scattering plays an important role only under very 
special conditions.’ Since Delbriick scattering? does not 
follow from the classical linear field equations of Max- 
well, a great deal of attention has been focused recently 
on its experimental verification. Experiments’ on the 
scattering of bremsstrahlung photons of 87-Mev mean 
energy through angles of a few milliradians appear to 
have established the existence of Delbriick scattering. 
Detailed calculations‘ of Delbriick scattering cross sec- 
tions are extremely difficult and have not yet been made. 


* Work supported in part by a grant from the Research 
Corporation. 

t Present address: Indian Institute of Technology, Bombay, 
Powai, Bombay, India. 

t Part of this work was submitted by G. M. H. to Honours 
College, Wesleyan University, in partial fulfillment of the require 
ments for the Bachelor of Arts degree with Distinction. Present 
address: Graduate School, Harvard University, Cambridge, 
Massachusetts. 
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Previous experiments,®** though somewhat conflicting 
among themselves, have shown that Delbriick scattering 
is so small for large scattering angles at 1.17 and 1.33 
Mev as to be almost undetectable. The corresponding 
situation for small scattering angles is not clear at the 
moment. Since the rest energy of a nucleus is much 
greater than the energy of gamma rays used in our ex- 
periments, scattering by the nuclear charge as a whole 
can be evaluated by the classical Thomson expression. 
For angles less than six degrees and for gamma-ray en- 
ergies in the neighborhood of 1 Mev, nuclear Thomson 
scattering cross sections are expected to be smaller than 
0.7% of the Rayleigh scattering cross sections.. There- 
fore, scattering experiments in the small-angle region are 
very useful in the investigation of the Rayleigh scatter- 
ing process. Similar experiments have been previously 
carried out at 0.411 Mev,” at 0.325 and 0.660 Mev," and 
at 1.17 and 1.33 Mev.” 

Calculations of Rayleigh scattering cross sections in 
the energy region of interest were first carried out by 
Franz," with the assumption of the Fermi-Thomas 
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Fic. 1. A diagram of the experimental apparatus to scale. 
A is the Co source, B is the lead shielding around the source, 
C is an extra collimator of brass, D is the direct beam absorber, 
E is the scatterer for 4.68° measurements, F is the lead shielding 
around the detector, G is the sodium iodide crystal, H is the light 
guide, and I is the photomultiplier tube. 


distribution for the electrons in an atom. He obtained 
the following expression for the differential cross 
section do/dQ of an atom for Rayleigh scattering. 


Ey\* 1+ cos?6 1 
) ZF . 


‘ 2 sin® (0/2) 


da 
—=8.67X10 “( 


dQ 


(1) 


cm?/sr, 


where Fy is the rest energy of the electron, £ is the 
energy of the incident gamma ray, and @ is the angle 
of scattering. Similar nonrelativistic calculations were 
done by Nelms and Oppenheim™ with the help of 
Hartree wave functions for the electrons. The cross 
sections calculated by them depend in a complicated 
way upon atomic number of the scatterer, angle of 
scattering and energy of the gamma ray. Approximate 
relativistic calculations were performed by Levinger'® 
and by Greifinger ef al.'° Binding of the electrons in 
the intermediate virtual states, which was neglected 
in the previous relativistic calculations, was considered 
by the Birmingham group in their extensive calculations 
for the K electrons of mercury at 0.32 Eo, 0.64 Eo, 
1.28 Eo, and 2.56 Eo.” As far as the dispersive part of 
the scattering amplitude is concerned, the results of 
the detailed calculations do not differ much from 
those of the nonrelativistic calculations. The absorptive 
part, which is neglected in the nonrelativistic treat- 
ments, was calculated to be about one fifth of the 
dispersive part. Since similar calculations have not 
been done for small scattering angles and for other 
elements, it is sometimes necessary to use the simpler 
theory in an ad hoc manner. 

We investigated the Z” variation of the coherent 
cross section for different momentum transfers and the 
angular distributions of the total cross sections of 
copper and lead for 1.17- and 1.33-Mev gamma rays. 
The details of the experimental method are given in 
Sec. II. Corrections that have to be applied to the data 
are described in Sec. III. The experimental results are 
discussed in Sec. IV. 


4A. T. Nelms and L. Oppenheim, J. Research Natl. Bur. 
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663 (1952). 

17G. E. Brown and D. F. Meyers, Proc. Roy. Soc. (London) 
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II. EXPERIMENTAL DETAILS 


The arrangement of the experimental apparatus is 
shown in Fig. 1. It is very similar to that used in the 
work of Storruste and Tjom. The cylindrical cobalt-60 
source had a strength of about one curie. The aluminum 
can containing the source absorbed out the beta rays. 
The diameter and the length of the source were } in. 
and # in., respectively. In the final arrangement, the 
longer dimension of the source was made to coincide 
with the axis of the direct beam absorber. The cylin- 
drical lead shielding around the source had a diameter 
of 12 in. and a length of 12 in. The beam was defined 
by a conical opening in the shield of 4.3° half-angle. 
The tapered direct beam brass absorber had a length 
of 30.0 in. Its thickness was 1.000 in. over the central 
3 in. and 0.500 in. at the two ends. The gamma rays 
were detected by means of a cylindrical thallium 
activated sodium iodide crystal mounted on a Dumont 
6292 photomultiplier. Both the diameter and the 
thickness of the crystal were 1} in. Pulses from the 
photomultiplier were amplified and then analyzed by 
means of one-hundred channel pulse-height analyzer'® 
or two single-channel analyzers in parallel. The 
detector was shielded by about 8 in. of lead in all 
directions except that of the source. The hole in that 
direction was a cone of 3.6° half-angle and had a 
minimum diameter of 0.300 in. at the crystal end. 
The distance between the center of the source and the 
center of the 0.300-in. aperture was 76.5 in. 

The cross sections of the ring scatterers with the 
exception of that of carbon were 0.500 in.X0.375 in., 
the longer dimension being parallel to the axis of the 
direct beam absorber. The cross sections of the carbon 
scatterers were 2.000 in.X0.375 in. The choice of the 
longer dimension of the carbon scatterer was dictated 
by a compromise between the necessity to provide 
very nearly the same number of electrons as in the 
case of other scatterers and the desire to avoid geo- 
metrical corrections. The carbon scatterers used by 
us had between 70 to 80% as many electrons as the 
other scatterers. The mean diameters of the scattering 
rings were 1.625 in., 2.375 in., 3.125 in., and 3.875 in., 
the corresponding angles of scattering being 2.43°, 
3.57°, 4.68°, and 5.79°, respectively. By means of 
aluminum pins, the semicylindrical scattering rings 
could be accurately positioned with respect to a light 
Lucite holder mounted rigidly at the center of the 
direct beam absorber. 

In order to carry out reliable measurements, it is 
necessary to align very carefully the source, the direct 
beam absorber axis and the axis of the conical opening 
in front of the detector. The last two were aligned 
with the help of an optical telescope. Then, counting 
rates were measured for different source positions in 
the absence of aniy ring scatterers. The correct position 


18 Manufactured by the Radiation Instrument Development 
Laboratory, Chicago, Llinois. 





COHERENT SCATTERING OF 
for the source was indicated by a minimum in the 
counting rate. The hundred-channel analyzer permitted 
determinations of the correct position to about +5 in. 

Our primary aim was to determine Z* dependence 
of the coherent scattering cross section for different 
momentum transfers. Since in the small-angle region, 
direct experimental separation of the Compton 
(inelastically) scattered gamma rays from the elastically 
scattered ones is not possible with present techniques, 
it is necessary to estimate the Compton scattered 
intensity at each angle. In the previous experiments, 
Compton scattering cross sections were calculated 
and then subtracted from the measured cross sections 
to obtain the Rayleigh cross sections. This method 
involves a determination of the absolute values of the 
cross sections and is consequently subject to error 
Therefore, we decided to estimate empirically the 
relative Compton scattered intensity in each case. 
Since the coherent scattering cross section decreases 
rapidly as atomic number decreases and since the 
atomic number of carbon is only six, the entire scatter- 
ing cross section do/dQ¢ of carbon was taken as a 
measure of its Compton scattering cross section. By 
multiplying the previous result by Zye1, where Zye1 is 
equal to Z/6, we obtained an empirical measure of the 
Compton cross section for any other scattering atom. 
We subtracted the latter from the measured cross 
section in the case of each scatterer in order to deter- 
mine the relative coherent scattering cross section, 
(do /dQ— Zed /dQe)rei- 

Typical data obtained at 2.43° are presented in 
Fig. 2. It shows that the background was quite low in 
our experiment. The number of scattering atoms was 
determined in each case in a straightforward manner 
from an accurate measurement of the mass of the ring. 
Similar observations were made at 4.68°. During the 
course of one run at a given angle, a minimum of ten 
independent counts, each of 5-min duration, were taken 
for each element. Two or three independent complete 
runs were made at each scattering angle. The sub- 
traction method, discussed in the previous paragraph, 
demands an accurate determination of the relative 
carbon cross section. So counts were taken with carbon 
scatterers for much longer periods than those used in 
the case of other scatterers. Corrections, which are 
described in Sec. III, were applied to the raw data. 
By dividing the corrected number of counts by the 
number of scatterers, we determined the relative cross 
sections of the various elements. 

Throughout the course of these measurements, in 
order to ascertain possible drifts in electronics, a test 
Co® source of about 1 mC strength was used in a fixed 
position in front of the conical opening close to the 
detector. The opening in the lead shielding surrounding 
the strong Co™ source was plugged during the course 
, of these checks. Corrections for small drifts in pulse 
height were applied in the manner to be described in 
Sec. ITI. 
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Fic. 2. Typical pulse-height spectra obtained in short test runs. 
B is a pulse-height spectrum of background. S is a pulse-height 
spectrum obtained with the lead scatterer for a scattering angle 


of 2.43°. The peaks in S around channels 65 and 73 represent the 
1.17- and 1.33-Mev photopeaks, respectively. 


III. CORRECTIONS 


In order to correct for slight drifts in pulse height, 
a lead scatterer was used at regular intervals for 
normalization purposes and counts were taken. During 
a given run, one of these readings was taken as the 
standard lead count. A reading for any other element 
was multiplied by the ratio of the standard lead count 
to the average of the two lead counts adjacent to the 
particular reading under consideration. The success of 
the normalization procedure followed from the fact 
that the lead counts could be taken to 1% statistical 
precision in a period of 10-15 min. The normalization 
ratio was in the range 0.98 to 1.02 for the 1.17-Mev 
gamma-ray counts and in the range 0.84 to 1.04 for 
the 1.33-Mev gamma-ray counts. In several cases 
normalization was not necessary. 

Slight shifts in pulse height caused by changes in 
pulse rate were estimated by interpolation between 
data taken in the direct beam for widely different 
pulse rates. These shifts have a negligible effect on the 
determinations of m at 1.17 Mev and increase the n 
value for 1.33 Mev by a possible maximum of 3%. 
No corrections for this effect were applied to the data. 

The observed counts had to be corrected for 
attenuation within the scatterers. Theoretical absorp- 
tion coefficients, obtained by interpolation from the 
tables of Davisson and Evans," were used for calculat- 
ing the attenuations. As a check, the absorption 
coefficients were also determined in the case of carbon, 
copper, zirconium, and lead with the help of rings of 
different thicknesses parallel to the direct beam 
absorber axis. Agreement between the experimental 
and the theoretical values was found to be about 10%. 

Scattering of gamma rays from the molecules of air 
in the path between the source and the scatterer 


18 C: Davisson and R. Evans, Revs. Modern Phys. 24, 79 (1952). 
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Fic. 1. A diagram of the experimental apparatus to scale. 
A is the Co source, B is the lead shielding around the source, 
C is an extra collimator of brass, D is the direct beam absorber, 
E is the scatterer for 4.68° measurements, F is the lead shielding 
around the detector, G is the sodium iodide crystal, H is the light 
guide, and I is the photomultiplier tube 


distribution for the electrons in an atom. He obtained 
the following expression for the differential cross 
section do/dQ of an atom for Rayleigh scattering. 


do Eo\* 1+ cos’ 1 

~ -8.67x10-"(—) Zz —_—— 
dQ E 2 ~~ sin*(6/2) 
where Ey is the rest energy of the electron, £ is the 
energy of the incident gamma ray, and @ is the angle 
of scattering. Similar nonrelativistic calculations were 
done by Nelms and Oppenheim™ with the help of 
Hartree wave functions for the electrons. The cross 
sections calculated by them depend in a complicated 
way upon atomic number of the scatterer, angle of 
scattering and energy of the gamma ray. Approximate 
relativistic calculations were performed by Levinger'® 
and by Greifinger ef al.'° Binding of the electrons in 
the intermediate virtual states, which was neglected 
in the previous relativistic calculations, was considered 
by the Birmingham group in their extensive calculations 
for the K electrons of mercury at 0.32 Eo, 0.64 Eo, 
1.28 Eo, and 2.56 £o.'" As far as the dispersive part of 
the scattering amplitude is concerned, the results of 
the detailed calculations do not differ much from 
those of the nonrelativistic calculations. The absorptive 
part, which is neglected in the nonrelativistic treat- 
ments, was calculated to be about one fifth of the 
dispersive part. Since similar calculations have not 
been done for small scattering angles and for other 
elements, it is sometimes necessary to use the simpler 
theory in an ad hoc manner. 

We investigated the Z” variation of the coherent 
cross section for different momentum transfers and the 
angular distributions of the total cross sections of 
copper and lead for 1.17- and 1.33-Mev gamma rays. 
The details of the experimental method are given in 
Sec. II. Corrections that have to be applied to the data 
are described in Sec. III. The experimental results are 
discussed in Sec. IV. 
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Il. EXPERIMENTAL DETAILS 


The arrangement of the experimental apparatus is 
shown in Fig. 1. It is very similar to that used in the 
work of Storruste and Tjom. The cylindrical cobalt-60 
source had a strength of about one curie. The aluminum 
can containing the source absorbed out the beta rays. 
The diameter and the length of the source were } in. 
and § in., respectively. In the final arrangement, the 
longer dimension of the source was made to coincide 
with the axis of the direct beam absorber. The cylin- 
drical lead shielding around the source had a diameter 
of 12 in. and a length of 12 in. The beam was defined 
by a conical opening in the shield of 4.3° half-angle. 
The tapered direct beam brass absorber had a length 
of 30.0 in. Its thickness was 1.000 in. over the central 
3 in. and 0.500 in. at the two ends. The gamma rays 
were detected by means of a cylindrical thallium 
activated sodium iodide crystal mounted on a Dumont 
6292 photomultiplier. Both the diameter and the 
thickness of the crystal were 1} in. Pulses from the 
photomultiplier were amplified and then analyzed by 
means of one-hundred channel pulse-height analyzer'® 
or two single-channel analyzers in parallel. The 
detector was shielded by about 8 in. of lead in all 
directions except that of the source. The hole in that 
direction was a cone of 3.6° half-angle and had a 
minimum diameter of 0.300 in. at the crystal end. 
The distance between the center of the source and the 
center of the 0.300-in. aperture was 

The cross sections of the ring scatterers with the 
exception of that of carbon were 0.500 in.X0.375 in., 
the longer dimension being parallel to the axis of the 
direct beam absorber. The cross sections of the carbon 
scatterers were 2.000 in.X0.375 in. The choice of the 
longer dimension of the carbon scatterer was dictated 
by a compromise between the necessity to provide 
very nearly the same number of electrons as in the 
case of other scatterers and the desire to avoid geo- 
metrical corrections. The carbon scatterers used by 
us had between 70 to 80% as many electrons as the 
other scatterers. The mean diameters of the scattering 
rings were 1.625 in., 2.375 in., 3.125 in., and 3.875 in., 
the corresponding angles of scattering being 2.43°, 
3.57°, 4.68°, and 5.79°, respectively. By means of 
aluminum pins, the semicylindrical scattering rings 
could be accurately positioned with respect to a light 
Lucite holder mounted rigidly at the center of the 
direct beam absorber. 

In order to carry out reliable measurements, it is 
necessary to align very carefully the source, the direct 
beam absorber axis and the axis of the conical opening 
in front of the detector. The last two were aligned 
with the help of an optical telescope. Then, counting 
rates were measured for different source positions in 
the absence of any ring scatterers. The correct position 


76.5 in. 


18 Manufactured by the Radiation Instrument Development 
Laboratory, Chicago, Lllinois. 
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for the source was indicated by a minimum in the 
counting rate. The hundred-channel analyzer permitted 
determinations of the correct position to about +5 in. 

Our primary aim was to determine Z* dependence 
of the coherent scattering cross section for different 
momentum transfers. Since in the small-angle region, 
direct experimental separation of the Compton 
(inelastically) scattered gamma rays from the elastically 
scattered ones is not possible with present techniques, 
it is necessary to estimate the Compton scattered 
intensity at each angle. In the previous experiments, 
Compton scattering cross sections were calculated 
and then subtracted from the measured cross sections 
to obtain the Rayleigh cross sections. This method 
involves a determination of the absolute values of the 
cross sections and is consequently subject to error. 
Therefore, we decided to estimate empirically the 
relative Compton scattered intensity in each case. 
Since the coherent scattering cross section decreases 
rapidly as atomic number decreases and since the 
atomic number of carbon is only six, the entire scatter- 
ing cross section do/dQ¢ of carbon was taken as a 
measure of its Compton scattering cross section. By 
multiplying the previous result by Zyei, where Zye1 is 
equal to Z/6, we obtained an empirical measure of the 
Compton cross section for any other scattering atom. 
We subtracted the latter from the measured cross 
section in the case of each scatterer in order to deter- 
mine the relative coherent scattering cross section, 
(do /dQ—Zyexdo/dQe)re- 

Typical data obtained at 2.43° are presented in 
Fig. 2. It shows that the background was quite low in 
our experiment. The number of scattering atoms was 
determined in each case in a straightforward manner 
from an accurate measurement of the mass of the ring. 
Similar observations were made at 4.68°. During the 
course of one run at a given angle, a minimum of ten 
independent counts, each of 5-min duration, were taken 
for each element. Two or three independent complete 
runs were made at each scattering angle. The sub- 
traction method, discussed in the previous paragraph, 
demands an accurate determination of the relative 
carbon cross section. So counts were taken with carbon 
scatterers for much longer periods than those used in 
the case of other scatterers. Corrections, which are 
described in Sec. III, were applied to the raw data. 
By dividing the corrected number of counts by the 
number of scatterers, we determined the relative cross 
sections of the various elements. 

Throughout the course of these measurements, in 
order to ascertain possible drifts in electronics, a test 
Co® source of about 1 mC strength was used in a fixed 
position in front of the conical opening close to the 
detector. The opening in the lead shielding surrounding 
the strong Co™ source was plugged during the course 
of these checks. Corrections for small drifts in pulse 
height were applied in the manner to be described in 
Sec. III. 
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Fic. 2. Typical pulse-height spectra obtained in short test runs. 
B is a pulse-height spectrum of background. S is a pulse-height 
spectrum obtained with the lead scatterer for a scattering angle 
of 2.43°. The peaks in S around channels 65 and 73 represent the 
1.17- and 1.33-Mev photopeaks, respectively. 





III. CORRECTIONS 


In order to correct for slight drifts in pulse height, 
a lead scatterer was used at regular intervals for 
normalization purposes and counts were taken. During 
a given run, one of these readings was taken as the 
standard lead count. A reading for any other element 
was multiplied by the ratio of the standard lead count 
to the average of the two lead counts adjacent to the 
particular reading under consideration. The success of 
the normalization procedure followed from the fact 
that the lead counts could be taken to 1% statistical 
precision in a period of 10-15 min. The normalization 
ratio was in the range 0.98 to 1.02 for the 1.17-Mev 
gamma-ray counts and in the range 0.84 to 1.04 for 
the 1.33-Mev gamma-ray counts. In several cases 
normalization was not necessary. 

Slight shifts in pulse height caused by changes in 
pulse rate were estimated by interpolation between 
data taken in the direct beam for widely different 
pulse rates. These shifts have a negligible effect on the 
determinations of m at 1.17 Mev and increase the n 
value for 1.33 Mev by a possible maximum of 3%. 
No corrections for this effect were applied to the data. 

The observed counts had to be corrected for 
attenuation within the scatterers. Theoretical absorp- 
tion coefficients, obtained by interpolation from the 
tables of Davisson and Evans," were used for calculat- 
ing the attenuations. As a check, the absorption 
coefficients were also determined in the case of carbon, 
copper, zirconium, and lead with the help of rings of 
different thicknesses parallel to the direct beam 
absorber axis. Agreement between the experimental 
and the theoretical values was found to be about 10%. 

Scattering of gamma rays from the molecules of air 
in the path between the source and the scatterer 


9 C, Davisson and R. Evans, Revs. Modern Phys. 24, 79 (1952). 
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Fic. 3. Variation of the coherent scattering cross section 
(da /dQ—Z,e\do /dQ¢e) re; With atomic number Z. Angle of scattering 
= 2.43°. Energy of the gamma ray =1.17 Mev. The middle solid 
line in each of Figs. 3 to 6 represents the best visual fit to the 
data. The other two represent extreme fits. 


contributed to the background. Attenuation of such 
gamma rays within the ring scatterer changes the 
background. Therefore, the background is different in 
the two cases of with and without scatterer. A cor- 
rection of +6% to lead scattering counts at the smallest 
angle has been estimated. The percentage correction 
decreases rapidly with increasing scattering angle and 
increases slowly with decreasing atomic number. The 
resultant correction for the index m turns out to be 
about +1% at 2.43° and negligible at 4.68°. 

The contribution of bremsstrahlung from electrons 
generated within the scatterer has been estimated to 
be negligible in the case of the pulse-height channels 
employed. 

Since the angular distribution of the differential 
cross section exhibits a sharp rise at very small angles 
and since the rate of rise increases with increasing 
atomic number Z, the values of the index m are subject 
to a —12% correction at 2.43° and a negligible 
correction at 4.68°. 

In the determination of relative coherent scattering 
cross sections, the Compton scattering cross section 
was estimated empirically. The estimation depended 
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upon the exact proportionality of the Compton 
scattering cross section to the atomic number Z. From 
the theoretical standpoint, such a proportionality holds 
only if the electrons responsible for Compton scattering 
are assumed to be entirely free. Since the momentum 
transfer to an electron in the scattering of a photon 
through an angle @ is proportional to sin(@/2), the last 
assumption does not really hold in the case of scattering 
through small angles particularly from heavy elements, 
whose inner electrons have large binding energies of 
the order of 70 kev. Various attempts”-” have been 
made to include the effects of binding on the Compton 
scattering cross sections. The earliest treatment is 
valid only for gamma-ray energies less than the self- 
energy of the electron. The last calculation was made 
for a few elements and only for angles greater than 
about 60°. In the case of all the three calculations, the 
results cannot be expressed in a closed form applicable 
to all elements. So no correction on this account has 
been applied to the values of n. 
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Fic. 4. Variation of the coherent scattering cross section 
(do /dQ—Zre\da /dQe) re; With atomic number Z. Angle of scattering 
= 2.43°. Energy of the gamma ray =1.33 Mev. 


* L. Bewilogua, Physik. Z. 32, 74 (1931). 

21 A. T. Nelms, National Bureau of Standards Circular No. 542 
(U. S. Government Printing Office, Washington, D. C., 1953) 

#2 J. Randles, Proc. Phys. Soc. (London) A70, 337 (1957). 
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IV. RESULTS AND DISCUSSION 


lypical sets of data at 2.43° and 4.68° scattering 
angles are presented in Figs. 3 to 6. As pointed out in 
Sec. Il, (da/dQ—Zyerdo/dQe) rei represents an experi- 
mental measurement of the coherent part of the 
differential scattering cross section. Since the coherent 
scattering cross section decreases rapidly as the 
scattering angle increases, the data at 4.68° are not as 
precise as those at 2.43°. In Table I, values of the 
index m and the associated corrections are listed for 
1.17- and 1.33-Mev gamma rays at 2.43° and 4.68° 
scattering angles. Even though the calculations of 


TasBLe I. Values of the index m for different momentum 
transfers. The coherent part of the differential scattering cross 
section is found to vary as Z", where Z is the atomic number of 
the scatterer. The total correction, as discussed in Sec. III, for 
air scattering and for rapid angular variation of the cross section 
is listed in the fourth column. 


Corrected 
value of n 
2.70 
3.59 
2.92 
3.07 


Energy 
(Mev) 


Average 
value of n 
3.03 
3.55 
3.28 
3.04 


Correction 


—11% 
+ 1% 
—11% 
+ 1% 


Angle 


1 2.43° 
a 4.68° 
a 2.43° 
BS 4.68° 
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(do /dQ—Zye\do /dQc) rei With atomic number Z. Angle of scattering 
=4.68°. Energy of the gamma ray = 1.17 Mev. 
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lic. 6. Variation of the coherent scattering cross section 


da /d2Q— Zre\do /dQe) re, With atomic number Z. Angle of scattering 
=4.68°. Energy of the gamma ray = 1.33 Mev. 


Nelms and Oppenheim predict an increase of m with 
the momentum change in the scattering, the data do 
not reveal any such dependence within the limits of 
experimental accuracy. Therefore, an average of all 
the corrected values of m was taken. It was found to be 
3.07. The standard deviation of the average m was 
computed as +0.10. If, instead, the error of each 
individual measurement of m is taken as the difference 
between the values of m determined from the extreme 
and best fits to the data, the error of the average n 
turns out to be +0.18. So we obtain agreement with 
the value 3 predicted by Franz for Rayleigh scattering. 
The discussion of the next paragraph suggests that the 
agreement is likely to be fortuitous. The calculations 
of Nelms and Oppenheim give a Rayleigh scattering 
cross section that varies approximately as, although 
not exactly as, Z** for the momentum transfers in- 
volved in our experiment. Our average value for n is 
also in agreement with that for 0.411 Mev at 77° 
scattering angle.> But it is much lower than the value 
4 for 0.66 and 1.12 Mev™ at 105°. The latter might be 
attributable to the very large momentum transfers 
involved in that experiment and to an overestimate of 
the Compton scattered intensity. 


*N. Cindro and K. Ilakovac, Nuclear Phys. 5, 647 (1958). 
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Fic. 7. Angular distributions of the total scattering cross 
sections of lead and copper for 1.17-Mev gamma rays. The top 
curve for lead is obtained by a smooth interpolation between the 
data of Storruste and Tjom. The lower curve for copper is obtained 
on the basis of nonrelativistic theoretical calculations of the type 
of Nelms and Oppenheim. 


The augular distributions of the total (coherent and 
Compton) cross sections are shown in Figs. 7 and 8. 
Absolute values of the cross sections were not deter- 
mined in our experiments. So all our data were 
normalized to the value of the differential cross section 
of lead for 1.17-Mev gamma rays at 2.43°, obtained 
by a smooth interpolation between the data of 
Storruste and Tjom. The distributions for lead are in 
excellent agreement with the earlier ones. In general, 
calculations based on the Franz formula for Rayleigh 
scattering give much too large total cross sections. 
However, the experimental cross sections in the case 
of copper are seen not to deviate much from the values 
computed on the basis of calculations of the type of 
Nelms and Oppenheim. But in the case of lead, the 
latter calculations give a cross section at 2.43°, which 
is about 50% higher than the corresponding experi- 
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Fic. 8. Angular distributions of the total scattering cross 
sections of lead and copper for 1.33-Mev gamma rays. The top 
curve for lead is obtained by a smooth interpolation between 
the data of Storruste and Tjom. The lower curve for copper is 
obtained on the basis of nonrelativistic theoretical calculations 
of the type of Nelms and Oppenheim 





mental value. The scattering from L-shell electrons,” 
Delbriick scattering and relativistic corrections to the 
form factor amplitudes are some of the likely sources 


of this discrepancy. Since these effects have not yet 
been calculated adequately, it is diffcult to give an 
unambiguous interpretation of the results. In particular, 
definite conclusions cannot be reached regarding the 
presence of Delbriick scattering at these energies. 
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Two-step gamma-ray cascades to the ground state of Cl** following thermal neutron capture by Cl** have 
been investigated with the sum-coincidence apparatus. The direct experimental result is the product Jb: 
of the intensity J, of the initial transition and the branching factor 5 of the intermediate state to the ground 
state. The quantity 52 is separately deduced from auxiliary information about J;. The lower-energy members 
of the stronger cascades occur at 0.79, 1.16, 1.60, 1.96, and 2.87 Mev with respective values of Jb of 8.2, 


11.6, 2.9, 12.1, and 5 


.1 per 100 neutrons captured. Weaker cascades appear at 2.2, 2.48, 2.6, 2.68, and 3. 05 
Mev. C ascades appearing between 3.3 and 4.3 Mev have /,b.20.5% 


. The be following the strongest of all 


initial transitions, viz., 6.11 Mev, is only <0.02. Approximately 46° 4 of all neutrons captured produce 


two-step cascades in Cl**. 


LTHOUGH a number of investigations of the 

levels of 17Clis®® have been made, there are still 
no results which clearly define the total angular mo- 
menta of any of the excited states. The ground state 
(d,p) group’ in Cl**(d,p)Cl** satisfied the stringent test 
proposed by Bethe and Butler of the shell model in 
stripping for this nucleus. The orbital angular mo- 
mentum /, of the captured neutron in the (d,p) reaction 
has been measured for the first six levels by Teplov.* 
However, the remaining higher levels were not resolved 
in his work according to the (d,p) Q-value results of 
Paris et al. Thermal neutron-capture gamma-ray spec- 
tra from Cl** have been measured with magnetic spec- 
trometers® and recently with a Compton spectrometer® 
of resolution ~ 0.3%. Segel’ has recently explored some 
of the coincidence features of neutron-capture gamma 
rays from Cl**, Trumpy* has reported the results of 
difficult measurements of the circular polarization of 
gamma rays following capture of polarized neutrons 
by Cl, 

The coincidence measurements of Segel were not 
quantitative in the sense of evaluating the probabilities 
of various coincidence cascades. Therefore it was 
decided to use the sum-coincidence ‘method to investi- 
gate quantitatively all two-step gamma-ray cascades 
to ground from the initial state formed in thermal 


+ Extension of a Ph.D. thesis submitted by A. A. F 
University. 

* Supported in part by the U. S. Atomic Energy Commission. 
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neutron capture by Cl**. A report of our preliminary 
work on Cl** has already been made.® 


EXPERIMENTAL DESCRIPTION 


The experimental layout is shown in Fig. 1. The 
neutron source was the 6-Mev electron linear accelera- 
tor and the detectors were two Nal(TI) crystals 4-in. 
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Fic. 1. Experimental geometry. The 4-in. thick by 5-in. diam 
Nal (TI) scintillators are separated by 4.5 in. between faces. The 
6-Mev electron beam is incident on the gold target from the left. 


*7J. E. “Draper and A. A. Fleischer, American Physical Society 
Conference on Neutron Capture Reaction held at Los Alamos, 
October, 1959; A. A. Fleischer, Ph.D. dissertation, Yale Uni- 
versity, New Haven, Connecticut, 1960. 
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Fic. 2. Sum-coincidence spectrum (0-9 Mev) of Cl*(n,yy’)CI*. 
thick by 5-in. diam mounted on 3-in. photomultipliers. 
Since the neutron source intensity was a limitation, 
the sample and scintillators were placed as close as 
possible to the electron accelerator target. The usual 
beam-flash effects of paralysis of electronics and gain 
shift of the photomultipliers were, as a result, more 
difficult to control. The sample was AICI; of purity 
>99.9% and thickness Vo=0.8 for thermal neutrons. 
Thus, only 0.2% as many neutrons are captured by 
Al as by Cl. 

The details of application and analysis of the sum- 
coincidence method with (n,y) reactions have been 
reported.” Part of this is an extension of earlier work 
by Hoogenboom." Reference 10 contains much of the 
details of the apparatus and procedure. 

Figure 2 shows the full sum-coincidence spectrum 
without subtraction of background. The primary func- 
tion of this curve is as an indication that the apparatus 
is functioning properly. The required symmetry in areas 
of pairs of peaks and the absence of counts at full 
energy are demonstrated. This run was taken with no 
lead absorbers between the scintillators, so the false 
peaks at 8.06 Mev and 0.51 Mev (the latter being 
below the analyzer threshold in this run) caused by an- 
nihilation photon transfer between scintillators” are 
abnormally large. 

RESULTS 

Figure 3 shows representative data taken at greater 

amplifier gain for improved resolution. This arrange- 


10 J. E. Draper and A. A. Fleischer, Nuclear Instr. 9, 67 (1960). 
4! A. M. Hoogenboom, Nuclear Instr. 3, 57 (1958), 
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ment was used to collect data for the analysis of two- 
step cascades. For this run, the two lead absorbers 
(each 2.1 g cm™) were placed between the scintillators 
to reduce the backscatter and annihilation photon 
transfer between scintillators. The effectiveness of this 
procedure is analyzed in reference 10. 

The vertical lines indicate the energies of difference 
between the neutron binding energy, 8.57 Mev, and 
the high-energy transitions of intensity 50.5% ob- 
served by Groshev e/ al.° in the singles spectrum. The 
high-energy transitions are usually presumed to be 
initial transitions from the capturing state. It is to be 
expected, however, that occasionally the less energetic 
member of a two-step cascade is the initial transition. 
The lines therefore indicate the energies of possible 
final transitions in two-step cascades. 

The direct experimental result is the product Je, 
where J; is the intensity of the initial transition and 
bs is the branching ratio to ground of the level fed by 
the first transition. If, in addition, 7; is known from 
singles spectra,® the value of 6. can be obtained. The 
resolution in the present work is not as great as that 
obtained with magnetic spectrometers, this being the 
price for sufficient detector efficiency for coincidence 
measurements. Consequently, somewhat more infor- 
mation can be obtained from the present experiment 
when the high-energy transitions located by magnetic 
spectrometers are used as possible members of two- 
step cascades and the product J,b2 is evaluated for 
each of these energies. Of course, the result b.=0 will 
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Fic. 3. Sum-coincidence spectrum (0-4.4 Mev) of CF*®(n,yy’)CP*. 
The vertical lines are located at energies of difference between 
8.57 Mev and high-energy transitions observed by Groshev et al.® 
The numbers indicate the line designation and the intensity of 
their high-energy transition, 





INVESTIGATIONS OF 


REACTION Cl**(n,77’)CI#* 


TABLE I, Two-step ground-state cascades from Cl**(n,yy’)Cl**. 





Lower energy* 


(Mev) 


Cascade energy 


Cascade* sum* (Mev) 


Tbe be of be 
(our results) 





Upper limit 


derived* (Groshev*) 





2-63 0.792 
1.165 
1,597 
1.957 
2.235 

(2.317) 
2.467 
2.535 
2.628 
2.681 
2.868 
3.002 
3.067 
3.338 
3.566 
3.596 
3.822 
3.957 
3.980 
4.053 
4.138 


8.578 
8.575 
8.571 


10—50> 
11-49 
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42-14 
15-40 
36-16 
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33-18 
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31-21 
23-30 
24-28 


20.2 


11.6+1.2 
2.9+0.4 
12.1+1.2 


0.60.3 
20.5 
0.70.2 1 


1.6+0.3 
5.1+0.9 


2.0+0.4 
~0.6 <1 
€0.5 
20.3 


0.91+0.09 1 
1.07+0.15 1 
0.89+0.09 0.74 
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* The precise energies, designations, and intensities 7: are taken from Groshev et al.* 


» These cascades were not included in the decay scheme of Groshev et al.® 


pee reference 6. 
4 See reference 7. 


be obtained if there is no coincident cascade. The 
separate question of which of the two is the initial 
transition can usually be answered correctly by as- 
signing the more energetic transition as initial. How- 
ever, an unambiguous assignment requires delayed- 
coincidence measurements (usually very fast) or precise 
knowledge of the transition energy and all level energies 
in the region of the prospective intermediate level. 
The results are summarized in Table I in which the 
first column identifies the members of the cascade in 
the presumed order of their emission. The numbering 
is that of Groshev ef al. The more energetic member 
of the cascade is listed first with six exceptions where 
there is insufficient evidence for a level matching the 
less energetic transition. Column 2 lists the energy® at 
which the cascade would appear in Fig. 3. Column 3 
lists the energy sum of each cascade as measured by 
Groshev ef al., for comparison with the neutron binding 
energy. Column 4 lists 7,b2, the direct result of these 
experiments. The units of J; are photons per 100 
neutrons captured to form Cl" and the fraction 6, < 1.0. 
Column 5 lists 6. with the assumed transition ordering 
of column 1 and J, obtained from reference 6. In the 
cases where several] cascades in column 1 are grouped 
together, the number in column 5 is an average dy 
weighted in proportion to each value of J;. Listed in 
column 6, for comparison, is the upper limit on dz set 
by the singles spectrum.® This is the ratio J:/J; (or 1 if 
smaller) where J, is the intensity of all transitions de- 
populating the intermediate level, some of which may 
have been preceded by cascades. The extent to which 
the numbers in column 6 exceed those in column 5 


represents the relative importance of cascades involving 
more than two transitions. Column 7 lists the values 
of b, reported by Segel.’ 

The preliminary report® of the present experiments 
was based primarily on the transition intensities meas- 
ured earlier by Groshev ef al. Our preliminary results 
were not substantially different from those reported 
now. A 5.89-2.68-Mev cascade was included in the 
preliminary results, although a 5.89-Mev transition was 
not indicated in the earlier results of Groshev ef al. This 
cascade is confirmed in their more recent results. 

In evaluating Jb. in the present results, the analysis 
of reference 10 was used. The effect of 255-kev photon 
transfer between scintillators was negligible because of 
the lead absorbers between crystals. Corrections for 
510-kev photon transfer were negligible except for a 
15% effect on I;be at 1.597 Mev, and a 40% contribu- 
tion to the counting rate at 2.477 Mev. A comparable 
contribution at 2.477 Mev was produced by summing 
of the intense three-step cascade of 6.110-0.518-1.949 
Mev reported by Segel. Consequently, after these two 
corrections, the value 0.06 is reduced to < 0.02 for b» 
at 2.477 Mev. The threefold cascade caused a 5% 
correction in J,b. at 1.957 Mev. There were no other 
corrections. 

The question whether there is a real line at 0.91 Mev 
could not be answered with the available neutron in- 
tensity. If it were real it would require a new level in 
C}** at 0.91 Mev, the possibility of which cannot be 
eliminated with existing data. The fact that this energy 
is not far from the difference of 8.57 Mev and the 
energy of the strong 7.73-Mev Al(m,y) transition is 
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Fic. 4. Level structure of Cl** with possible spin and parity 
assignments. The two-step cascades are the strongest ones indi- 
cated in Fig. 3. The circled numerals indicate the order of the 
steps taken in the analysis and are explained in the text. The 
quantities b2 are those reported in Table I. 


perhaps significant. However, the intensity of the 
structure at 0.91 Mev, about 1/30 that of the 0.79-Mev 
peak, is too large to be caused by chance coincidence 
with a transition in Al**. 


INTERPRETATION 


The angular momentum of the ground state of 17Cl* 
has been measured” as } by a microwave method. The 
shell model assignment” of the odd proton is (dj). 
Thermal neutron capture then produces Cl** in a 1+ 
or 2+ compound state. Total neutron cross-section 
measurements by Bruegger ef a/."* appear to favor the 
assignment of spin 2 (negative energy resonance) al- 
though the result is uncertain. The ground-state spin: 
of Cl** is 2, with a positive parity assignment from the 

12 J. E. Mack, Revs. Modern Phys. 22, 64 (1950). 

%J. H. D. Jensen, in Beta- and Gamma-Ray Spectroscopy, 
edited by Kai Siegbahn (Interscience Publishers, Inc., New York, 
1955). 

™R. M. Bruegger, J. E. Evans, E. G. Joki, and R. S. Shank 
land, Phys. Rev. 104, 1054 (1956). 

16 C, M. Johnson and W. Gordy, Phys. Rev. 83, 1249 (1951); 
L. C. Aamodt and P. C. Fletcher, ibid. 98, 1317 (1955). 
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study"® of the beta decay of Cl**. Consequently there is 
reason to believe that the initial and final states in a 
two-step cascade in Cl** are both 2+. It will be inter- 
esting, then, to compare the strength of the initial and 
final transitions in the cascade. 

The neutron binding energy of Cl** is found to be 
8.57 Mev by mass measurements” and 8.58 Mev by 
measurement of the Q value of the ground state group* 
in Cl**(d,p)Cl**. The most energetic neutron-capture 
gamma ray from Cl** observed by Groshev et al.° was 
8.57 Mev. 

Figure 4 shows a possible decay scheme for Cl** 
which includes all of the strong cascades reported here 
and the level at 2.477 Mev with the small value of 
bs < 0.02. It is possible to construct a consistent set of 
spins and parities for the levels using the following: 
the values of 5, here reported, the /, values from the 
resolved (d,p) groups of Teplov,’ the assignment by 
Segel’ and by Groshev e al.® of the 0.518- and the 
6.62-Mev transitions as terminating on different levels 
near 1.95 Mev, and the transition intensities of Groshev 
et al.,® particularly the indication of the nearly complete 
depopulation of the 2.467-Mev level by the 0.518-Mev 
transition. The assumption will be made that the rela- 
tive probabilities of radiative transitions of various 
multipole orders are related approximately according 
to single-particle predictions—or more specifically that 
there are no enhancements such as are found for E2 
transitions due to collective motion of deformed nuclei. 

The numbers 1-8 in Fig. 4 indicate the order of the 
steps in assigning spins and parities. Step 1 eliminates 
J=2 for the capturing state. Only with different spins 
for the capturing state and the ground state can the 
very small value of b.< 0.02 for the 2.467-Mev level be 
explained, when the initial transition to the 2.467-Mev 
state has the largest reduced width of any shown in 
Fig. 4, and when the lowest excited states have the 
same parity as the ground state. Crucial to this step is 
the assumption that there are no collective effects and, 
of course, no definitive argument can be made on this 
point. It can only be said that a consistent scheme is 
possible without evoking collective effects and that 
Cl** is only one neutron and three protons removed 
from closed shells. Step 1 is not in agreement with the 
findings of Bruegger e/ a/."‘ in their measurement of the 
total neutron cross section. However, those authors 
state that they selected J=2 because visual shape fits 
to the data gave gincoh= 10.90.9 barns assuming J=1, 
and 7.8+0.7 assuming J = 2, while the measured value is 
Fincoh= Tse— Teoh = (16-3) —(12.1+0.8) = 3.9+3.1 barns. 
The result is not conclusive. 

In Fig. 4 are shown all of the J values of excited 


16 P. M. Endt and C. M. Braams, Revs. Modern Phys. 29, 683 
(1957). 
17C, F. Giese and J. L. Benson, Phys. Rev. 110, 712 (1958) 
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states which are consistent with the values of /,. Step 
2 eliminates JS 3 for the 2.868-, 2.467-, and 0.787-Mev 
levels because of the strong initial transitions to: these 
levels which are assumed to be dipole. 

Step 3 assigns odd parity to the 2.467-Mev level by 
assigning £1 to the initial transition to this level. This 
transition has the largest reduced width shown in Fig. 
4. Unfortunately, the possibility of M1 cannot be 
discounted. 

In step 4 it is assumed that the 0.518-Mev transition 
is virtually the sole depopulator of the 2.467-Mev level, 
because it is £1 and no other strong transitions from 
this level are possible. This eliminates J=1 and 2 for 
the 2.467-Mev level, since the ground state is 2+ and 
b,< 0.02 for the 2.467-Mev level. In turn, this elimi- 
nates J=2 for the 1.949-Mev level in order that the 
0.518-Mev transition be £1. It also provides the as- 
signment of even parity to the level terminating the 
0.518-Mev transition and consequently odd parity to 
the other level near 1.95 Mev in view of the values of 
l,. These two assignments of /, in turn fix the range of 
possible J values for these two levels at 1.957 and 
1.949 Mev. 

The next step, 5, is the elimination of J=3, 4, or 
5 for the level terminating the strong 6.621+0,005-Mev 
transition® on the assumption that it is dipole. There is 
possible a weaker M1-M1 cascade through the 1.949- 
Mev level to the ground state which is shown dotted. 
Such a cascade would not have been resolved in the 
present experiment. The 6.621-Mev transition has not 
been reported as double, but a presumably weaker 
transition 8 kev above the one at 6.621 Mev would 
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appear not to be inconsistent with the data of Groshev 
el al.® 

Step 6 eliminates J/=1 from the possibilities for the 
1.597-, 1.165-, and 0.787-Mev levels, thereby removing 
the possibilities of E1 transitions to these levels from 
the 2.467-Mev level. No transitions with energies 0.870, 
1.302, or 1.680 Mev have been observed.*® 

In step 7, J=2 is preferred over J=1 for the 1.957- 
Mev level, in keeping with the shell model and the 
assignment /,=3. In the simple picture of this state, 
the neutron is f; or f7/2, but in the shell model the f7/2 
shell lies lower than the fy. The dj proton and f7/2 
neutron could not couple to give J=1. The set of level 
parameters to this point is similar to one of the four 
sets considered by Groshev ef al.,° but the approach 
and reasoning given here are appreciably different. 

In step 8, odd parity is favored for the 2.868-Mev 
level in view of its large b:. If it had even parity there 
would be a strong £1, 0.91-Mev transition to the 
1.957-Mev level, while the transition to the ground 
state would be M1. No such transition is observed. 
The value in Table I of 6.=0.84+0.15 for the 2.868- 
Mev level indicates little competition with the ground 
state transition. This eliminates J =0 for the 2.868-Mev 
level. With the assignment of odd parity to the level, 
the cascade to the ground state would be £1-£1. 

This set of spins and parities for some of the levels 
of Cl* is an internally consistent one. It is further 
consistent with the measurements by Trumpy* of the 
circular polarization of the cascade through the 1.165- 
Mev level. It appears to be the most probable set which 
can be fitted to the data. 
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The levels in Hf!”* populated by the allowed positron and electron capture decay of 9.3-min Ta‘’* have been 
investigated with the Copenhagen six-gap spectrometer. Conversion-electron spectrum and beta-gamma 
coincidence measurements have established the spin and parities of levels in Hf'’* with energies (in kev) 
93(2+-), 307(4+-), 1197(0+-), 1277((2+-)), 1430((1+)), 1440(0+-), and 1483(2+), and possibly a level 
at 1550. (Double parentheses indicate that the spin is not definitely established.) Intrinsic configuration 
assignments for the excited states are discussed in terms of recent theoretical developments. The half-life 
of the 93-kev level has been measured and found to be (1.25+0.08)X10~ sec. The 8*/K capture ratio 
measured for the allowed decay to ground is within experimental error of theory. Reduced Z0/£2 transition 
probability ratios for the transitions depopulating the 1197- and 1440-kev 0+ levels have been calculated 
from the observed K-conversion line intensities of the ZO and £2 transitions depopulating the levels. 


I. INTRODUCTION 


HE large beta-decay'* rate (log fi=4.6) of the 

9.3-min Ta!’® isomer to the ground-state band 
of Hf'’* is unique among the beta-decay rates presently 
known for ground-state to ground-state decays of 
deformed odd-odd nuclei. Recently it has been found 
possible to assign a unique configuration to this isomer 
which clearly explains the decay rate.* The un- 
ambiguous configuration assignment for this isomer 
makes it an excellent subject for further study because, 
if Ta'’® decay populates excited states in Hf'’§, it may 
be possible through a study of the decay rates to these 
states to assign definite configurations to them. 
Assignments of intrinsic configurations to excited levels 
in deformed even-even nuclei have been made on only a 
limited number of cases to date*® and, consequently, 
much remains to be done in order to achieve a clearer 
understanding of the excited intrinsic levels and the 
particle coupling in these nuclei. It therefore seemed 
worthwhile to study the decay of this isomer in more 
detail than has been done earlier. 


II. PREVIOUS EXPERIMENTAL INVESTIGATIONS 


Wilkinson‘ first characterized the 9.3-min Ta!” 
isomer, reporting that it decayed by positron emission 
(B*max= 1.06 Mev) and electron capture. He also 
reported electrons of 0.08 Mev and a gamma ray of 
1.5 Mev. Bisi, Terrani, and Zappa‘ later reported that 
there was no positron branch (upper limit 1%) and in 
addition that there were no gamma rays at 1.5 Mev 
(upper limit 1.5%). Felber' obtained results essentially 
in agreement with Wilkinson’s, and in disagreement 
with those of Bisi ef a/., and reported a value 8*inax = 880 


*U. S. National Science Foundation Postdoctoral Fellow 
1959-1960. 

1F. F. Felber, Jr. (Master’s thesis) University of California 
Radiation Laboratory Report UCRL-3618, January, 1956. 

2 J. H. Carver and W. Turchinetz, Proc. Phys. Soc. (London) 
71, 618 (1958). 

*C. J. Gallagher, Nuclear Phys. 16, 215 (1960). 

*G. Wilkinson, Phys. Rev. 80, 495 (1950). 

5A. Bisi, S. Terrani, and L. Zappa, Nuovo cimento 3, 661 
(1956). 


kev. He determined that at least two excited states of 
Hf'?® were populated, one at 93.17+0.09 kev, the 
other at either 1257 or 1350 kev. From the energy of 
the B* group he concluded that the Ta'”® decay to 
the Hf'’* ground state had a logff=4.7, on which 
basis he assigned spin 1, positive parity, to the iso- 
mer. He also reported a 8*/K capture ratio of 0.02. 
Carver and Turchinetz? produced 9.3-min Ta'’® in a 
study of (y,«m) reactions on Ta'*', and definitely estab- 
lished that there was a 8* group belonging to Ta'’® by 
measuring the decay rate of the annihilation radiation. 
They measured a beta spectrum with an end-point 
energy of 1.65-+0.05 Mev, which they assigned as the 
Ta'’® positron group, in disagreement with the results 
of Felber and Wilkinson. They also reported 4 gamma 
rays, at 93, 1160, 1390, and 1480 kev, the latter three 
of which were assigned as depopulating a 2+ level at 
1480 kev. They also assigned the isomer as 1+ on the 
basis of the values of log ft. 

In addition to these studies of the decay of the 
9.3-min Ta!”’, studies of the decay of the 2.1-hr Ta'”® 
isomer?:* have established levels in Hf!” at 1480(8, 9—), 
1148.5(8—), 1059.7(8+-), 632.7(6+), 306.87(4+-), and 
93.17(2+) kev. The 2+ level has also been identified 
in Coulomb excitation experiments’* on Hf'’’, the 
highest resolution study’ yielding 93.14+0.02 for the 
energy of the level. 


Ill. EXPERIMENTAL 
A. Apparatus, Calibration, and Techniques 


Gamma-ray spectrometers consisting of 3-in. diam 
by 3-in. long NaI(TI1) scintillation crystals attached 


°F. F. Felber, Jr., F. S. Stephens, and F. Asaro, J. Inorg. 
Nuclear Chem. 7, 153 (1958). 

7C. McClelland, H. Mark, and C. Goodman, Phys. Rev. 97, 
1191 (1955); P. H. Stelson and F. K. McGowan, ibid. 99, 112 
(1955); NN. P. Heydenburg and G. M. Temmer, ibid. 100, 150 
(1955). 

*T. Huus, J. H. Bjerregaard, and B. Elbek, Kgl. Danske 
Videnskab. Selskab, Mat.-fys. Medd. 30, No. 17 (1956). 

* E. L. Chupp, J. W. M. DuMond, F. J. Gordon, R. C. Jopson, 
and H. Mark, Phys. Rev. 112, 518 (1958). 
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to EMI 9531 phototubes, with 100- and 256-" channel 
pulse-height analyzers were used to measure the 
gamma-ray spectrum. Gamma-gamma _ coincidence 
measurements were made with a Bell-type fast-slow 
triple coincidence circuit with a 10~7-sec resolving 
time. The gamma-ray energy spectrum was calibrated 
using conventional radioactive energy standards, such 
as Co and Na”. 

The spectrum measured with the 
Copenhagen six-gap “orange” spectrometer.” The 
electron detector in the spectrometer is a cylindrical 
anthracene crystal of 3 cm diam. The effective length 
of the crystal can be varied as a function of the resolu- 
tion required, because the electrons strike the crystal 
perpendicular to its axis of highest symmetry. Beta- 
gamma coincidence measurements were also made 
with this instrument, using a coincidence circuit 
identical to that used in the gamma-gamma co- 
incidence measurements. The circuit resolving time 
1.4 10-7 sec. The absolute energy calibration 
of the orange spectrometer is known as a function of 
exciting current to ~1% assuming the spectrometer 
magnet has been demagnetized. The relative energies 
of close-lying transitions can be determined with 
considerably higher resolution, however. 

Gamma-ray intensity measurements were made in 
the well-calibrated geometry of the beta-gamma co- 
incidence setup. The efficiency curve for the low-energy 
region (< 100 kev) was checked by comparison between 
calculated and true coincidence sum peaks. 


electron was 


Was 2r . 


Pulse-height analyses of the energies of the positrons 
incident on the electron detector were made during the 
measurement of the positron spectrum to ensure that 
all positrons had been accounted for correctly. As the 
positron spectrum is measured with the field opposite 
to that used in the measurement of the electron 
spectrum, degraded electrons from the high-energy 
transitions did not influence our measurement. 

The half-life of the 93-kev level was measured with 
an improved version of the Bell-type fast coincidence 
circuit due to Bell.” 


B. Source Preparation and Chemical Procedure 


The 9.3-min half-life of Ta'’® is too short to have 
allowed us to carry out the necessary experiments 
with reasonable statistics using directly-produced Ta'”®. 
Fortunately Ta!’® is populated by readily-produced 
21-day W'’*, and we therefore decided to use an 
equilibrium W!"8-Ta!”’ mixture. Study of the equilibrium 
system is simplified by the fact that the electron capture 

© Type RT 5965, manufactured by Philips, Balham, England. 

1! Model 20611, manufactured by Radiation Counter Labor 
atories, Inc., Skokie, Illinois. 

20. Kofoed-Hansen, J. Lindhard, and O. B. Nielsen, Kgl 
Danske Videnskab. Selskab, Mat.-fys. Medd. 25, No. 16 (1950). 
O. B. Nielsen and O. Kofoed-Hansen, ibid. 29, No. 6 (1955). 

18K. M. Bisgaard (to be published). 

“R. E. Bell and M. H. Jérgensen, Can. J. Phys, 38, 652 (1960). 
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decay of W'’® populates only the 9.3-min 1+ level of 
Ta'’®, A source of W'’§ in equilibrium with 9.3-min 
Ta'’® will thus display a pure Ta'’® spectrum when 
proper corrections have been made for Ta x rays and 
Auger electrons belonging to the W'”* spectrum. 

Tantalum metal powder (0.45 g) of 99.9% purity 
(from L. Light and Company, England) was irradiated 
in the synchro-cyclotron of the Gustaf Werner Institute 
for Nuclear Chemistry, Uppsala, Sweden, with 50-Mev 
protons for 5 hr. This bombarding condition produced 
W!78 by a Ta!®!(p,4n)W?” reaction. 

The target was dissolved in a mixture of concentrated 
hydrofluoric acid to which a small amount of con- 
centrated nitric acid had been added. Following 
evaporation to dryness and redissolving in 10M HF, 
the bulk of the tantalum was removed from the solution 
by repeated extractions with di-isopropylketone, which 
had been equilibrated with 10M HF. After evaporation 
of the aqueous phase to near dryness, the wolfram 
activity was taken up in a few drops of water and 
absorbed on top of a Dowex 1X10 anion exchange 
column contained in a polyethylene tube with dimen- 
sions 1X10 mm. Elution of carrier-free wolfram was 
performed with a solution 1M in HCl and 0.3M in HF. 
Sources for the 8 spectrometer were made by collecting 
the drops containing the activity on a VYNS foil, 
50 yug/cm? thick. The total source activity was 
approximately 10 uC. 

The purity of the chemical procedure was checked 
by observing the decay of the separated tantalum and 
wolfram fractions. The radioactive decay of the 
tantalum fraction was followed using a windowless 
flow-type proportional counter operated on the 6 
plateau. Four components, with half-lives 9.2 min, ~9 
hr, 57 hr, and 200 days, were detected. We identify 
these activities as Ta'”* (9.3: min), Ta!”*§, and/or Ta'™®™ 
(8 hr), Ta'”? (53 hr), and Ta!” (~600 days), where 
the previously reported half-lives are given in paren- 
theses.'® Activity measurements on a sample of the 
wolfram eluate were carried out with the flow counter 
as well as with a scintillation counter set on the K 
x rays. Growth of a 9-min half-life going over into a 
21-day activity clearly indicates that the activity is 
wi7s1 


C. Experimental Measurements and Results 


We have measured the energies and intensities of 
26 electron lines in the electron spectrometer. These 
are interpreted to establish the energies of 15 transitions 
following the decay of Ta'’®. The energies of the 
transitions are reported in the second column of Table I. 
The intensities of the electron lines, normalized so that 
the intensity of the composite LZ line of the 93-kev 
transition is 100, are given in columns four and five. 
These intensities are estimated to have errors of +20% 


16D). Strominger, J. M. Hollander, and G. T. Seaborg, Revs. 
Modern Phys. 30, 585 (1958). 
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Taste I. Transitions in Hf!”* 


Conversion 
electron 
intensity 


K L 


Energy of 
transition 


kev 


Photon 
intensity 


Assignment of 
transition 
100 
2.8 


0.74 
11 


11 
0.022 
0.089 
0.0012 
0.0085 


9342 100 
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970+10 
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0.011 


eas er 


Un Ut he ee ie Gn Gn UI DO BO DDO 


=H HH HE HE 


on 


26) 


* The + sign in this column indicates that the transition can have a highe 


> The normalized value is low because of absorption in the source. A direc 
¢ K/L(exp) =K/L(theor £2) =1.8. 

4 Calculation of the intensity 
-1, where we have assumed that the observed 214-kev photon peak results fr 


? 
singles spectrum. The discrepancy probably indicates that the 214-kev phot« 


* Calculated from intensity observed in coincidence with K 214. Value may be high. (See reference « 


! K 1250, L 1190 superimposed. L 1190/(M 1190+N 1190+ K 1250) =2. 
* £1335, K 1390 only partially resolved; hence the upper limit on the inte 
bL 1345, K 1390 superimposed. 

iL 1430, K 1483 superimpx 
i Sum of unresolved KLL a 


»sed 
nd KLM groups. 
* This Auger coefficient i I 


wer 


for all but the weakest lines, for which the limits are 
larger. A portion of the electron spectrum in the high 
energy region is shown in Fig. 1. 

The complex gamma-ray spectrum was only partially 
resolved. As a consequence, intensities of the partially 
resolved groups of gamma rays are given in column 3 
of Table I. The spectrum observed is shown in Fig. 2. 
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of these photons from the number of 970-kev photons coincident with the K line 


than the accepted values, indicating proba 
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following 9.3-min Ta!”® decay. 


Normalized 
conversion 
coefficient 
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Assignment in 
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r multipole order than that indicated 
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Normalized conversion coefficients 
columns six and seven, and are, 
the unresolved gamma-ray spectrum, lower limits on 
the actual conversion coefficient. The conversion co- 
efficients reported have been calculated assuming that 
the total intensity of the corresponding gamma-ray 
peak results from the trans 
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TasBLe II. Comparison of experimental and theoretical conversion coefficients. The theoretical results are those of Sliv and Band. 


Energy of 
transition 
(kev) a 


Experimental 
K conversion 
coefficient 


Theoretical K conversion coefficient Assignment in 


a2 Bs decay scheme 


93 0.35 E2 
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The normalization used is that a,(93)=az,(theor), 
where a,(theor) is the sum of the J), Zn, and Lin 
conversion coefficients for a pure £2 transition, as 
calculated by Sliv and Band.'* This normalization has 
been checked by measuring the K-conversion co- 
efficient of the 93-kev transition directly by a measure- 
ment of the ratio of K xrays to 93-kev photons 
coincident with positrons. ax(93) determined is 1.03 
+0.15, in excellent agreement with the theoretical 
ax=1.05+0.05 for a pure £2 transition. The value 
ax(93)=0.65+0.50 determined by normalization of 
electron and photon intensities is lower than the 
directly measured value, but this disagreement is not 
serious, as it is obvious that some of the 28-kev K- 
conversion electrons will be absorbed in the rather 
thick source. Similarly, the K-Auger electrons might 
be expected to suffer some absorption, and the value 
of the K-Auger coefficient observed, 0.037, is indeed 
smaller than the value of 0.045 deduced from empirical 
curves.'? However, the percentage absorption is less 
in the latter case, as expected. 

A comparison between these experimental limits on 
the conversion coefficients and the theoretical values 
of Sliv and Band for £1, £2, M1, M2, and M5 transi- 
tions is made in Table II. The comparison definitely 
restricts the possible multipolarity assignments for 
most of the transitions. In some cases a definite value 
has been determined. In two cases, the 1197- and 
1440-kev transitions, the conversion coefficient is 
consistent only with the interpretation that these 
transitions are either £0 or have a high magnetic 
multipole. In column 8 of Table I is given the lowest 
multipole order assignable to each transition on the 


16. A. Sliv and I. M. Band, Leningrad Physico-Technical 
Institute Reports, 1956 and 1958 [ translation: Reports ICC 57 K 
1, and ICC 58 L 1, issued by Physics Department, University of 
Illinois, Urbana, Illinois (unpublished) J. 

11 Nuclear Spectroscopy Tables, prepared by A. H. Wapstra, 
G. J. Nijgh, and R. V. Van Lieshout (Interscience Publishing 
Company, Inc., New York, 1959). 
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basis of the observed conversion coefficient. The 
interpretation assigned in the decay scheme is shown 
in column 9. 

The beta-gamma coincidence measurements were 
gated on the internal conversion electron. The gamma 
rays coincident with the conversion electrons of the 
low-energy transitions are shown in Table III. The 
energy and intensity of the 1260-kev transition were 
established on the basis of these measurements alone. 
Coincidence relationships between the conversion lines 
of the high-energy transitions and the 55- and 93-kev 
photons are shown qualitatively in Table IV. These 
results were decisive in the assignment of transitions 
in the decay scheme. 

The gamma-gamma coincidence measurements were 
used only as a gross check on the beta-gamma co- 
incidence results. As the results of the two sets of 
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Fic. 2. The W!"8-Ta!”8 equilibrium-mixture gamma-ray 
spectrum taken with a 3 in.X3 in. NaI(TI) crystal. 





GALLAGHER, 


NIELSEN, 


AND NIELSEN 


Tas.e III. Gamma rays coincident with low-energy conversion electron lines. 








Conversion-line 
gate 
L 93 
K 203 
K 214 


55 (K x rays), 
1000 (22), 
970(60), 


~1270(27), 
~ 1180(20), 


= 1340(65) 
= 1250(30) 


Energy of coincident radiations (kev)* 


93, 214(0.62), 511(0.43), ~970(0.45), ~1100(2.0), 





* Values in parentheses indicate percentage in coincidence with the conversion line. 


> A relative intensity deduced from this number would be incorrect because all positrons do not annihilate at t 


measurements were consistent, we do not report the 
results of the less sensitive gamma-gamma measure- 
ments here. 

Bertelsen, Borggreen, and Nathan'® have measured 
the angular correlation between the 93- and 1350-kev 
photon peak. As the 1350-kev peak is known to be 
complex from the internal conversion data, they 
divided the observed peak into upper and low energy 
parts and determined the correlation coefficient of the 
two parts. Their analysis indicates that the lower part 
of the peak definitely contains a 0-2-0 component and 
that there is also a m-2-0 component, where n= 1, 2, or 
3. The correlation observed for the upper part is 
consistent with a 2-2-0 cascade. They did not attempt 
to determine the angular correlation of the 1200-93 
kev cascade because of the large uncertainty introduced 
into the angular correlation by the underlying Compton 
peak of the more intense 1350-kev peak. 

The positron spectrum was measured from 200 kev 
to above its end point. A Fermi-Kurie analysis of the 
spectrum showed the presence of two groups, in agree- 
ment with the positron-photon coincidence measure- 
ments. The ratio of the intensity of the group populating 
the 93-kev level to that populating the ground state is 
0.7. The limits of error on this ratio are difficult to 
evaluate because the resolved portion of the upper 
group is only 90 kev long, and because source scattering 
introduces appreciable uncertainties in the low-energy 


TABLE IV. Coincidences between high-energy conversion electron 
lines and K x rays and 93-kev photon. 





Conversion-line K 
gate x rays 93 


x 


AAA 
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* The ratio Jk x ray/l yes determines the K-conversion coefficient of the 


93-kev transition. 

18U. Bertelsen, J. Borggreen, and O. Nathan (private 
communication, July, 1960). We are indebted to them for 
permission to quote these results in advance of their publication. 


region. The positron end point energies are 890+ 10 
and 800+15, the energy difference being equal within 
experimental error to the energy of the 93-kev first 
excited state. 

The positron to K-capture ratio for the ground state 
band was determined. The AK xray intensity was 
corrected for the presence of the W'’® parent by 
determining the ratio of K xrays to 93-kev photons 
in a W'8-Ta!’8 equilibrium mixture, and comparing it 
to the same ratio determined from a sample of Ta'‘’® 
prepared by a DIPK extraction from the W*’* parent. 
The corrected K xray intensity then further 
corrected for the contribution to it from K conversion 
of the 93-kev transition, K capture to the excited 
states, and the A-Auger effect. In measuring the 
intensity of the 511-kev annihilation peak we took 
care to provide enough low-Z material around the 
source so that all positrons annihilated in the im- 
mediate vicinity of the source. The annihilation peak 
intensity was halved to account for the two quanta 
per annihilation event. The ratio of the 511 intensity 
to the corrected K x ray intensity then yields directly 
the 6*/K capture ratio to the ground state band, 6+/K 
capture=0.9+0.6%. 

The half-life of the 93-kev level was measured by 
observing coincidences between 93-kev photons and 
positrons and high energy gamma rays. The measured 
half-life is (1.25--0.08) k 10~° se: 


was 


IV. INTERPRETATION OF RESULTS 
A. Decay Scheme 


We are able to propose a consistent interpretation of 
the data obtained in the present study which we 
believe establishes seven excited levels in Hf!78, and 
possibly an eighth. This decay scheme is 
Fig. 3. We discuss first the experimental measurements 
which lead to the level energies, spin, and parity 
assignments shown in the figure, and secondly we 
compare these results to those reported previously. 


shown in 


Present Result 


The 2+ level at 93 kev is established by the co- 
incidence observed between positrons and 93-kev 
photons, and the observed energy difference of ~90 
kev between the positron groups. In addition, the 
photon and conversion electron intensities of this 
transition are too intense to assign it elsewhere in the 
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decay scheme. The 2+ character of the state is estab- 
lished by the measured K-conversion coefficient of the 
93-kev transition, and the predominant L-subshell 
conversion. 

The K-, L-, and M-shell conversion lines of the 
214-kev transition have been observed. The photon is 
coincident with the Z 93-conversion electrons, and the 
K- and L- lines of the transition are 100% coincident 
with the sum of the intensities of 3 high-energy transi- 
tions. The measured K-conversion coefficient and K/L 
ratio for the transition are equal within experimental 
error to the theoretical values for a pure /2 transition. 
It is therefore assigned to depopulate a level at 307 kev, 
which is probably the 4+ rotational state of the 
ground state band. 

The assignment of the 0+ level at 1197 kev.is based 














H f* 


on the probable £0 multipolarity of the 1197-kev 
transition. The K-conversion coefficient of this transi- 
tion is comparable only with the theoretical conversion 
coefficients of a high magnetic multipole or of an EO. 
When this is considered together with the £2 multi- 
polarity of the 1105-kev transition to the 2+ level at 
93 kev, only a 0+ assignment for the level is consistent 
with all of the data. 

The 1277-kev level is established by the observed 
coincidences between the Z line of the 93-kev transition 
and the 1180-kev photons. The 214-970 coincidences 
support the assignment. The £2 multipolarity of the 
970-kev transition establishes positive parity and a 
spin of 2, 3, or 4 for the level. Because the level is 
populated directly (and strongly) by the beta decay 
of a 1+ state, only 2+ is probable. No direct evidence 
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for the 1277-kev transition has been obtained, although 
we have looked for the K-conversion line of the transi- 
tion. We can state that the K-conversion line is weaker 
than that of the 970-kev transition. The large con- 
version coefficient of the 1180-kev transition is of 
interest, as it probably indicates an appreciable EO 
admixture in the transition. Evidence that HO ad- 
mixtures occur in transitions between states with 70, 
but with K;=K,=0, has recently been obtained in 
both the rare earth” and heavy element” regions. 
Thus the large conversion coefficient of this transition 
favors the assignment of this state as the 2+ rotational 
state based on the 1197-kev 0+ level. 

The 1440-kev level is established as 0+ because the 
large conversion coefficient of the 1440-kev transition 
is consistent only with an M4 or higher magnetic 
multipole or an £0. Only an ZO assignment is con- 
sistent with all the data. The 1345-kev transition 
assigned to depopulate this state is coincident with 
the 93-kev photon. The limit on the conversion co- 
efficient of the 1345-kev transition is consistent with 
E2 multipolarity assignment, but does not exclude 
other multipoles except pure /1. 

The 1430-kev level is established by the energies of 
the 1430 and 1335-kev transitions, the latter being 
coincident with the 93-kev photon while the former is 
not. The spin of the state is limited to 0 or 1, positive 
parity, or 2 or 3, negative parity, by the limit on the 
conversion coefficient of the 1430-kev transition and 
the fact that the state is directly populated by the 
beta decay of a 1+ state. The anisotropy of the 
angular correlation between the ~1350-kev peak and 
the 93-kev photon indicates that the transition is not 
pure 0-2-0.'8 This result effectively rules out a 0+ 
assignment for the 1430-kev level, because the 1440-kev 
level is 0+, and if the peak consisted of two 0-2-0 
transitions the correlation observed would probably 
show a greater anisotropy than is observed. An assign- 
ment of 2— or 3— is not probable because of the low 
log ft for the direct beta population of the state (see 
Table V). It must be admitted, of course, that the 
log ft for beta decay to this state is calculated assuming 
that both the 1335- and 1430-kev transitions are pure 
M1. However, if the state were 2— or 3—, only F1 or 
M2 multipolarities would be reasonable; £1 assign- 
ments would lead to an even lower log ft than reported, 
whereas M2 assignments would increase the log/ft 
reported by at most 0.6. The conclusion that the 
transition rate is very large would therefore not be 
altered, making it unlikely that the EC transition is 
first forbidden. The 1430-kev level is therefore most 
probably 1+. 

The 1483-kev level is established as 2+ because of 
the observed decay from this state to the 0+, 2+, and 


19 Q. Nathan and S. Hultberg, Nuclear Phys. 10, 118 (1958). 
2” C. J. Gallagher, Jr., and T. D. Thomas, Nuclear Phys. 14, 
1 (1959/60). 
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4+ levels of the ground state band, the limits that 
can be set on the conversion coefficient of the 3 transi- 
tions, and the fact that it is strongly populated by the 
decay of a 1+ state. The K line of the 2+ to 44 
transition (~1180 kev) is not resolved from that of 
the more intense 2+ to 0+ 1180-kev transition; the 
argument for its presence is that a photon of 1180 kev 
is coincident with ~ 50% of the K-conversion electrons 
of the 214-kev transition, whereas the total intensity 
of the 214-kev transition is less than the total intensity 
of the 1180-kev peak. 

The level at 1550 kev is the least certain assignment 
in the decay scheme, the tentative assignment being 
based on the coincidences observed between a transi- 
tion of 1260 kev and the fact that there is a weak 
electron line which can be assigned as the K line of a 
1460-kev transition, which could be the transition to 
the 93-kev state from a 1550-kev level. We have no 
direct evidence for the 1550-kev transition to ground. 

The level spectrum above 1 Mev thus far discussed 
is based solely on the high energy transitions. We 
might also expect to see a number of low energy transi- 
tions, corresponding to transitions between the observed 
states above 1 Mev, and perhaps also to and from 
other states which are only weakly populated by beta 
decay and hence not assigned in our decay scheme. 
Evidence for such increased complexity exists, in that 
the region of the electron spectrum between the M lines 
of the 93-kev transition and the ZL lines of the 214-kev 
transition shows a great deal of unresolved structure, 
the intensity of the structure being greatest between 
roughly the K and L lines of the 214-kev transition. 
In this region we have resolved only one line, at 138 
kev. Coincidences gated on this line show gamma-ray 
peaks at 1000 and 1350 kev, and the latter is obviously 
complex. In view of the similarity in the energy of the 
1350-kev peak to the intense 1350-kev peak in the 
singles spectrum, this datum cannot be interpreted 
unambiguously, and hence we have not assigned it in 
the decay scheme. In general, because of the extremely 
weak intensity and complexity of this portion of the 
spectrum, much greater source strengths and higher 
resolution than are currently available to us will be 
needed to clarify it. A higher resolution study of this 
region with more intense sources would undoubtedly 
yield much additional information about the levels 


in Hf", 
B. Comparative Lifetimes 


Comparative lifetimes for the electron capture and 
positron branchings to the levels in Hf!”* have been 
calculated using Moszkowski’s nomograph” and are 
shown in Table V. The percentage of primary branch- 
ings to the levels at 1400 kev have been calculated 
assuming the multipolarities assigned in Table I. The 
values of log ft for these states are therefore dependent 
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A. Moszkowski, Phys. Rev 
in references 15 an 17. 


1951); reproduced also 
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TABLE V. Values of log ft for the electron capture 
branching to the excited levels. 








Energy of 
state 
(kev) 


Percentage 
primary EC 
branching 


Percentage 
primary 6* 
log fi branching 
0 59412 4.6 0.5 
93 3547 4.8 < 0.4" 
307 <0.02 >7.9 
1197 0.80.2 5.1 
1277 0.2+0.4 5.3 to 5. 
1430 1.4+-0.6> 4.6 
1440 1.2+-0.3> 
1483 1.7+0.7> 
1550 0.4+-0.1> 


log ft 





* Source scattering in the thick source produced appreciable distortion 
of the positron spectrum, making the analysis of the intensity of the inner 
group uncertain. 

These percentage branchings are dependent on the interpretation given 
the data. The sum of all of the observed photon intensities is independent 
oi the interpretation, however, and therefore indicates very large transition 
probabilities to the high lying states. 


on the decay scheme. A discussion of absolute transition 
rates is given below. 


C. Comparison with Previous Results 


The energy and 2+ assignment of the 93-kev level 
are as previously reported by Felber,! Carver and 
Turchinetz,’ and from the Coulomb excitation measure- 
ments.’~* Similarly, our assignment of the 4+ level at 
307 kev is as established by the cascade decay of Hf!”® 
as reported by Felber et al.,'° and by Carver and 
Turchinetz. Our results for the high-energy region 
indicate a much greater complexity than previously 
suspected, and as a consequence differ considerably 
from the previous results which now appear to have 
been incorrect. Our results support the positron end 
point of 880 kev reported by Felber, and we therefore 
suggest that the source of the 1.65 Mev 8 activity 
reported by Carver and Turchinetz was incorrectly 
identified. We agree with the previous workers that 
the low values of log ft and predominant decay to the 
0+ and 2+ levels of Hf'’* are best interpreted if Ta!” 
has a 1+ configuration. The 8*/K capture ratio, 
0.9+0.6%, determined in the present study is some- 
what smaller than the 2% reported by Felber, although 
the difference is within experimental error. 


V. DISCUSSION AND CONCLUSIONS 
A. $+/K Capture Ratio 


The A/=1 transitions and large decay rate observed 
in the decay of Ta'’® to the ground state band of Hf'”® 
ensure that only allowed Gamow-Teller (fo) matrix 
elements will be important in both the electron capture 
and positron branches. The decay of this isotope should 
therefore provide the best case yet observed in the 
high-Z region for testing the theoretical 6+/K capture 
ratio. The experimental value of 0.9%+0.6% is lower 
than, but within experimental error of, the theoretical 
ratio ~1.4% for a nucleus with Z=73 and two posi- 
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TABLE VI. Positron and electron capture branching ratios 
to the 0+ and 2+ states in Hf'”*. 





Energy of 
rotational 
state 
(kev) 
Decay mode O+ 2+ 


ft(i+1 — 2+0)/ft(1+1 — 0+0) 


Experiment Theory 
i ig ——— 


~ 


1.7+0.8 2 


Bt “0 93 
K capture 0 93 





tron groups which have end point energies of 800 
and 890 kev and roughly equal intensity. The theoretical 
value was interpolated from the plot of Zweifel’s” re- 
sults prepared by Wapstra, Nijgh, and Van Lieshout.” 


B. EO Matrix Elements 


Absolute £0 matrix elemens have been shown by 
Church and Weneser” and Reiner™ to be sensitive to 
details of nuclear structure, and therefore their calcu- 
lations assuming various nuclear models should provide 
a test of the models. Because we do not know the 
half-lives of the 0+ levels we are not able to report 
absolute ZO matrix elements for the 0+ to 0+ transi- 
tions we have observed, but we can calculate the E0/E2 
reduced transition probability ratios for both the 1197- 
and 1440-kev 0+ levels from the relative K-conversion 
line intensities of the transitions depopulating them. 
In some cases this ratio may be a more significant 
test of the nuclear models than the absolute matrix 
elements.”*:5 

Rather than report the total 0/2 transition 
probability ratio ~ as proposed by Reiner, we report 
the dimensionless H0/E2 reduced transition prob- 
ability X= (p’e*Ro')/[B(E2)].> p?=T(E0)/Qrx is the 
FO reduced transition probability and equals the total 
FO transition probability divided by the factor Qx, 
which contains all contributions from electronic terms. 
Values of 2x as a function of the energy of the monopole 
transition and Z are available from the figures of 
Church and Weneser. 2x is to some extent dependent 
on the choice of the nuclear charge distribution, as 
shown clearly by Reiner. The nuclear-theory-dependent 
part of the £2 transition probability is B(E2) 

= T(FE2)/C, where C= (49/75)(1/h)(w/c)®. The pro- 
duct eRo' is introduced to make B(£2) a dimensionless 
quantity to compare with p*. e is the electron charge 
and Ro=1.20, A? fermis is the nuclear radius. 

The observed ratios of K-conversion line intensities 
are (K 1197/K 1105)=2.8+0.6 and (K 1440/K 1345) 
=5.3+1.1, where the error in the ratio has been 
estimated as 20% because the lines are close-lying in 
energy. If we assume that the 1105- and 1345-kev 

2 P. F. Zweifel, Phys. Rev. 107, 329 (1957). 

E. L. Church and J. Weneser, Phys. Rev. 103, 1035 (1956). 

* A. Reiner, thesis, University of Amsterdam, 1958 


(unpublished). 
26 J. O. Rasmussen, Nuclear Phys. 19, 85 (1960). 
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transitions are pure £2, with theoretical E2 K- 
conversion coefficients ax(1105)=0.0026 and a« (1345) 
=0.0019, we calculate total A0/#2 transition prob- 
ability ratios of 0.0076 and 0.010 for the 1197- and 
1440-kev levels, respectively. The values of X we 
obtain are then, respectively, 0.18-+0.04 and 0.530.16. 
We have not attempted to determine the 20/E2 ratio 
for the 2+ to 2+ 1190-kev transition (and possibly 
for the 1390-kev transition) because we do not know 
the photon intensity sufficiently well. 

A theoretical treatment of the problem of £0 matrix 
elements and H0/F2 reduced transition probability 
ratios which will, for example, enable the experimental- 
ist to assign a definite intrinsic configuration to an 
excited 0+ state, or to choose conclusively among 
various nuclear models, does not exist at present, in 
spite of the progress that has been made in understand- 
ing the problem.”-*> We therefore shall not attempt 
a detailed comparison of our results with theory. 
Instead, we shall only mention two points which are 
raised by this and other experimental work, namely 
that (1) the values of X for the §-vibrational 0+ in 
the strongly deformed nuclei Hf'’* (0.18) and Pu*® 
(0.14) 2° are essentially constant, whereas X for the 
only-just deformed spheroidal nucleus Sm!® is 0.016,?>:7 
and (2) X for the 1440-kev intrinsic 0+ level in Hf!’ 
is 3 times the X of the 1197-kev 8-vibrational state. 


C. Ta!7* 1+ State 


The 1+ assignment of Ta'’® is based on its large 
decay rate to the 0+ and 2+ levels of the Hf!”* ground 
state band. The 1+ state has been interpreted* as the 
spin triplet state of the 73rd proton and 105th neutron, 
5144 and 514), respectively (in the Nn,A> notation of 
the asymptotic-limit Nilsson wave functions®’), The 
assignment of the 9/2 state as the 73rd proton state 
is not completely consistent with the observed 7/2+ 
ground state of Ta'®, but, because the 9/2 level in 
Ta'® is only 6 kev above the 7/2+ ground state,” it 
seems possible that the level might appear in Ta!’ as 
an isomeric state. The observed log ft=4.6 for the beta 
branching to the ground state is then understood as 
the allowed unhindered decay of the 5144 proton to 
the 514) neutron state.’ 

A check on the K-quantum number of Ta!?® (and 
hence on the asymptotic-limit configuration of the 
Ta‘® state) should be provided by the §-branching 
ratio to the 0+ and 2+ rotational levels of the Hf!” 
ground state band,” the electron capture and positron 
branchings providing independent checks on the 


6 Unpublished results of F. Asaro, F. S. Stephens, and I. Perl- 
man, quoted in reference 25. 

277. Marklund, O. Nathan, and O. B. Nielsen [Nuclear Phys. 
15, 199 (1960) ] first pointed out this anomaly. 

*8S. G. Nilsson, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 29, No. 16 (1955). 

*” A. H. Muir and F. Boehm, Bull. Am. Phys. Soc. 4, 367 (1959). 

* G. Alaga, K. Alder, A. Bohr, and B. R. Mottelson, Kegl. 
Danske Videnskab. Selskab, Mat.-fys. Medd. 29, No. 9 (1955). 
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theoretical ratio. It should be noted here that this 
case should be considered an important test of the 
asymptotic limit configuration assignments. This is 
because the branching ratio predicted by the strong- 
coupling model is dependent only on geometrical 
considerations, assuming only one matrix element is 
important, which criterion we should obtain here, because 
the large transition rate and spin change AJ=1 for the 
decay to both the 0+ and 2+ states require that only 
allowed Gamow-Teller matrix elements are effective in 
both branches. The experimental ratios are 1.70.8 
and ~1 for the K capture and §* branchings, 
respectively. The K-capture ratio is somewhat lower 
than the theoretical ratio of 2, but within experimental 
error of it. The 6*-branching ratio indicates a larger 
population of the 2+ state than theoretically expected. 
However, if source- and back-scattering degraded some 
positrons which were then detected, the net result 
would be an increase in the intensity of the lower 
energy group. We conclude therefore that the experi- 
mental 6+-branching ratio we report is probably low, 
owing to the rather thick source used in the experiment, 
and the spectrum should be investigated using thinner, 
more intense sources, before a 
reached on this point. 


definite conclusion is 


D. Hf!’* Levels 


The level at 1197 kev is assigned as the base state of 
a K=0 band. As discussed above, the 2+ level at 1277 
is assigned as the first rotational state based on it 
The energy of the state, 78 kev above the 0+ state, 
indicates that this band has a larger moment of inertia 
than the ground state band. On the basis of the system- 
atics of energy levels in this region we tentatively call 
this state a §-vibrational state. It should be noted that 
the decay rate to this state is smaller than the decay 
rate to the ground state band. 

It should also be noted that we have not observed 
any transition which we can assign to establish the 
y-vibrational state in Hf'"*, indicating that the decay 
to this state is retarded relative even to the decay to 
the 8-vibrational state. 

We propose that the 1430- and 1440-kev levels 
represent intrinsic excitations. On the basis of the 
probable 2+ assignment of the 1483-kev level we 
tentatively assign it as the first rotational state based 
on the 1430-kev level. There is nothing obviously 
inconsistent with the assignment of the 1550-kev level 
as a 2+ rotational state band on the 1440-kev level, 
although such an assignment is at best speculative. It 
should be noted here that, because there are at least 
three states with a fourth expected, (the y-vibrational 
state) with 2+ character in an energy interval of only 
= 300 kev in this nucleus, these states will probably 
not have a clearly defined K-quantum number. 

Assuming that the fast decay rate to the ground 
state is associated with the transition from the proton 
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state 5144 to the neutron state 514), we conclude that 
it indicates a large probability of finding the 5144 
neutron pair in the excited state also. If we assume a 
two-particle configuration (as is done, for example, in 
reference 3) and if the 514) neutron state is on the 
Fermi surface (as deduced from the large decay rate 
to ground), it is qualitatively difficult to understand 
why the decay rate to the excited state is unhindered 
relative to the decay rate to the ground state. A 
simple two-particle picture, therefore, does not seem 
to describe the state very well. However, Mottelson 
has suggested*! on the basis of calculations of even-even 
excited state spectra based on pairing correlation 
forces® that two-quasi-particle 0+ states should exist 
which have intrinsic structure closely related to that 
of the ground state. It is expected,* furthermore, that 
the transition rates to these states should approximately 
equal the rate to the ground state. Although the 
physical concepts underlying pairing-correlation cal- 
culations have been tested to some extent already,*** 
there is at present very little experimental evidence 
that supports the calculational result that excited 
spectra of deformed even-even nuclei should be 
relatively simple, at least with respect to the number of 
two-quasi-particle intrinsic states at excitation energies 
up to about 2 Mev. It therefore seems important that 
the present results provide evidence supporting these 
ideas. 


31 B. R. Mottelson, lecture notes on a Nuclear Physics course 
given at the Institute (spring, 1960). 


#S. T. Belyaev, Kgl. Danske Videnskab. Selskab, Mat.-fys. 
Medd. 31, No. 11 (1959). 

33 Private communication from B. R. Mottelson. 

*L. Kisslinger and R. A. Sorensen, Kgl. Danske Videnskab. 
Selskab, Mat.-fys. Medd. 32, No. 9 (1960). 

86 J. Griffin and M. Rich, Phys. Rev. 118, 850 (1960). O. Prior 
and S. G. Nilsson (to appear in Kgl. Danske Videnskab. Selskab). 


EXCITED 
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The state at 1430 kev assigned as 1+ is not easily 
understood on the basis of the expected two-quasi- 
particle spectrum although both a low-lying proton 
state (4044—402¢) and a low-lying neutron state 
(514)—512¢) with a 1+ configuration are expected. 
The reason is that the decay to this state is as fast as 
that to the ground state, indicating clearly that the 
intrinsic structure is similar to the intrinsic structure 
of the Ta'’* ground state. A possible explanation of the 
state is that it is the first rotational state of the in- 
trinsic 0+ state as 1440 kev; however, if this state is 
correctly assigned above we would not expect odd spin 
rotational states in its rotational band, as the wave 
function of the state has the same symmetry properties 
as that of the ground state. 

The large percentage branching to the two other 
states is explained qualitatively if the states are 
rotational states. Quantitative checks on the K- 
quantum number assignments can be made in principle 
from the beta-gamma-ray branching ratios to and from 
these states (see above). However, because we have 
not resolved the complex gamma-ray spectrum, our 
estimates of these ratios are not quantitatively meaning- 
ful. A direct gamma-ray intensity measurement is 
needed and would be very important in checking our 
assignments. 
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The low-energy (less than 0.935 Mev) conversion electrons emitted in the decays of Ag'® and Rh" have 
been observed in two permanent-magnet electron spectrographs. A total of 29 transitions were observed in 
the Ag’ decay; 2 transitions were observed in the Rh" decay. These data and the gamma scintillation 
results of Robinson ef al. on the same decays were used to postulate the following levels (in Mev) in Pd": 


0, (0+); 0.5116, (2+-); 1.1272, (2+); 1.1331, (0+); 1.2287, (4+); 1.5568, (3, 4+); 


1.7020, (2+-); 1.9310, 


(3, 4+); 2.0825, (3+); 2.3040, (3, 4+); 2.3489, (3, 4+); 2.3636 or 1.9469, (3, 4, 5+); 2.7336, (5, 6+); 


2.7540, (5+); and 2.9494, (5, 6+). The proposed level scheme indicates that ~5%, 


~85%, and ~10% 


of the electron capture of Ag" proceeds to the 2.9494, 2.7540-, and 2.7336-Mev levels, respectively 


INTRODUCTION 


HE levels of Pd'* are populated by the electron 
capture of the long-lived isomer of Ag!®, 4;=8.4 
days, and by the negatron emission of Rh, ¢;~30 sec 
(daughter of 1.0 yr Ru"). The spin of Ag'® has been 
directly determined by Ewbank eé/ al.' to be 6. Alburger? 
deduced, from the comparative half-lives of the beta- 
ray transitions to the 0.5116-Mev (2+-) level and (0+) 
ground state in Pd'®, that the spin and parity of Rh 
are (1+). 

The beta and gamma rays and conversion electrons 
emitted in the Ag and Rh decays have been studied 
by a number of investigators.?~” Bendel” reported that 
Ag" decays largely to a level in Pd’ at 2.78 Mev. 
Johnson and Galonsky™ determined the (p,2) threshold 
of Pd" to be 3.785+0.010 Mev. Therefore, the decay 
energy of Ag’ is 3.00 Mev. 

The levels of Pd’ at 0.5116 and 1.1272 Mev have 
been formed by Coulomb excitation in research by 
Alder et al.* and by Stelson and McGowan." Both 
these levels have been assigned spins and parities of 
(2+). Gamma-gamma angular correlation functions 

* Work supported in part by the U. S. Atomic Energy 
Commission. 

1W. B. Ewbank, W. A. Nierenberg, H. A. Shugart, and H. B. 
Silsbee, Phys. Rev. 110, 595 (1958). 

2D. E. Alburger, Phys. Rev. 88, 339 (1952). 

*R. L. Robinson, F. K. McGowan, and W. G. Smith, Phys. 
Rev. 119, 1692 (1960). 

*J. Y. Mei, C. M. Huddleston, and A. C. G. Mitchell, Phys. 
Rev. 79, 1010 (1950). 

5 R. W. Hayward, Phys. Rev. 85, 760 (1952). 

°G. B. Arfken, E. D. Klema, and F. K. McGowan, Phys. Rev. 
86, 413 (1952). 

7J. J. Kraushaar and M. Goldhaber, Phys. Rev. 89, 1081 
(1953). 

8B. Kahn and W. S. Lyon, Phys. Rev. 92, 902 (1953). 

* E. D. Klema and F. K. McGowan, Phys. Rev. 92, 1469 (1953). 

“0D. E. Alburger and B. J. Toppel, Phys. Rev. 100, 1357 (1955). 

"DPD. J. Horen and H. E. Bosch, Bull. Am. Phys. Soc. 4, 373 
(1959). 

2 W. L. Bendel, Bull. Am. Phys. Soc. 4, 426 (1959). 

(1960) H. Johnson and A. Galonsky, Bull. Am. Phys. Soc. 5, 443 
4K. Alder, A. Bohr, T. Huus, B. Mottelson, and A. Winther, 
Revs. Modern Phys. 28, 432 (1956). 


18 P. H. Stelson and F. K. McGowan, Bull. Am. Phys. Soc. 2, 
267 (1957). 


obtained in Rh studies are in best agreement with the 
assignment of spin (0) for the 1.1331-Mev level.®:7° 

Robinson, McGowan, and Smith? (RMS) have made 
singles, coincidence, and gamma-gamma angular cor- 
relation measurements of Rh'® and Ag™®, The Ag'®® 
data are given in Table I and Table II. In addition to 
the gamma rays shown in Table I, Horen and Bosch" 
reported one at 2.250 Mev in Ag™® decay. The Pd’ 
level scheme proposed by RMS is shown in Fig. 1. 

The low-energy (less than 0.935 Mev) conversion 
electrons emitted in the decays of Ag'® and Rh were 
studied in the present investigation. A Pd'*®-level scheme 
which is consistent with the gamma scintillation results 
of RMS and the present conversion electron data of 
this study is presented. 


EXPERIMENTAL PROCEDURE AND RESULTS 


The Ag was produced by an (a,#) reaction on Rh'™®™, 
The helium ion energy was ~ 15 Mev; it was kept below 
the 16.2-Mev threshold for the (a,2”) reaction, which 
would produce 40-day Ag™®. The bombarded rhodium 
foil was heated to the melting point in a vacuum sys- 
tem; the silver was evaporated and collected on a 
quartz catcher. Anion exchange resin chemistry purifi- 
cations were made and the silver was electroplated on 
0.010-in. platinum wire. This procedure is described in 
detail elsewhere.'® The half-life obtained by least 
squares fitting the decay data of one of the Ag'® sources 
was 8.46+0.1 days. 

The conversion electrons were observed in two per- 
manent magnet spectrographs with fields of 90 and 225 
gauss. Intensity measurements were made with a 
photodensitometer and chart recorder. The relative 
energy measurement errors are estimated to be 
~0.05%. The absolute energy errors are estimated to 
be ~0.1%. The intensity errors of the strong lines are 
probably ~ 15% and for the weak lines ~ 25%. 

The experimental results obtained in the decay of 
Ag’ are given in Table III. The conversion electron 
intensities are normalized to a 0.5116-K electron in- 


16 W. G. Smith, J. Inorg. & Nuclear Chem. (to be published). 
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LOW-ENERGY CONVERSION ELECTRONS OF Ag'!?*® 


TaB.e I. Ag'* gamma-ray energies and relative intensities (Robinson et al.*). 





E, 
(Mev) 


Relative intensity : spectra in coincidence with gamma rays of energies (Mev): 
0.618 0.725 0.81¢ 1.050 1.21° 1.54° 


Singles 


spectrum 0.215" 0.513 1.83* 








0.21540.006 
0.31 40.02 
0.4100.005] 


0.456-+0.007 | 
0.513+0.005 
0.618-+0.006 
0.700-+0.010 
0.725+0.007 | 
0.739+0.012 + 
0.751+0.012 
0.78340.012 | 
0.81 +0.01 
0.847+0.012 
1.050-40.010 
1.13 +0.01 
1.202:+0.012) 


227+0.012 J 
38 40.02 
537+0.015) 
56 40.02 | 
58 +0.02 | 
73 +£0.02 
83 40.02 
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(1.8+1.4) 17 +2 


70 +7 +7 15 +3 


2 +1 

14 +3 
37 (1.6+1.4) (1.81.4) 
14 
34 
13 


+4 
+3 
+3 


+5 
+3 
+2 
+1 


11.5+1.0 
3.340.6 


21 +1 +2 


1.8+0.6 
16 +2 
27 0.3+0.2 


+1 +2 


1.9+0.5 1.30.4 


3.8+0.4 








* Only parts of these spectra were observed. Thus, lack of a “‘yes’’ does not mean the corresponding gamma ray is not in coincidence. 
> Part or all of the intensity of each of these gamma rays is believed to result from coincidences with the 0.739-Mev gamma ray. 
© These spectra are in coincidence with composite gamma rays of these energies. 
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Fic. 1. Pd'* level scheme; Robinson et al.? 
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TasBLe II. Angular correlation of the Ag'®* 0.618-0.513- 


Mev cascade (Robinson et al.’). 





Sequence 
Experimental 
0(Q)2(Q)0 


1(D+@)2(Q)0 
2(D+Q)2(Q)0 
3(D+@Q)2(Q)0 


4(Q)2(Q)0 


40.17 
+30 
—0.02 


As 


A 4 


~0.05240.024 +0.32540.035 


4 


+0.357 
—0.052 
—0.052 
—0.052 
+0.102 


+1.143 
—0.021 
+0.326 

0.000 
+-0.009 


Angular correlation of the 0.725-1.537-Mev cascade 


Sequence 
Experimental 
5(0)2(D+Q)2 
5(Q)3(D+¢Q)2 
5(D+0)4(Q)2 
5(D+Q)4(Q)2 
6(0)3(D+Q)2 
6(0)3(D+@Q)2 
6(Q)4(Q)2 
7(0)4(Q)2 


ri) 


= o 
—0.78 
+0.44 
+2.9 
—1.45 
—0.38 


A 2 A 4 
—0.330+0.022 —0.089+0.031 


—0.157 
—0,.225 
—0.330 
—0.330 
—0.330 
—0.330 
+0.102 
+0.179 


—0.001 
—0.005 
—0.010 
—0.053 
+0.004 
+0.001 
+0.009 
—0.004 


Angular correlation of the 1.58-0.513-Mev cascade 
Sequence ri) Ay A, 
Experimental -0.98+0.33 —0.05+0.10 
2(D+0)2(0)0 —1:! —0.31 +0.23 
3(D+0)2(0)0 +1 —0.54 —0.05 
4(Q)2(Q)0 +0.10 +0.01 
5(0)2(Q)0 +0.18 0.00 





tensity of 567. The results of Alburger and Toppel” are 
also given in this table. 

Only two transitions were observed in the Rh’ 
decay. (There was a heavy background from the beta- 
spectrum continuum.) The energies were determined 
to be: 0.5116 and 0.6215 Mev. 


DISCUSSION 


(1) Ag'®® Conversion Coefficients, K/L Ratio, 
and Transition Multipolarities 


The low-energy transitions of which both the con- 
version electrons and gamma rays (RMS) were directly 
observed have the following energies: 0.2215, 0.3281, 
0.4506, 0.5116, 0.6156, 0.7026, 0.7171, 0.7472, 0.7921, 
0.8028, and 0.8234 Mev. The presently observed 0.8234- 
Mev transition is interpreted as being the same as the 
0.847-Mev transition of RMS. 

The experimental conversion coefficients were calcu- 
lated for these transitions. (It was assumed that the 
0.5116-Mev transition is a pure £2.) See Table IIT. 
The theoretical coefficients are shown in Fig. 2. All of 
the experimental conversion coefficients are in agree- 
ment with M1 and/or £2 multipolarity assignments. 
The conversion electron intensity data of Alburger and 
Toppel” were combined with the gamma-ray data of 
RMS to calculate experimental coefficients for the high- 
energy transitions. These results are also shown in 
Table III. All of these values, except for the 1.202- and 
1.38-Mev transitions, fall within the experimental 
errors of Mi and/or £2 coefficients. The experimental 
values for both the 1.202- and 1.38-Mev transitions lie 
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between the theoretical M1 and E3 coefficients, some- 
what closer to the £3 values. In this work the 1.202- 
Mev transition will be interpreted as an M1 and/or 
E2. The 1.38-Mev transition is quite weak and is not 
included in the present level scheme; it was not in- 
cluded in the scheme presented by RMS. 

The K/L ratio of the 0.2215-Mev transition was ex- 
perimentally determined to be 8}-+1. This is in agree- 
ment with either an M1, K/L=8.7, oran £1, K/L=8.5, 
transition. However, the conversion coefficient was 
found to be 4X 10~ which is in agreement only with an 
M1 assignment. 


(2) Pd'** Level Scheme 


The presently proposed Pd" level scheme is shown in 
Fig. 3. The level energies were determined from the 
conversion electron data. The relative intensities into 
and out of the levels populated in the Ag’® decay are 
also shown. All of the transitions with measurable 
electron intensities except the 0.1101-Mev transition 
are included in the scheme. This level scheme is very 
similar to that proposed by Robinson et? al.*; see Fig. 1. 


(3) Parity Assignments 


As noted above, all of the Ag™® transitions for which 
experimental conversion coefiicients could be deter- 
mined were in agreement with M1-—E2 assignments. 
Therefore all of the Pd'® levels are assumed to have 
the same parity, (+). 


(4) Level Populations in Ag'’® Decay 


In order to make the intensities in and out of the 
2.3489-Mev level equal, a new level was placed at 
2.9494 Mev; with the 0.6009-Mev transition between 
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Fic. 2. K-shell conversion coefficients for Z=46 [M. E. Rose, 
Internal Conversion Coefficients (North-Holland Publishing Com- 
pany, Amsterdam, 1958). ] 
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TABLE ITI. Ag" conversion electron and gamma-ray data. 


ELECTRONS OF Ag?!°6 





Alburger and 
Toppel* 

intensities 

c K/L 


Transition 
energy 
(Mev) 


Observed intensities 
K E M K/L 


Experimental 
gamma-ray Experimental 
intensities 
(RMS) 


Calculated 
gamma-ray 
intensities 


Theoretical 
conversion 
coefficient® 


Multi- 
polarity 


conversion 
coefficients 





12 
wh 
35 
430 
53 
w 
50 


0.1101 
0.1668 
0.1950 
0.2215 
0.2286 
0.2820 
0.3281 
0.3744 
0.3907 
0.3965 
0.4058 
0.4185 
0,4296 
0.4506 
0.4573 
0.4743 
0.5116 
0.5857 
0.6009 
0.6156 
0.6798 
0.7026 
0.7171 
0.7376 
0.7472 
0.7921 
0.8028 
0.8071 


83 


w 
65 


w 

180 

w 

160 
[90 ]°-4 
w 


w 


[207° 


w 


w 
[567] 66 
w 


~10 
95 w 
w 
~10 
80 
24 
18 
20 
~10 
33 


® See reference 10. 

b w =weak. 

e[{ ]=assumed or adjusted value. 

4 20 intensity units subtracted for contribution of 429.6-L electrons. 
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© Nearly independent of M1-E2 mixing ratio since M1 and E2 conversion coefficients are approximately equal. 


the two levels, and the 0.1950-Mev transition was 
placed between the new 2.9494-Mev level and the 
2.7540-Mev level. 

There are 25 units of intensity out of the 2.3040-Mev 
level and only 10 units into it. A possible solution to 
this difficulty is the following. The 0.4296-Mev transi- 
tion is really a doublet; one of the members populates 
the 2.3040-Mev level from a 2.7336-Mev level which is 
directly populated by electron capture, and the other 
member occurs between the 1.5568- and 1.1272-Mev 
levels. 

If the intensity of the upper 0.4296-Mev transition 
were 8 units, this would give 18 units into and 25 units 
out of the 2.3040-Mev level. This would leave 12 units 
of intensity for the lower 0.4296-Mev transition; the 
intensities into and out of the 1.5568-Mev level would 
be 45 and 48, respectively; into and out of the 1.1272- 
Mev level, 36 and 40, respectively. 

No broadening of the 0.4296-Mev K-electron line 
could be experimentally detected. Therefore, if there 
are two transitions present, the energies must differ by 
not more than approximately 0.2 kev. Another possible 


explanation is that several of the weak transitions that 
are not included in the level scheme originate at states 
which are weakly populated by electron capture and 
these transitions terminate at the 2.3040-Mev state. 


(5) Ag'* Electron Capture Branching 
and log ft Values 


The relative intensities of the electron capture decay 
branches of Ag™® can be calculated for the Pd” level 
scheme presented in Fig. 3. If this scheme is correct, 
only the three highest energy levels are directly popu- 
lated. These are the levels at 2.9494, 2.7540, and 2.7336 
Mev; the relative intensities of the decays to them are 
0.05, 0.85, and 0.10, respectively. 

Using these data, the half-life of Ag"* (8.46 days), 
and the Ag"® decay energy (3.00 Mev) obtained from 
the Pd'®® (p,n) threshold data of Johnson and Galon- 
sky,” the logft values for the three electron capture 
branches can be calculated. They are 4.0, 5.1, and 6.0 
for the branches to the 2.9494-, 2.7540-, and 2.7336-Mev 
levels, respectively. These are all interpreted as allowed 
transitions; AJ=0, +1, no. 
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(6) Spin Assignments 


0.5116- and 1.1272-Mev levels. As noted previously, 
the (2+) assignments to both the first two excited 
states at 0.5116 and 1.1272 Mev are based upon Cou- 
lomb excitation of 415° these spin (2) 
assignments are confirmed by angular correlation 
studies of RMS. 

1.2287-M ev level. There was no 1.23-Mev gamma ray, 
which could be interpreted as the transition from the 
1.2287-Mev level to the ground state, observed in co- 
incidence with the 1.54-Mev gamma ray. This indicates 
the spin of the 1.2287-Mev level is not (2). There are 
no known cases where a spin (1) or (3) state lies close 
to the second (2+) state. Therefore, the 1.2287-Mev 
level is assigned spin and parity (4+). The nuclear 
models of Scharff-Goldhaber and Weneser,'’ Wilets and 
Jean,'* Davydov and Filippov," Raz,” and Tamura 
and Komai* predict that a (4+) level should lie near 
the second (2+) level. 

2.7540-Mev level. After making the (4+) assignment 
to the 1.2287-Mev level, the 2.7540-Mev level can be 
assigned (5+-) from the results of the 1.537-0.755-Mev 
angular correlation. See Table IT. 


these levels 
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Fic, 3. Pd level scheme 
based on present conver- 
electron data and 
gamma-ray data of Robin- 
son et al. The heavy arrows 
represent transitions for 
which both the conversion 
electrons and the gamma 
rays were observed; the 
lighter arrows indicate that 
only the conversion elec 
trons or the gamma rays 
were observed. The level 
populations shown were de- 
termined from the decay of 
Ag’*—the (0+) level at 
1.1331 Mev was populated 
only in the decay of Rh’, 


sion 
2.0825 + .0006 
1.9310 0006 


1.7020 + O07 
1.5568  .0O06 


1.2287 2.0005 


1.1331 2.0005 
1.1272 *.0005 


0.5116  .0O03 


2.0825-Mev level. The 2.0825-Mev level is assigned 
(3+-) from results of the 1.58-0.513-Mev angular cor- 
relation. See Table II. 

1.5568-Mev level. The 1.5568-Mev state is assigned 
(3,4+) since there is a 1.202-Mev gamma ray to it 
from the (5+-) state at 2.7540-Mev. There is a level 
in Pd at 1.56 Mev which is populated by the decay 
of Rh, This level has been assigned spin (2) by Klema 
and McGowan? from angular correlation results. The 
parity of this state is expected to be even, from the 
comparative half-life of the beta-ray transition to it.? 
It is postulated here that the 1.5568-Mev level popu- 
lated in the decay of Ag™® is not the same as the 1.56- 
Mev level populated in the decay of Rh™*. [Recall that 
the spin of Ag™® is (6) and that of Rh is (1).] The 
ratios of the 1.053- to 1.555-Mev gamma rays in Rh 
and Ag! decays are ~ 10 and ~30, respectively. This 
is presently interpreted as an indication that there are 
two different levels at ~1.56 Mev in Pd, The very 
weak (intensity = 1.10.8) 1.56-Mev gamma ray is not 
included in the present scheme. Davydov and Filippov” 
predict that a (3+) state should lie at about 1.6 Mev. 
This could be the 1.5568-Mev level presently observed. 

1.7020-Mev level. A weak (intensity=1.9+0.5) 1.73- 
Mev gamma ray has been placed between the 1.7020- 
Mev state and the ground state; the former is therefore 
assigned (2+). In the gamma-gamma coincidence re- 
sults of RMS, the 1.73-Mev gamma ray was observed 
in coincidence with a 0.725-Mev gamma ray. In the 
present level scheme these two gamma rays are not in 
coincidence; however, the 1.73-Mev gamma ray would 





LOW-ENERGY 


be in coincidence with the 0.8234-Mev gamma ray and 
this could contribute to the observed coincidences. 

2.7336- and 2.9494-M ev levels. The experimental log ft 
values of the electron capture branches to the 2.9494- 
and 2.7336-Mev levels are 4.0 and 6.1, respectively. 
Both of these transitions are presently interpreted as 
allowed. The spin of Ag™® is (6); therefore the spins of 
the 2.9494- and 2.7336-Mev levels could be (5, 6, or 7). 
Spin (7) is not likely, and spins of (5) or (6) are sug- 
gested. The parity of Ag™® would be the same as the 
parity of the upper levels of Pd, even. 

2.3489-M ev level. The 2.3489-Mev level is connected 
via an assumed M1-—£2 transition, 0.4058-Mev, to the 
spin (5), 2.7540-Mev level; and by 1.227- and 1.83-Mev 
transitions to both of the first two (2+) excited states. 
There is no observed 2.35-Mev gamma ray to the ground 
state. The 2.3489-Mev level is therefore suggested to 
be (3, 4+). 

2.3040-M ev level. The 2.3040-Mev level can be only 
(3, 4+-) because it is connected by an M1 transition to 
the (3+-) level at 2.0825 Mev; spin (2) is not included 
because no transition to the ground state is observed. 

2.3636-Mev level. The spin and parity of the 2.3636- 
Mev level is suggested to be (3, 4, 5+). 


Rh’ DECAY RESULTS 


The two transitions observed in the decay of Rh™, 
0.5116 and 0.6215 Mev, are interpreted as the transi- 


tions from the first (2+) state to the ground state, and 


CONVERSION 
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from the (0) spin state to the first (2+) state, respec- 
tively. This would make the energy of the (0) state 
1.1331+0,0005 Mev. The comparative half-life of the 
beta-ray transition to this state indicates that it has 
even parity.? The 0.6215-Mev transition was not ob- 
served in the decay of Ag”. 


COMPARISONS WITH SIMILAR NUCLEI 


The ratios of the energies of the first (4+), first 
excited (0+), and second excited (2+) states to the 
first excited (2+) state are 2.52, 2.22, and 2.20, re- 
spectively. All of these values fall within the experi- 
mental range observed for other even-even nuclei with 
neutron number= 24-88. 

The only other case in which all three members of 
the nuclear vibrational states, (0+), (2+), and (4+), 
which lie at approximately two times the energy of the 
first excited (2+) state, that has been observed is 
Cd"*, However, this situation is complicated by the 
fact that the level sequence is (0+), (2+), (4+), and 
(0+); and it is not clear which of the (0+) states is 
to be associated with the collective excitation. 
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Results of gradient searches, by means of an IBM 704 machine, 
for phase parameters representing neutron-proton scattering are 
reported. The analysis made use of most available measurements. 
The number of “measurements” used in the final searches was 
293 with 35 additional ones which were used to obtain composite 
values. Most of the fits join reasonably smoothly to the *S; phase 
shift curve at low energies. The validity of charge independence 
was assumed and the more probable among the T=1 phase- 
parameter sets obtained in a previously described series of searches 
for phase-parameter fits to p-p data were therefore employed for 
this T. The one-pion exchange values were used for the larger L 
and J. Independent sets of searches started with phase parameters 
corresponding to the Gammel-Christian-Thaler potential, and the 


I. INTRODUCTION 


HE analysis of nucleon-nucleon scattering data in 
terms of energy-dependent shifts and coupling 
parameters, referred to collectively as phase parameters 
below, has been described for the proton-proton case by 
Breit, Hull, Lassila, and Pyatt.! The application of the 
same gradient search method to neutron-proton scatter- 
ing data is described in the present paper. Some pre- 
liminary results of this work have been previously 
reported! but the treatment of data, many of the more 
recent modifications of the fits, and the systematic 
presentation of evidence for and against the various 
fits have not been previously presented. In the neutron- 
proton case the measurements are not so plentiful and 
only in the vicinity of 90 Mev incident neutron energy 
has it been possible or convenient to lump measure- 
ments to any extent. The number of measurements 
used in searches finally was 293, with 35 additional 
ones having been used to obtain lumped values. About 
half of the polarization data became available only for 
the most recent adjustments of phase parameters. 

The comparative paucity of observations in the n-p 
case, and lack of triple-scattering data except for a 
few values at 310 Mev, leads one to expect that more 
than one set of phase parameters can be found to give a 
fit. This is indeed the case and the present analysis is 
not claimed to have found all possible fits. In the p-p 
work the triple-scattering data were not plentiful 
enough to dominate the searches when the gradient 
was calculated with measurements in a wide energy 
range. They served nevertheless to select from among 
several otherwise satisfactory fits and if they were 


* This research was supported by the U. S. Atomic Energy 
Commission and by the Office of Ordnance Research, U. S. Army. 

1G. Breit, M. H. Hull, K. Lassila, and K. D. Pyatt, Phys. Rev. 
120, 2227 (1960) referred to hereafter as “I.” A report on an 
earlier stage of the results for both n-p and p-p scattering analysis 
has been given by G. Breit at the London Conference on Nuclear 
Forces and the Few Nucleon Problem, July 1959. The report will 
appear in the proceedings of that conference, to be published. 


Gammel-Thaler potential, respectively. The procedure was varied 
by employing a weighted mean of fits obtained from the two dif- 
ferent starting points as a new starting set and other devices 
described in the text. The final fits are appreciably better than the 
starts, the mean square deviation being reduced by a factor ~20 
in some cases. A rough division of the final fits into related 
families according to the behavior of the parameters K; and p3 
can be made. The value of additional measurements and especially 
those of the triple-scattering parameters and polarization correla- 
tion is pointed out. Tests on reasonableness of one of the better 
fits from the point of view of representation by a static potential 
have been made, with satisfactory results. 


available they would probably be helpful in the present 
instance as well. The calculations reported here do not 
provide a unique fit, therefore, to the n-p scattering 
data, but they do supply sets of phase parameters which 
represent the data more faithfully than any other sets 
known to the authors. Relatively more reliance had to 
be placed on theoretical criteria such as the reasonable 
variation of the logarithmic derivatives of the wave 
functions with energy than in the proton-proton case. 


II. DATA USED AND STARTING POINTS 


Most of the data available for this analysis are con- 
tained in the collection by Hess* and, with some excep- 
tions which are mentioned below, all of the n-p data 
collected by Hess have been used as seen in Table I 
which lists the data taken from that reference and pro- 
vides comments on their use. Data of Hess’ reference 
C7 at 90 Mev were omitted in favor of other measure- 
ments available at this energy because the omitted 
ones were given for 10° angular spreads and the pro- 
cedure used was not directly adaptable to such data 
input. These data, if plotted at their mean angle, com- 
pare well with the lumped values used in the searches 
although a few measurements at the higher angles 
appear a little low, and the omitted data are, therefore, 
well fitted by the theoretical curves. The 93-Mev data 
of Hess’ reference S6 consisting of six points in the 
angular range from 155.4° to 177.5° were not included 
in the 90-Mev lumped measurements, but agree well 
with them. Similarly the 4 measurements of Hess’ 
reference G4 listed for ‘95-100’ Mev were not used. 

The more recent data employed in the search and not 
contained in the collection by Hess are listed in Table 
II. Except for the polarization measurements at 156 
Mev, these were not available until the most recent 
calculations were carried out. When compared with 
predictions of case YLAN3 (cf. Table III), it was found 


2 W. N. Hess, Revs. Modern Phys. 30, 368 (1958). 
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TABLE I. Treatment of data given in W. N. Hess [Revs. Modern Phys. 30, 368 (1958) ]; 
where Hess gives renormalized values of fo), these are used. 








Angular 
range Number 
(degrees), of 
c.m. system angles 


Energy 
incident 
(Mev) 


.e 442 


Quan- 
: Remarks 


36.1- 863 8 d because t 


The datum point “o(15. 7°) = 33.6- 6+8.8 mb is not used because the ex- 
perimenters (reference R1 of Hess) seriously question this point 


5.7° 


14.1 48 -173 14 
27.28 76 -179 6 
28.48 11.3- 94.2 10 
42.0 62 -180 13 
90, 91 5.1-180 33 


In earlier searches, these data were run at common energy 27.8 Mev. 


All data of references H3, C6, F2, W2, and S7 of Hess are used, and 
values at same angle or angle differing by <3° are averaged. Run 
at 90 Mev. 

95 .5-159.! 15 
105 i 7 
130 5 -155 14 
137 6.3 : 7 
143 3- 58.; 5 Hess lists energy as 140-145 Mev; 143 Mev was used for simplicity, as 
P data exist at this energy. See Table IT. 

156 50 -180 19 
172 77.5-180 9 
215 76.9-180 8 
260 37.7-180 15 
290, 300 10.7—180 20 
310 21.6-164.9 17 
350° 46.3-158.2 12 


Values at angles differing by <2° were averaged (one datum). 
Values at angles differing by <2° were averaged (two data). 


All data run at 300 Mev. 





® The cross-section at 27.2 Mev, from reference B3 of Hess, were nbeoadisiels ania to the authors, to a total cross-section value of 360 mb read 
from a graph give n by R. K. Adair, Revs. Modern Phys. 22, 249 (1950). The data at 28.4 Mev were normalized by Hess to a total cross section of 342 mb 
read from Hess’ Fig. 1. The persistence through searches YLANO, YLAN1, YLAN2, and YLAN2M of a systematic difference between these experimental 
measurements and theoretical values calculated from phase parameters having a smooth energy dependence and giving fits to data at adjacent energies 
suggested a reexamination of the normalization. The total n-p cross section data listed by Hess, which contained some recent data that were not available 
to Adair, were plotted in the energy range 10-150 Mev. Values of total »-p cross section at 27.2 and 28.4 Mev were read as 337 and 320 mb, respectively. 
The published angular distribution data were fitted by least squares by a+b cos# +c cos and this function was integrated over all solid angles to give the 
total cross section, which was made to agree with 337 and 320 mb, respectively. This resulted in a reduction of 8% o at 28.4 Mev and 5.5% at 27.2Mev in 
the values given by Hess. These renormalized data are plotted in the figures to be described below, and were used in the searches YLAN3 and YLAN3M. 
It may be noted that the renormalization has little effect on final results, since the uncertainties are large and the resulting statistical weights are therefore 
small. Data taken directly from the Hess collection raise values of the mean-square error D in the last two lines of Table III by about 0.2.The authors 
wish to thank Professor Adair for a conversation in connection with the present normalization. 
hese data were used only in the most recent search, YLAN3M. Extrapolation of the phase-parameter curves to 350 Mev gave values which led to 
theoretical representations in good agreement with the data. Subsequent searches produced only modest improvements in the fit. 


that these data were very well fitted without searching; 
an exception being the low-angle measurements at 77 
Mey, which were higher than predicted. The high-angle 
measurements at 77 Mev were fitted nearly perfectly. 
The initial values of the phase parameters 0%}, p1,Ki, 
9? 1, 5», 0", ps, Ks, 0%s, 6%, in the notation of I, Eqs. 
(6)—(6.4), were obtained from phenomenological poten- 
tials, as described in text accompanying Table III, and 
6°;, ps were started at values calculated in first Born 
approximation from the one-pion exchange potential 


(OPEP). All 12 phase parameters listed were allowed 
to vary in the searches, except in cases YLAN3 and 
YLAN3™M, as noted in the description of these searches 
following Table III. 

The validity of charge independence was assumed and 
the phase-parameters for isotopic triplet states with 
smaller angular momentum were therefore taken from 
fits YLAM(1) and YLAM(2) as the best available 
representations of p-p data described in I. Since they 
were started with phase parameters corresponding to 


TABLE II. Quantities and energies in addition to those from the collection by Hess. 





Energy Angular range Number 
incident (degrees), of 


(Mev) c.m. system Source angles 


77.0 20. 6-1 59.2 17 
128.0 78.1-169.7 10 
128.0 78.1-169.7 10 
143.0 41.0-118.0 8 
156.0 68.0—154.0 2 
210.0 40.3-141.8 11 








Re marks 





Both sets of asymmetry data used and averaged together. 
30.3 degree point dropped and 40.3 degree point error bar 
increased by factor 1.5 on advice from Dr. Warner and 
Dr. Tinlot. 








* C. Whitehead, S. Tornabene, and G. H. - Stafford, Proc. Phys. Soc. Reisat 75, 345 (1960). 


> R. Wilson (private communication). 


¢ A. Roberts, J. H. Tinlot, and E. M. Hafner, Phys. Rev. 95, 1099 (1954). 
¢ R. Warner and J. Tinlot (private communication). The authors wish to thank Dr. Warner and Professor Tinlot for communicating their results, 





1608 ARULL, EASSILA, RUPTSEL, 
the Gammel-Thaler*® phenomenological potential, it was 
formally consistent to use as starting values the phase 
parameters corresponding to the isotopic singlet poten- 
tials of Gammel, Christian, and Thaler‘ and of Gammel 
and Thaler® for the T=0 states. The phase parameters 
in T=1 states were not allowed to vary until the final 
stages of a search, when parallel shift gradients, of the 
type described in I, were carried out. 

For states of larger angular momentum, phase pa- 
rameters calculated in first order from the OPEP were 
used.® As in the p-p searches described in I, the OPEP 
phase parameters were omitted if their value was less 
than 0.0005 rad. From 13.7 to 28.4 Mev, the maximum 
J value of phase parameters included in the OPEP 
calculation was 4 or 5; from 42 to 105 Mev it was 7 to 10; 
from 128 to 156 Mev it was 11; from 172 to 310 Mevit was 
13. For several searches values of OPEP phase parameters 
corresponding to the ** mass and the nonrelativistic 
approximation were used in both T=0 and T=1 
states. For the most recent searches, the relativistic 
treatment® was employed and both the 7° and at 
masses entered the OPEP calculations, as described in 
I, Eqs. (5)-(5.3), even though the experimental un- 
certainties may not perhaps justify such refinements. 
Phase parameters in T=1 states which were initially 
of the OPEP type in YLAM but were searched in later 
stages at higher energies, were introduced into the 
corresponding m-p search, YLAN3, by adding the 
searched differences obtained in the p-p case to the n-p 
T=1 OPEP values. With no intention of belaboring the 
point, one may remark that the addition of the differ- 
ences occurred after several gradients of the YLAN3 
search had been made, and that a small improvement in 
the fit to m-p data was produced by the addition, 
indicating perhaps some consistency of results for high 
L and J. The n-p searches and corresponding weighted 
mean-square error, D [cf. Eq. (2.3) of I], are sum- 
marized in Table III with a brief description of each 
search contained in the adjoining text. The parametriza- 
tion of the scattering matrix given in Eqs. (6)-(6.4) 
of I was used throughout. 


TaBLe III. Values of D for n-p gradient searches. 





Search 
designation 





“Initial D 


54.6 
12.76 
48.5 
2.19 
13.02 
3.03 


Final D 


2.46 
2.34 
2.23 
1.96 
1.64 
1.65 








For search YLANO phase parameters in T=1 states 


3 J. Gammel and R. M. Thaler, Phys. Rev. 107, 291 (1957). 

‘J. L. Gammel, R. S. Christian, and R. M. Thaler, Phys. Rev. 
105, 311 (1957). Hereafter referred to as “GCT.” 

5 J. Gammel and R. M. Thaler, Phys. Rev. 107, 1337 (1957). 
Hereafter referred to as ‘‘GT.” 

*G. Breit and M. H. Hull, Jr., Nuclear Phys. 15, 216 (1960). 
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were used from YLAM(1); in T=0 states they were 
read from graphs of tabulated values given by Gammel, 
Christian, and Thaler.‘ The OPEP phase parameters 
were used for states with L>5 and for 0°; and p;. They 
were computed in first Born approximation without 
regard to mass difference for pions of different charge. 
In the gradient searches, 0%; and ps were allowed to 
vary with the phase parameters for smaller L. As noted 
in footnotes to Tables I and II, not all data finally used 
were available for the YLANO searches. A calculation 
of the mean-square error for all data, including the 
modified data at 27.8 and 28.1 Mev according to foot- 
note a of Table I, gave 2.73 for YLANO. The polariza- 
tion at 77 Mev made most of the difference. 

For search YLAN1 the phase shift Ks, which had 
been searched from initial negative to final positive 
values was replaced in YLANO by its starting values, 
thus raising D to 12.76, and left unsearched for a 
number of gradients. When finally searched, K; in- 
creased, but by less than its initial values. The OPEP 
phase parameters were as for search YLANO. A re- 
calculation of D with all the data gave 2.28. 

In connection with search YLAN2 it will be recalled 
that Gammel and Thaler’ had calculated T=0 phase 
parameters at 90, 156, and 310 Mev with a phenomeno- 
logical potential including a spin-orbit interaction. 
Gammel and Thaler, to whom the authors extend their 
appreciation for this assistance, made calculations 
available at a number of other energies from 10-140 
Mev. These and the published results were used, with 
graphical smoothing when necessary to connect the 
lower and higher energy regions, in order to obtain 
starting values for YLAN2, with phase parameters in 
T=1 states still being given by YLAM(1). As in the 
case of YLANO, 6°; and p;, though searched, were 
started at their OPEP values, no other convenient 
choice being available. The sign convention for the 
coupling parameter, which was reversed by Gammel 
and Thaler in this work compared to their previous 
usage, was incorrectly interpreted so that starting 
values of pi and p; had reversed signs. OPEP phase 
parameters were as in YLANO. Although the original 
intention regarding the search was not carried out, the 
resultant fit is not poor and is therefore included here. 

For search YLAN2M results of YLANO, YLAN1, 
YLAN2 were used in £ variations [see I, Eq. (4)]. 
Each of the three showed a minimum in D between the 
searched values, with the least minimum occurring 3 
of the way from YLAN1 to YLAN2. Starting values 
for YLAN2M were obtained as }[36yLanot+éyran1]. 
Only two gradients were calculated. The OPEP phase 
parameters, taking into account the pion mass differ- 
ences by means of Eqs. (5)-(5.3) of I and including 
relativistic effects,® replaced those of YLAN2. 

For search YLAN3 the fit YLAM(2), referred to 
hereafter as “YLAM,” for which the OPEP phase pa- 
rameters had been calculated using the 7° mass and 
relativistically, supplied the T= 1 phase parameters and 
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YLAN2M provided those in T=O states for L<2. 
Since 6”3,0"4, 4 and phase parameters in states for 
L>3 were given OPEP values in YLAM, consistent 
treatment of the T=0 states indicated that K;3, 0%, 5%, 
9%, ps and phase parameters in states for L>5 should 
also be started at their OPEP values and not allowed 
to vary initially. The pion mass treatment of Eqs. (5)- 
(5.3) of I was used throughout. The five phase pa- 
rameters in T=O states listed above were searched at 
high energies in later stages of the work. 
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Fic. 1. Phase-parameters 65, for the *S; state and coupling 
parameter p; between *S, and *D, states, plotted against energy. 
The value of p; at 300 Mev for YLAN3M is 0.2598. In this and 
other figures the notation is the same as for the proton-proton 
analysis reported in the work cited in reference 1. In this and the 
following figures, curves representing the fits resulting from the 
searches, described in the text, are shown in a uniform convention 
corresponding to the key supplied: full lines for YLAN3, dotted 
lines for YLAN3M, dashed lines for YLAN2, etc. Error bars 
correspond to the “standard deviation” entries in Table V of the 
text. The YLANO values of *@5; are so nearly equal to those for 
YLANI1 that the former could not be shown on the graph. The 
error bars on the phase-parameter graphs for case YLAN3M are 
drawn without serifs to distinguish them from those for case 
YLANS3. 
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For search YLAN3M at the end of the YLAN3 
searches, the final values of p; were replaced by the 
Gammel-Thaler starting values with account taken of 
their sign convention for the coupling parameter. The 
coupling parameter for the J/=3 state had moved to 
positive values in the YLAN3 searches, and so was not 
replaced. If the polarization data at 350 Mev (not in- 
cluded in other cases) are omitted, the final D value 
is 1.64. 


Ill. COMPARISON OF THE SEARCHES 


The results of the searches are most easily compared 
with the aid of graphs of the phase parameters and 
corresponding representations of data. Figs. 1-6 show 
the phase parameters 65), p:, Ki, 01, 572, 0", 0%, Ks, 
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Fic. 2. Phase shift K; in the 'P; state and_phase parameter 07, 
in the *D, state plotted against energy. Conventions for error 
bars as in Fig. 1. The error bars on the phase-parameter graphs 
for case YLAN3M are drawn without serifs to distinguish them 
from those for case YLAN3. 
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Fic. 3. Phase shift 5 in the *D2 state and phase parameter 0”; 
in the *D; state plotted against energy. Conventions for error 
bars as in Fig. 1. The vanishing of 0”; for some fits up to relatively 
high energies is not meant literally. In the course of the relevant 
searches, 62; below 100 Mev fluctuated between small positive 
and negative values. No loss in quality of fit was sustained when 
the value was arbitrarily stabilized as zero. The error bars on the 
phase-parameter graphs for case YLAN3M are drawn without 
serifs to distinguish them from those for case YLAN3. 


ps, 5%4, 8%, ps as functions of energy for the searches of 
Table III. Figs. 7-14 give the representations provided 
by these phase-parameters of the data listed in Tables I 
and II. Figure 15 shows, for selected data, the improve- 
ment in fit produced by searches YLANO and YLAN3, 
while Fig. 16 shows the corresponding change in the 
phase parameters K3,p; which accompanied the im- 
provement in fit. Figure 17 shows representations of 
triple scattering data at 310 Mev provided by the 
searched phase parameters. 

A striking feature of the search YLANO was the 
movement of K; shown in Fig. 16. At the same time, 
K, moved only by small amounts from its starting 
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values. Since the OPEP gives negative values for all 
singlet odd phase shifts, the question arose whether the 
data could be fitted with K; kept negative. The YLAN1 
search answered this question affirmatively. When Ks, 
initially restored to its starting values and fixed through 
several gradients, was allowed to vary, it remained 
negative, as shown in Fig. 4. The coupling parameter 
ps3, on the other hand, which had remained negative 
except at the highest energies during the YLANO search, 
attained positive values over the whole energy range in 
the YLAN1 search. The two fits to data are equally 
good, as Table III and Figs. 7-14 show, with, perhaps, 
a slight preference for YLAN1 indicated because of its 
superior fit to polarization at 95 Mev in the angular 
range 50°-120°, as shown in Fig. 11. The phase pa- 
rameters K; and p; behaved during search YLAN2 as 
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Fic. 4. Phase parameter 0°; in the *G; state and phase shift 
K; in 'F; state plotted against energy. Conventions for error bars 
as in Fig. 1. For several fits, K; is small at low energies and poorly 
determined by the data. It is shown as zero in these instances. 
The error bars on the phase-parameter graphs for case YLAN3M 
are drawn without serifs to distinguish them from those for case 


YLANS3. 
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they had in YLANO, and during YLAN3 as they had 
in YLAN1. Figure 16 shows the results for YLAN3. 

Like p3, the final values of p: are positive for some 
searches, negative for others. In all searches except 
YLAN3M, however, p: moved in the positive direc- 
tion; in YLAN3M, pi was started with positive values. 
There is a suggestion, therefore, that p; should be posi- 
tive as given by the GT potential. However, as shown 
in Fig. 1, the statistical uncertainties in the value of p; 
are so large that such a conclusion is rather uncertain. 
It is noteworthy that changes in p; by amounts equal 
to itself can be adjusted for by small changes in other 
phase parameters, as comparison of searches YLAN3 
and 3M shows. 

In their gross features, the principal differences be- 
tween the starting phase-parameter curves for YLANO 
and YLAN2, based, respectively, on the phenomeno- 
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Fic. 5. The coupling parameter p; between *D; and 4G; states 
and phase shift 5%, in the *G, state plotted against energy. Con- 
ventions for error bars as in Fig. 1. The value of p3 at 300 Mev for 
YLAN3M is 0.2045. The error bars on the phase-parameter graphs 
for case YLAN3M are drawn without serifs to distinguish them 
from those for case YLAN3. 
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Fic. 6. Phase parameter 0°; in 8G; state and coupling parameter 
ps between 4G; and 3/, states plotted against energy. Conventions 
for error bars as in Fig. 1. The error bars on the phase-parameter 
graphs for case YLAN3M are drawn without serifs to distinguish 
them from those for case YLAN3. 


logical potentials of GCT and GT, occur for pi, 6? at 
energies > 140 Mev, and to a lesser extent for 05, and 
for 6”, 0”; at higher energies. 

The final curves show that 65; has become nearly 
the same for all cases. Similarly, 622 and @?; exhibit 
only small differences for the various searches. For 
YLAN3 and YLAN3M, @°3, 63, ps and to a slight de- 
gree K, separate from the cluster formed by curves of 
these phase parameters for the other cases, but even 
here the sign and trend with energy is similar as seen 
in Figs. 2, 3, 4, and 6. It is for pi, K3, and ps that the 
main differences among the fits occur (cf. Figs. 1, 4, 
and 5). 

The values of ps and K; divide the fits into two classes. 
For the first, containing YLANO, YLAN2, YLAN2M, 
K; is positive and p3 negative over most of the energy 
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Fic. 7. Representations of the neutron-proton cross section 
o(6) at 13.7, 14.1, 27.2, and 28.4 Mev as a function of center-of- 
mass scattering angle @. provided by the phase parameters of 
Figs. 1-6, plus the phase parameters of YLAM of the proton- 
proton analysis in T=1 states, and OPEP values for phase 
parameters in states of higher L, J as described in the text. The 
experimental results are shown for comparison, with data sources 
listed in Tables I and II for this and succeeding graphs. All data 
at the same energy are given the same symbol in this and other 
figures showing comparisons with data on angular distributions. 
Designations of the curves by dotted, dashed, full lines, etc. corre- 
spond to the phase-parameter curves of Figs. 1-6. For early 
searches, data at 27.2 and 28.4 Mev were run together at 27.8 
Mev; they are shown separately here with YLAN3 and YLAN3M 
representations only, since only for these searches they were run 
separately. An experimental point at 179° for 27.2 Mev does not 
appear on the corresponding graph. Its value is (31.35+1.3) 
mb/sr, and it is fitted within the error by both YLAN3 and 
YLAN3M. 


range, as seen in Figs. 4 and 5, while for YLAN1, 
YLAN3, and YLAN3M which form the second class, 
these phase parameters have the opposite sign. 

It should be noted that with respect to 6%, ps, and 
6%;, YLAN1 is more closely related to YLANO, YLAN2, 
and YLAN2M rather than YLAN3 and YLAN3M, so 
that for an experimental quantity more sensitive to 
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lic. 8. Representations of the neutron-proton differential scat 
tering cross section o(@) at 42, 90, 105, and 130 Mev compared 
with experiment. The similarity of the representations for all fits 
is striking here. The YLAN2M fit to o(@) at 42 Mev is omitted 
being essentially the same as YLANO at the smaller and YLAN3M 
at the larger angles. 


these parameters than to K; and p3;, YLAN1 may be 
expected to give representations intermediate between 
those of YLAN3, 3M, and of YLANO, 2, 2M. For the 
data available at present, however, there is some evi- 
dence that YLAN1 is properly grouped with YLAN3, 
3M. This evidence arises from an inspection of results 
of £ variations, a procedure described in I, Eq. (4). 

A & variation between YLAN1 and YLAN2 has a 
slight shoulder in the plot of D against £ at about the 
midpoint, while between YLAN1 and YLANO there is 
a broad flat minimum in the D values. For a variation 
between YLANO and YLAN2, the D values plotted 
against form a smooth, nearly. parabolic curve, as is 
the case between YLAN3 and YLAN3M. A definite 
shoulder appears, however, in the £ variation between 
YLANO and YLAN3M. Thus there is no case where a 
shoulder appears in a plot of D against £ for pairs of 
fits in the same p3, K; class, while for pairs in different 
classes a shoulder appears in two cases, and a broad, 
flat minimum in another. These results partially sup- 
port the view that the fits studied may be considered 
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as forming two families of which YLAN3M and YLAN2 
are representative members. The sign of p1 appears not 
to distinguish members of the same family since only 
minor differences in the other phase parameters are 
required to change the sign of p;. As the fits to data 
and D values show, the available n-p measurements do 
not select between the two families. In fact, the fits are 
not especially sensitive even to the replacement of the 
YLAM values for the T=1 phase parameters by their 
YRB1 values. When this replacement was made in the 
YLAN3 fit, the D value only increased by about 0.1. 
It may be noted that according to I, YRB1 is probably 
in the same depression of the D value surface in phase- 
parameter space as YLAM and the insensitivity of 
YLANS3 to the difference between YLAM and YRB1 
is therefore not altogether surprising. Since YLAM and 
YRB1 are far from being identical, the result appeared, 
nevertheless, to be noteworthy. 
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Fic. 9. Representations of the neutron-proton differential scat- 
tering cross section, o(@), for 128, 137, 142.5, 156, and 172 Mev 
compared with experiment. The 128-Mev data were available only 
for the later stages of the YLAN3 search and for YLAN3M. An 
experimental point at 180° for 172 Mev could not be conveniently 
shown. Its value is 17.1+7.0 mb/sr. Both YLAN3 and 3M fits 
are inside its error bars. 
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After completion of the searches, the new cross-sec- 
tion data of Scanlon, Stafford, Thresher, and Bowen’ 
became available in a preliminary form. These data 
give 137 ratios of o(@) to o(173°) at 14 energies from 
27.5 to 120 Mev. Comparison of these ratios with values 
calculated from YLAN1, YLAN2, and YLAN3M gave 
equally good representations of the data by all three 
fits and on the basis of other experience similar results 
may be expected of the other fits. The experimental 
uncertainties on the data are too large to allow a selec- 
tion of one of the fits over another, as is the case for 
other cross-section data. 


Work of Bowen, Cox, Huxtable, Langsford, Scanlon 
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Fic. 10. Representations of the neutron-proten differential 
scattering cross section at 215, 260, and 300 Mev compared with 
experiment. Experimental points at 180° for 215 and 260 Mev, 
having values of 13.842.9 and 13.7+2.1 mb/sr, respectively, 
could not be conveniertly shown. The YLAN3 and 3M fits are 
just outside the error bars in both cases. 


7 J. P. Scanlon, G. H. Stafford, J. J. Thresher, and P. H. Bowen 
(private communication). The authors wish to thank Dr. Stafford 
for making these results available in advance of publication. 
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Fic. 11. Representations of the neutron-proton polarization 
P (6) at 77, 95, and 128 Mev compared with experiment. The data 
at 77 Mev were available only after the completion of all searches 
except YLAN3 and 3M. 


and Thresher’ on n-p polarization has also been com- 
pared with the representations supplied: by the fits. In 
this case YLANO, YLAN1, YLAN3M were used to cal- 
culate P(6) at 20°, 30°, 40°, 50°, 60°, 80° for energies in 
the range 20 to 90 Mev. The theoretical curves are all 
good representations of the data, and as with other 
polarization data shown in Figs. 11, 12, and 14 no fit is 
selected in preference to others by the measurements. 
The phase parameters of YLAN3 and YLAN3M 
have been adjusted by the parallel shift method in 
three energy regions. As described in I following Eq. 
(4.1), this adjustment allows each phase parameter to 
change by energy-independent increments so as to 
improve the fit to data in a restricted energy range and 
tests the stability of the fit obtained with data at all 
8 P. H. Bowen, G. C. Cox, G. Huxtable, A. Langsford, J. P. 
Scanlon, and J. J. Thresher, (private communication). The authors 


are indebted to Dr. Basil Rose for supplying them with graphs of 
these data. 
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energies to possible variations in a limited energy 
interval. The adjustment was calculated for T=1 and 
T=0 phase parameters varied separately, and results 
are contained in Tables IV and V. All data available in 
the indicated energy ranges and referred to in Tables I 
and II were used. At the same time, standard deviations 
in the phase parameters, computed by the method dis- 
cussed in I and given by Eq. (2.5) of that paper, were 
obtained and are listed in Tables IV and V following 
the + sign. 

A comparison of Table IV with Table IV of I for the 
p-p analysis shows that the T=1 phase parameters are 
not as well determined in the present case. There is no 
instance of the standard deviations in Table IV of the 
present paper being smaller than corresponding ones 
for the p-p analysis. They may in fact be as much as an 
order of magnitude larger. Since there are twice as 
many phase parameters included in the present analy- 
sis, the sensitivity of the quality of data representation 
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Fic. 12. Representations of the neutron-proton polarization 
P(@) at 143, 156, 210, and 310 Mev compared with experiment. 
The data at 143 and 210 Mev were available only for the final 
stages of the YLAN3 search and for YLAN3M. 
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to changes in the T = 1 phase parameters may be expected 
to be smaller. Also, the n-p data frequently have larger 
uncertainties than the p-p data and there are fewer 
types of data. All three conditions contribute to the 
increase in standard deviations as compared with the 
p-p case. Intercomparing the two fits listed in Table IV, 
one sees that the standard deviations are consistently 
smaller, though probably not significantly so, for 
YLAN3M., 

(The results of parallel shift adjustment, which 
shows shifts usually much smaller than the standard 
deviation and only a few barely larger, attests to the 
stability of the fit to different energy emphasis. Since 
these T=1 phase parameters also provide a fit to the 
p-p data, consistency with the charge independence 
hypothesis is demonstrated lending further support to 
the conclusions of Breit, Hull, Lassila, and Pyatt.® 
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Fic. 13. Representations of k*o(@) and o(6) at 90° and o(@) 
at 45° as functions of energy compared with experiment. Too 
little data were available to permit a plot of k*0 (45°) for the low 
energies. 


®G. Breit, M. H. Hull, K. E. Lassila, and K. D. Pyatt, Phys. 
Rev. Letters 4, 79 (1960). 
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Fic. 14. Representations of P(@) for @=80° and 140° as a 
function of energy compared with experiment. Lack of data pre- 
vented comparisons at other angles. 


In Table V, similar information is recorded for the 
T=0 phase parameters. Here, the standard deviations 
for YLAN3M are notably smaller than those for 
YLAN3, especially in the lower energy range. Over all, 
the T=0 parameters are as well determined as those in 
T=1 states by the n-p data, and the stability of the fit 
to changes in emphasis on various energy ranges is 
maintained. 


IV. TRIPLE SCATTERING 


The data available in n-p triple scattering are con- 
fined to preliminary unpublished results of Fischer" 
at 310 Mev. In these experiments, the neutron target 
was in the form of deuterium and polarized protons 
were used as projectiles. The scattered protons were 
analyzed and for many of the angle settings the recoil 
neutron was counted in coincidence. The quantities 
measured were Wolfenstein’s R and D triple scattering 
parameters." For the R measurements, the neutron 
recoil was monitored only at two proton scattering 
angles; the m-p values of R at other angles were ob- 
tained by subtraction from deuteron values on the 
assumption that the target nucleons were free. These 
data were not used in the analysis, but are compared 
with predictions of the various fits in Fig. 17. All cases 
give equally good fits to the D measurements. In the 


10 EP). L. Fischer, University of California Radiation Laboratory 
Report UCRL-3281, 1956 (unpublished). 
1. Wolfenstein, Phys. Rev. 96, 1654 (1954). 
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Fic. 15. Illustrations of improvements in fits produced through 
searches YLAN3 and YLANO. Comparisons are for o(@) at 90 
Mev and P(@) at 310 Mev. 


case of R, while the general magnitude of theoretical 
and experimental results is in agreement, the trends 
with angle are not similar. The theoretical curves can- 
not be significantly changed toward the experimental 
trend without affecting adversely the fits to cross sec- 
tion and polarization in the same energy range. Addi- 
tional measurements of R at 310 Mev and other energies 
would therefore be of interest. 

The observables discussed here are not well suited 
for distinguishing between the fits obtained, as Fig. 17 
shows. Other calculations show, however, that at 210 
Mev, R for YLAN3 and 3M separates from predicted 
values for YLANO, 1, 2, 2M especially between 70° and 
100° cm, that A(@) could distinguish YLAN3 and 3M 
from the other fits at low (150 Mev) and high (310 
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Fic. 16. Examples of changes produced in the phase parameters 
by the searches which gave the improvement in fit shown in Fig. 
15. The parameters shown are K; and ps. For the latter the YLAN3 
start is the negative of the Gammel-Thaler value. 


Mev) energies in the same angular range, and that 
D(@) remains relatively insensitive. If measurements of 
R or D of the type where the incident particle is a 
polarized neutron and the scattered proton is analyzed 
can be carried out or if the correlation coefficient Cnn(@) 
can be measured, then not only might the two classes 
suggested above be distinguished, but YLAN1 could be 
separated. On the other hand, YLAN1 is not markedly 
different from YLANO,2,2M in the measurements 
where both the incident and analyzed particles are 
protons. Values of triple scattering parameters D, R, and 
A for polarized incident protons and analyzed emergent 
neutrons and of the correlation coefficient C,, are more 
sensitive to the differences between YLANI1 and 
YLANO, 2 and 2M regarding values of some of the 
phase parameters and between YLAN1 and YLAN3 
and 3M regarding the values of others than measure- 
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Fic. 17. Representations of the triple scattering depolarization 
parameter, D(@), and rotation of polarization, R(@), plotted 
against center of mass angle @ compared with preliminary un- 
published data of Fischer. In the R(@) plot, the points given as 
circles were obtained with the recoil neutron from the deuteron 
target monitored, while points shown as triangles were obtained 
by subtraction from the measured proton-deuteron rotation. 


ments of D, R, and A for polarized incident protons and 
analyzed emergent protons. There are even restricted 
angular ranges (low and high angles) where the pre- 
dictions of YLAN3 and 3M for this type R and D may 
differ enough to be distinguished experimentally from 
each other. At about 50 Mev, C,, measurements may 
be able also to distinguish YLAN3 from 3M. 


V. DISCUSSION 


The final values of 65; for all cases cluster about the 
GCT values over most of the energy range and about 
the GT values at the lower energies. The differences 
between the various fits are usually smaller than the 
difference between GCT and GT except at the lowest 
energy. At 13.7 Mev, the value of 05; ranges from 1.638 
rad for YLAN1 to 1.465 rad for YLAN2, as may be 
seen in Fig. 1. The uncertainties in the data in this 
energy region, indicated in Fig. 7, allow the wide varia- 
tion in 65;. It is assumed that the effective-range treat- 
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ment is valid for the lower energies not included in 
these searches, and within the indicated uncertainty in 
6°, it is possible to join present results smoothly to 
those of the effective-range approximation. The values 
of p: for YLAN3M have decreased from the GT start 
by about 0.05 at 100 Mev, 0.02 at 200 Mev and by a 
smaller amount at 300 Mev. From Table V it is seen 
that the decrease is just outside the calculated uncer- 
tainty for this parameter at 100 Mev, but within it at 
the higher energies. The YLAN3 values of p: are quite 
different from the starting value; —0.05 compared to 
the starting value of —0.13 at 60 Mev, and positive 
for E>165 Mev while the start continues negative for 
the whole energy range. YLAN2 has the least values, 
reading —0.11 at 100 Mev, but is still larger than its 
starting value of —0.16 at this energy. The insensitivity 
of the fits to data to precise values of p; has already 
been mentioned. It appears that slight adjustments of 
other parameters can allow for any value of p; be- 
tween 0.15 and —0.10. 

The GCT curve for 6”; turns up at high energies cor- 
responding to an increase in the value of this parameter 
with energy in the region from 220 to 300 Mev. This 
feature of the GCT curve has disappeared in the final 
fits. YLANO gives —0.33 at 300 Mev for 6”; in compari- 
son with —0.29 in the case of GCT and values well 
below that of YLANO have resulted from other fits; 
YLAN2 gave —0.47 at this energy. YLAN3 and 3M 
straddle the GT start: YLAN3M is 0.008 radian higher 
at 150 Mev, where YLAN3 is 0.01 lower, and at about 
300 Mev the values of @”; are nearly equal for GT, 
YLAN3, and YLAN3M. The YLAN3 and 3M uncer- 
tainties cover the starting values. 

For K,, YLAN3 and 3M graphs of phase parameters 
are concave when viewed from the energy axis, while 
the others are convex. The sign of the curvature is like 
that of the GT start at the higher but not at the lower 
energies, while the graphs for the remaining fits have the 
same sign of curvature as the graph for GCT. Thus 
at 100 Mev YLAN3 is 0.04 rad larger than GT, 
and YLAN3M is 0.09 rad larger, while at 250 Mev, 
YLAN3M is nearly equal to GT, and YLAN3 is 0.05 
rad smaller. The other fits are from 0.02 to 0.12 rad 
larger than GCT at 100 Mev, and bracket GCT at 
300 Mev. 

The graphs of 6?, show a maximum at energies below 
300 Mev for all of the fits and are in this respect like 
GT but unlike GCT. YLAN3M is lower than GT, 
however, by 0.07 rad at 200 Mev and 0.02 rad at 300 
Mev. YLAN3 is 0.03 rad lower at 200 Mev and nearly 
equal to GT at 300 Mev. YLAN1, though started as 
GCT, is nearly 0.3 rad lower at 300 Mev, and nearly 
reproduces GT. 

In the case of *@”3, the negative values at low energies 
for the GCT start have disappeared, and the large 
value of 0.25 rad at 300 Mev has become only 0.15 rad 
for YLANO. The rapid rise with energy of 9”; for both 
GCT and GT is not reflected in any fit except YLAN2, 
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Taste IV. Standard deviations and displacements of YLAM phase parameters calculated with n-p data for YLAN3 and YLAN3M 


The entry is given by the number and the power of 10 by which it should be multiplied. 





Standard deviations and shifts of phase parameters in T=1 states 


Values in radians except for ps" 











Energy range and search Ko 5? 6? 6?» po g! Ke 
13.7-95 Mev YLAN3 +5.0(—2) +1.5(—1) +5.7(—2) +4.5(—2) +5.8(—2) +2.8(—2) +1.8(—2) 
—4.6(—3) —3.3(—3) +4.6(—3) —1.2(—2) +2.1(—3) +6.8(—3) —1.7(—3) 
YLAN3M +4.4(—2) +6.8(—2) +2.0(—2) +1.1(—2) +3.0(—2) +4.7(—3) +1.4(—2) 
—6.0(—3) —5.3(—3) —1.9(—3) —1.7(—2) 3.8(—4) —6.5(—4) —6.3(—3) 
105-172 Mev YLAN3 +5.5(—1) +5.0(—1) +7.6(—2) +2.3(—2) +4.7(—2) +5.2(—2) +9.2(—2) 
—9.1(—4) +1.9(—3) +2.4(—3) +1.2(—2) —4.0(—3) +7.6(—3) —8.8(—3) 
YLAN3M +6.6(—2) +8.4(—2) +1.4(—2) +9.6(—3) +1.7(—2) +9,.2(—3) +1.4(—2) 
+8.0(—4) +2.7(—3) +9.3(—4) —2.7(—3) +5.4(—3) +1.8(—2) —5.6(—3) 
215-310 Mev YLAN3 +2.0(—1) +3.2(—1) +5.8(—2) +6.9(—2) +1.0(—1) +5.7(—2) +3.3(—2) 
+4.2(—4) +1.1(—3) +1.7(—2) —2.0(—2) +-2.0(—2) —2.9(—2) +1.5(—2) 
YLAN3M +1.7(—1) +1.6(—1) +3.3(—2) +2.3(- +8.8(—2) +3.6(—2) +2.3(—2) 
+7.1(—4) +5.8(— +5.8(—3) —1.4(—2) +5.0(—3) —1.1(—2) +6.4(—3) 
* In the highest energy range, 5”, 6" 4, and pa were included in the error determination and pars allel shift gradie ont rhe standard deviations of these quan 
tities in that range are +7.4(—2), +4.7(—2), +3.8(—2), respectively, for YLAN3, and +7.2(—2), +2.3 +2.9 2), for YLAN3M. Their shifts 

are +3.9(—3), +1.2(—2), —5.1( 3), respectively, for YLAN3, and —5.7(—3), +6.2(—3), —4.6 —3), for VL AN3M 


which practically vanishes at an unreasonably high 
energy of ~100 Mev and appears improbable so far 
as the representation of this parameter is concerned. 
YLAN3M varies more gently with energy, crosses the 
GT start at 70 Mev, is 0.14 rad smaller at 200 Mev 
and about 0.10 rad smaller at 300 Mev. YLAN3 prac- 
tically vanishes below 100 Mev, and has the smallest 
values of 0”; of any fit at all energies: It is 0.20 rad 
smaller than GT at 200 Mev, and 0,12 rad smaller at 
300 Mev. The vanishing of the fitted values of *0?; at 
unexpectedly large energies has no literal significance, 
the uncertainties in the determination of the phase 
parameters being large as seen in Table V. 

The behavior of K; and p; has already received some 
attention. Both GCT and GT as well as OPEP values 
are negative for K; and YLAN1, 3, and 3M remain 
negative. YLAN3 deviates only slightly from its OPEP 
start at high energies, and its calculated uncertainty 
includes the starting value. The same is true of 
YLAN3M. For ps, the fitted values are all positive for 


YLAN1, 3, 3M and predominantly negative for YLANO, 
2, 2M. There is little resemblance to starting values: 
YLANO, 2,2M are all larger by 0.10 or more than 
GCT or the negative of GT, while YLAN1, 3 are not 
even of the same sign. YLAN3M started as GT, and 
GT is found to be 0.03 low at 100 Mev, and about 0.10 
low at 300 Mev. The compared point illustrates 
the fact that the relatively sharp maximum of the GT 
plot of p3 against energy is not found in any of the final 
fits. 

For *6%3, the fitted values for YLANO, 1, 2,2M are 
much smaller than those for GCT: These fits cluster 
about a value of about —0.14 rad at 200 Mev compared 
to —0.08 rad for GCT, and about —0.23 rad at 300 
Mev compared to —0.105. YLAN3 and 3M were 
started at the OPEP values of 923, and have moved 
from it toward those for GCT, but are left between the 
GCT and GT values. They are within each other’s un- 
certainty, nearly four standard deviations lower than 
OPEP at 300 Mev. For *6°,, GT and GCT bracket the 


last 


TABLE V. Standard deviations and displacements of T=0 phase parameters for YLAN3 and YLAN3M. 
The entry is given by the number and the power of 10 by which it should be multiplied. 


Standard deviations and shifts of phase parameters in 





T=U states 


Values in radians except for p;, 03* 








Energy range and search 0s, pi 6”, Ky 5”, 6”; ps 
13.7-95 Mev YLAN3 +8.8(—2) +1.0(—1) +2.1(—1) +4.0(—1) +5.7(—2) +3.9(—2 +2.1(—2) 
—8.6(—3) +6.2(—4) +9.8(—4) —3.7(—3) -4.1 3) 1.7 3) —7.5(—4) 
YLAN3M +1.6(—2) +8.0(—2) +1.5(—2) +1.1(—2) +1.8(—2) +1.0(—2 +1.5(—2) 
—iii=-3} =-1-3) ~982-H <=<60-—3 —33(—35) 16(—3) +1.3(—3) 
105-172 Mev YLAN3 +5.3(—2) +5.9(—2) +4.4(—2) +2.8(—2) +2.4(—2) +2.2(—2) +2.7(—2) 
+7.1(—3) —2.4(—3) —5.3(—4) +9.7(—3) +1.5(—2) +-2.9(—3) +7.5(—3) 
YLAN3M +9.8(—3) +3.5(—2) +1.3(—2) +9.0(—3) +1.2(—2) +6.0(—3) +1.2(—3) 
—-3.8(—4) —3,9(—3) +3.7(—3) +4.9(—3) +2.1(—3) —6.0(—3) +1.3(—3) 
215-310 Mev YLAN3 +9.9(—2) +1.4(—1) +4.1(—2) +7.4(—2) +5.6(—2) +2.7(—2) +8.5(—2) 
+8.2(— —2.2(—3) +3.2(—3) —5.2(—3) —7.7(—3) +1.0(—2) —3.6(—3) 
YLAN3M +3,.9(—2) +9.9(—2) +5.0(—2) +3.0(—2) +3.7(—2) +2.2(—2) +5.9(—2) 
+3.3(—3) +7.5(—4) —9.8(—4) +4.6(—3) —1.9(—3) 6.8(—3) —1.0(—2) 
* In the highest energy range, Ks, 03, 5%, 6%s, and ps were also searched. The standard + pe ae of these quantities were, respectively, +4.1(—2), 
+3.0( —2), +6.7(—2), +2. 8(—2), +3.0(—2) for YLAN3, and +3.0(—2), +2.3(—2), +4.2(—3), +2.0(—2), +2.8 2), for YLAN3M. The shifts of the 
quantities are, respectively, —7.6 3), —3.7(—3), +1.5(—2), —8.4(—3), +1.6(—3) for YL ANG. and —4.4 3), +9.0 3) 5.8(—3), +1.2(-—3) 


for YLAN3M 














NEUTRON-PROTON SCATTERING FROM 13.7 


OPEP values, and YLAN3, 3M refiect this situation 
in the fits. They are lower than OPEP by 0.04 rad at 
300 Mev, but as Table V shows, the difference is 
within the relatively large uncertainty for this phase 
parameter. The other fits are smaller than either GCT 
or GT values at low energies, but YLANO and 1 ap- 
proach the GCT values at 300 Mev, while for YLAN2 
and 2M the plots of phase shift against energy go 
through a maximum and then approach GT. 

Both 6°; and ps were started at OPEP values for all 
cases, and YLAN3, 3M differ from the start only at 
high energies. YLAN3 is 0.014 rad lower than OPEP 
at 300 Mev for 6%;, but this is within the statistical un- 
certainty; YLAN3M is nearly the same as OPEP. 
YLANDO, 2, 2M are all within the uncertainty limit on 
the YLAN3 value of 6%;, but YLAN1 is more negative 
than OPEP by 0.03 rad at 200 Mev and 0.054 rad at 
300 Mev. In the case of ps, the YLANO, 1, 2, 2M fitted 
values are much smaller than OPEP values, and 
YLAN2, 2M are negative above 250 Mev. YLAN3, 3M 
have values rather close together, deviate only at large 
energies from OPEP where they are about 0.036 smaller 
at 300 Mev, a difference of about 1.5 standard 
deviations. 

The most striking difference between the phase pa- 
rameters of the YLAN3, 3M fits is in the case of pi, as 
has already been suggested. However, even in this case 
the uncertainty limits of the two fits overlap, and the 
differences in their predictions for the measured quan- 
tities are expected to be minor. The data points and 
theoretical curves of Figs. 7-14 and Fig. 17 confirm 
this supposition. The insensitivity of the cross-section 
data to the values of p; is strikingly illustrated in Fig. 8: 
at 90 Mev the fits all group close together, while Fig. 1 
shows the greatest separation in the values of p; in this 
energy region. There appears to be no signficant effect 
on the polarization and triple scattering predictions 
either. It is true, of course, that other phase parameters 
have adjusted themselves for changes in p;, but that 
such adjustments are small has already been brought 
out. This is in contrast to the influence of p3, which is 
about the same size as pi. Major readjustments, at 
least in K3, are required to maintain fits to data when 
ps changes sign. There seems, however, to be an in- 
sensitivity to changes in sign of ps; and K3, provided 
that their signs are opposite to each other. Thus 
YLAN1 predicts different results for measurements 
than do YLANO, 2, 2M only for some triple scattering 
parameters as yet unobserved. 
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The question of the sign of K3, p3 has some bearing 
on the determination of the distance at which the 
OPEP becomes effective,® since the fitted values of these 
phase, parameters have the same sign as predicted by 
the OPEP for YLAN1, 3, 3M and opposite for YLANO, 
2,2M. The values of K; in searches YLAN3, 3M are 
close to the OPEP values, as may be seen by comparing 
Fig 4 and Fig. 16; their uncertainties easily include the 
potential values. For ps the searched values in cases 
YLAN3, 3M are smaller at high energies than OPEP 
differing from it by ~2 standard deviations at 300 Mev. 
However, in a first order estimate, modifications in 
OPEP needed to reproduce YLAN3,3M appear to 
be small compared to those needed for YLANO, 2, 2M. 

As in the case of the p-p analysis reported in I, poten- 
tials applicable to states of sharp J and parity have 
been sought which can represent the phase parameters 
as a function of Z. Conditions on the logarithmic de- 
rivative of the wave function, discussed in I, Sec. V 
would then be automatically satisfied. 

The search was conducted by assuming potentials of 
the form suggested by Bryan’s work on the p-p case," 


V (x)= (% aax")e-**+ OPEP, 


‘with the a, treated as adjustable parameters. Gradient 


searches in the space of the a, were conducted indi- 
vidually for each J and parity, and potentials have 
been found to give a satisfactory fit to the YLAN3M 
phase parameters, although some details of the 
YLAN3M curves are not exactly reproduced at the 
present stage of the potential adjustment. The result- 
ing potentials have a general resemblance to others 
published in the literature. Work is continuing on the 
problem of fitting the phase parameters with central, 
tensor, and spin-orbit potentials adjusted simultane- 
ously in all states. 
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An interaction Hamiltonian of the weak interaction between baryons and pions is described in the 
three-dimensional charge space. In order to determine the types of interaction, a conservation law of 
extended chirality is speculated; the branching ratios and the absolute lifetimes of the hyperon decays in 
the nonleptonic modes are calculated and the results are compared with the experiments. 


CCORDING to the experiments of Cool ef ai.,! 

it has been found that the up-down asymmetry 
of the hyperon decay in the nonleptonic mode cannot 
be described by the V—A interaction of the Yukawa 
type. Attempts have been made by several authors?~® 
to understand the strange behavior of the hyperon 
decay in terms of a linear combination of the V+A 
interaction and the V—A interaction. In this article, 
a variant theory of the weak interaction is proposed in 
which a new conservation law could explain the 
experiments quite well. 

In the current formulation of the isospin J, an 
invariant Hamiltonian in the usual isospin space 
cannot be given for the weak interaction since this 
obeys the selection rule AJ=}. An alternative formu- 
lation in the three-dimensional isospin space proposed 
by d’Espagnat, Prentki, and Salam’ and also by 
Takeda’ leads us to a satisfactory answer, although 
the same formulation cannot be applied to the strong 
interactions. Let us follow the M-space formulation’ 
and arrange the baryons and pions into the triplet and 
the singlet systems: 


fi=(E+p)/V2, pa=(E-— p)/V2i, 
ps= (=—n) /V2, po= (2+n)/V2, 


gi=(2-+24)/V2,  qo= (B-—B+)/v2i, 


(1) 
qs=2’, qo=A, 
m= (a-+nt)/V2,  3re= (9 -— wt) /V2i, 
T3= 7’, ro=7". 


The existence of x” is, of course, quite obscure, but 
we retain it for the sake of symmetry. 

Next, we write the Hamiltonian of the weak inter- 
action between baryons and pions as an invariant in 
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3 B. d’Espagnat and J. Prentki, Phys. Rev. 114, 1366 (1959). 

4R. S. Sawyer, Phys. Rev. 112, 2135 (1958). 

5S. A. Bludman, Phys. Rev. 115, 468 (1959). 

6 F, Giirsey, Nuovo cimento, 16, 230 (1960). 

7B. d’Espagnat, J. Prentki, and A. Salam, Nuclear Phys. 5, 
447 (1958). 

8 G. Takeda, Progr. Theoret. Phys. (Kyoto) 19, 361 (1958). 


the three-dimensional isospin space : 


H=a(pXx)-q+bpuxr-q+cpro-q+dp-xq0 
+epomogot+H.c. (2) 


Here p=(p1,f2,p3), and similarly for x and q. The 
letters a, b, c, d, and e are the coupling constants. 

Now, suppose the following transformation S of 
charge symmetry : 


$3 Pe —~ — po, q2—> —q2, T2— — Ta, ‘ 


ss aan . (9) 
(poe, Zt Zz, wt 


A qn). 


The transformation S will change the sign of the electric 
charge of charged particles without transforming them 
into their antiparticle states. It will be easily seen that 
the term with the coefficient a in (2) changes sign under 
the transformation S, while the other terms remain 
invariant under S. 

For the universal Fermi interaction, Sudarshan and 
Marshak® succeeded in deriving the V—A type by 
requiring invariance under the chirality transforma- 
tion.” It is clear, however, that we cannot extend this 
principle in a straightforward manner to the weak 
interaction of the Yukawa type for baryons. In fact, 
if we require the invariance of the Hamiltonian under 
the chirality transformation X we get exclusively the 
V —A interaction. Invariance under X means that 


H=avsd 


must be invariant under the two independent 
transformations: 

Yaya, YVa—vs, 49, 
and 


ve —? Yep, Wa 


As was mentioned previously, the V—A 
alone is at variance with the experiments. 

In this respect, it is tempting to us to modify the 
chirality transformation for the case of baryon inter- 


>a, ~— >. (4) 


interaction 


* E. C. G. Sudarshan and R. E. Marshak, Phys. Rev. 109, 1860 
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actions. We require that the interaction Hamiltonian 
must be invariant under the combined transformation 
of S and X." 

The terms Pay.(1+75)¥20. and Payy(1—75)¥0.6 
are respectively invariant and pseudoinvariant under 
the chirality transformation (4). Therefore, it is 
obvious that if we take Q,=y,(1—v5), ®=2,=2,=2, 
=7,(1+-7s), then we are able to prove the SX invariance 
in the Hamiltonian (2). Here Q,, 2%, 2, Qa, and Q, are 
the Dirac operators to be inserted in the bilinear forms 
of the two baryon fields in the terms of (2) with the 
coefficients a, 6, c, d, and e, respectively. The final 
expression of (2) thus obtained is a linear combination 
of the V+A interaction and the V—A interaction. 

The observed value' of the asymmetry parameter 
a in the mode 2+ — n + a* is very small. It is not at 
variance with (2) if we assume 

+a/i=b. (5) 
Then we get 
H= (a/i){Pyu(1—5)2*0,0°— prya(1—y5)2°O,a*} 
+ (a/i)(€/2){ ty (1+-75)2°O,w° + By, (1+-75)2°, 9°} 
+y 2 (a/i){#Q,2+0 er : + AQ ,wt} 
+ (a/i){E-yu(1—Y0)2°9,a- —E-yn(1—75)E-9,0"} 
+2 (a/i){2°Q\2-0,9++2°0.2+0,0-} 
+f Py. (1+y8)2*+E-y,(1+-y5)2- 
+ (1/V2) (BPR) p(1 +75) 2°99” 
+d{pryu(1+7s)Ad et — (1/V2)fiy,(1+-¥5)A0,9°} 
+E -y.(1+-75)Ad a+ (1/V2)E°y,(1+-5)Ad,°} 


+ (e/V2)(+n)yu(1+ys)Ad,e"+H.c. (6) 
For Q;, Qe, and e, we have two possibilities. 
Case (I): 
Q:=yu¥s, Qe=y, €=1, for +a/i=d. (7a) 
Case (II): 
Q=y, Q=y¥s, «=—1, for —e/i=b. (7b) 


Since the existence of x” is quite doubtful, we omit it 
tentatively in the later discussions. The main results 
of this theory which can be directly compared with 
the experiments are summarized as follows: 

1. The consequences derived from the selection rule 
Al=4 are reproduced in our Hamiltonian (6). For 
instance, the branching ratio in the A decay and = 
decay will come out from (6) to be 


o(A— pt+r-)/c(A— n+7°)=1.9, (8a) 
o(Z- > a-+A)/o(2° > w+A)=2.3. (8b) 
Equation (8a) is in good agreement with the 


experiments.!?# 
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2. We predict two types of parity-nonconserving 
interactions : 


, te 
V-—A: & 
A: & 


—a +A, 
A— 1+}, 

V+A: Stow +p. 

An experimental check on this problem may come, for 
example, from the studies on the sign of the asymmetry 
factors a of these modes of the polarized hyperon decay. 


3. The asymmetry factors @ inferred from (6) are as 
follows": 


= — +A, 
A— w+n, 


Decay modes a 
A— ptr, n-+ 7° 0.91 
2 ate, LTtontr 0 
zt — p+r — 1.00 
= —Ata, 2°—-A+7° 0.97 


With regard to the A decay and the = decay, these 
values are not at variance with the observed values.’ 
The signs of the a’s have not been established, and are 
subject to further experimental studies. 

4. It is interesting to note that the calculated values 
of the branching ratios in the various modes of = 
decay are quite diverse for the case of (7a) and (7b). 

Case (I). Equation (7a) gives 


a(2+ — n+n*):0(2* — pt+r"):0(2- > n+) 
=0.8:1:1.2, 


rz-/re*= 14. 


(9a) 


Here rz- and rz*+ are the mean lifetimes of 2~ and 2+ 
with regard to the pion decay (without 7”). 
Case (II). Equation (7b) gives 
a(2+— n+n*):0(2+ — ptr"): 0(2- > n+2-) 
= 1.2:1:0.9, 


73°) T3°™ 2M. 


(9b) 


The results given by (9a) and (9b) are both in poor 
agreement with the experiments,'> which have reported 
1:1:1 for the branching ratio. It is instructive to 
reflect that any theory which leads to parity non- 
conservation for 5+ — x°+ p and to parity conservation 
for £~—>a--+n and =+—>2*t+n should have the 
same results as ours. The 1:1:1 ratio could only be 
deduced if we neglect the differences in the coupling 
types and also the diversity in masses for each member 
of the same multiplet. 

5. Now we shall discuss the relationship among the 
lifetimes for the pion decays of A, Z, and 2. By using 
the observed values for the mean lifetime of A, 


Ts exp= (2.505+0.086) X 10-" sec, 








1H. Umezawa, M. Konuma, and K. Nakagawa, Nuclear Phys. 
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an lifetimes (in units of 10- sec) for = and A decays as functions of the x” mass. 
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* See reference 19. 


we get from (6) 
d?/4e= (4.72+0.2) X 10"5u 


9 


(10) 


where y= pion mass= 140 Mev. 
The lifetime of the Z particles can be calculated from 
(6). By inserting (10), we get 


Tz-=1.9X10-" sec, 


(11) 
Tz9=4.3X10- sec. 


Further, if we assume 
| _ | 
| a| — | d| ’ 


ys 


a*9 


we can infer from (6) the mean lifetime for the 
which is found to be different in cases (I) and (II). 
Case (I): 

tz-=0.7X10-" sec, (12a) 
Case (II): 


T2-=1.0X10-" sec. (12b) 


The present results are shorter than the experimental 
values, 
- exp=1.59X10-" sec, 


by a factor of ~0.6. It must be mentioned that the 
doublet scheme,’* in which Y=(1/v2)(—2°+<A) and 
Z=(1/v2)(2°+<A) are used instead of 2° and A, will 
have the same relationship as ours (|a|=|6|=|d{), 
if we apply the doublet scheme to the weak interaction. 
In this respect, we are led to consider two alternative 
possibilities. 

(i) It is not surprising to find that the effective 
coupling constants for the = decay and those for the 
A decay are not equal.’’ In other words, the values of 
|a|, |5|, and |d| which we have estimated using the 
experimental lifetimes are the effective coupling 
constants, including secondary effects such as the 
corrections due to the strong interactions for the 
particles involved in these processes. As far as the 
“bare” coupling constants are concerned,!* we cannot 
tell anything definite about their universalities from 
the present analysis. 

(ii) The contribution from 2” will bridge over 
discrepancies. It is premature to have excluded the 


16 M. Gell-Mann, Phys. Rev. 106, 1296 (1957). 

170, Hara, Nuovo cimento 14, 114 (1959). The author assumed 
two coupling constants, gy and ea=Vigp 

18S, Barshay, Phys. Rev. Letters 4, 618 (1960). 


effects from 7” only because it has not so far been 


observed. Let us consider what would be involved 
with wr”. Consider the possible modes of the 2+ decay 
and the A decay which the 
emission of 2” 


are accompanied by 


7! + p, 


(13) 


A wr’ +n. (14) 
If the x” mass is different from the x° mass (see Table I), 
it seems likely that x” might have 
in the investigations of the normal mode of A 
decay. The well-established value of 2:1 for the 
charged/neutral branching ratio would not, therefore, 
be upset even if we take into account the contribution 
from the channel (14) to the A decay. In this case the 
coupling constants estimated from the observed 
lifetime of the A decay would be revised. It is clear 
that the result depends on the mass of #” as is shown 
in Table I. 

In estimating the lifetime of the = particles, we must 
now add the decay processes involved with the emission 
of x”: 


escaped observation 


(15) 


_— 
= 
— 


7 » + A 2s 


a 


(16) 
If we take into account the contributions from (15) 


and (16), the values of rz- and rz° will be modified: 


135 Mev 
105 Mev. 


~ S€C, 


X10-" sec, 


Mo’ 


Tz-=2.5 
=2. 


5 M xo! 


T=°=2.9K 10~" sec 
=1.8X10-" sec, 


135 Mev 
105 Mev. 


mM, —— 
(18) 
Mrxo 


These results are not at variance with the observed 
ones'®-!® so far reported. 

The experiments on the absolute lifetimes and the 
relative probabilities for the pion decay of = and = 
particles seem to us to be not accurate enough to rule 
out all possible cases given in Table 
selection among them. 


19 W. H. Barkas and A. H. Rosenfeld, 
Annual International Conference on 
Rochester (Interscience Publishers, Inc 


I, or to permit a 


Proceedings of the 1960 
High-Energy Physics at 
, New York, 1960), p. 877. 
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6. Lastly, we shall discuss the weak interaction of 
leptons. If we assume that the neutrino belongs to the 
singlet state in the M space, we have good reason to 
expect exclusively the V—A interaction for the decay 
process involving the emission of neutrinos, since then 
the interaction terms which are S pseudo-invariant and 
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X pseudo-invariant will be lost. We could thus extend 


the principle of SX invariance to the universal V—A 
theory’ °" for the weak interaction of leptons. 


*R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958). 


21 R. H. Dalitz, Revs. Modern Phys. 31, 823 (1959). 
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Direct Nucleon-Nucleon Collisions inside the Nucleus According to 
the Impulse Approximation* 


LESTER WINSBERG AND THOMAS P. CLEMENTS 
Lawrence Radiation Laboratory, University of California, Berkeley, California 
(Received November 18, 1960) 


Direct nucleon-nucleon collisions play an important role- in 
high-energy nuclear reactions. The importance of such collisions 
at lower energies is not clear. To aid in the interpretation of nu- 
clear reactions, we have analyzed the collisions between an in- 
cident nucleon and nucleons in a Fermi gas by means of the 
impulse approximation. The treatment given here is based on 
information from nucleon-nucleon scattering experiments. Col- 
lisions inside a nucleus are considered to be the same as those in 
the unbound state at the same center-of-mass energy, except for 
the effect of the Pauli exclusion principle. The effective elastic 


HE processes that occur during a nuclear reaction 
are not well known. One usually assumes that 
the collision between a high-energy particle and a 
nucleon inside a nucleus is essentially the same as in 
the unbound state at the same center-of-mass energy, 
except for the effect of the Pauli exciusion principle. In 
line with this “impulse approximation,” information 
obtained from p-p, n-p, and m-p scattering experiments 
has been used in the analysis of nuclear reactions in- 
duced by high-energy particles.! This type of analysis 
has been successful in interpreting the available infor- 
mation on reactions induced by particles with energies 
of 1 Bev or less. However, serious discrepancies appear 
at higher energies.” 

An analysis of nuclear reactions by means of the 
impulse approximation would be facilitated if the 
values of the effective collision cross sections (¢) of 
neutrons and protons inside nuclear matter were known 
at all energies. This information would be especially 
helpful for a study of the simpler reactions in which 
one or at most a few nucleons are emitted. The distance 
the incident particle penetrates the nucleus and the 
probability of escape of the collision products could be 
directly calculated from the values of (a). The experi- 
mentally determined values of the cross sections, angu- 


*Based on work performed under the auspices of the U. S. 
Atomic Energy Commission. 

1N. Metropolis, R. Bivins, M. Storm, A. Turkevich, J. M. 
Miller, and G. Friedlancer, Phys. Rev. 110, 185, 204 (1958). 
Further references are given there. 

2D. R. Nethaway and L. Winsberg, Phys. Rev. 119, 1375 
(1960). Further references are given there. 


and inelastic cross section, (0), between like and unlike nucleons 
is computed for incident energies from 10 Mev to 6 Bev at several 
values of the Fermi energy. The properties of the struck nucleons 
in allowed collisions are also calculated. This information may 
prove useful in interpreting some recoil experiments. Analytical 
expressions for (¢) and quantities related to the struck nucleon 
are given for elastic collisions in which the scattering is isotropic 
and the free-particle cross sections are either constant or vary 
inversely as the bombarding energy. 


lar distributions, and kinetic energies of the products 
of the simpler nuclear reactions could then be compared 
with the results of a “one-step” calculation. In the 
calculation of Metropolis ef al., these reactions are 
treated along with all the other reactions that occur.’ 

The values of (¢) have been previously estimated 
over a restricted range of incident energies, usually 
limited to cases in which the scattering is isotropic in 
the center-of-mass system.*~* Because of their useful- 
ness, we present analytical expressions for («) and for 
various quantities related to the momentum of the 
struck nucleons in allowed collisions. Here we consider 
only isotropic elastic scattering in which the free- 
particle cross section remains constant or varies in- 
versely with energy. 

The analytical solution of the general case is very 
complex. For this reason we have computed (¢) and 
the properties of the struck nucleons, by means of the 
Monte Carlo method, for incident energies from 10 
Mev to 6 Bev at several values of the Fermi energy.” 

3M. L. Goldberger, Phys. Rev. 74, 1269 (1948). 

4Y. Yamaguchi, Progr. Theoret. Phys. (Kyoto) 5, 332 (1950). 

5S. Hayakawa, M. Kawai, and K. Kikuchi, Progr. Theoret. 
Phys. (Kyoto) 13, 415 (1955). 

6 FE. Clemental and C. Villi, Nuovo cimento 2, 176 (1955). 

71. G. Ivanter and L. B. Okun, Zhur. Eksptl. i Teoret. Fiz. 32, 
402 (1957) [English translation: Soviet Phys.—JETP 5, 340 
(1957) ]. 

8 R. M. Sternheimer, Phys. Rev. 106, 1027 (1957). 

* J. R. Fulco, Phys. Rev. 114, 374 (1959). 

1 T, P. Clements and L. Winsberg, University of California 
Radiation Lab. Rept. UCRL-8982 (1960) (unpublished). This 


report contains a more complete description of the results than 
can be presented here. 
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antities for isotropic scattering, where o=o9 and £, > 2Er. 
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In our treatment the nucleus is assumed to consist of 
neutron and proton Fermi gases. Collisions between 
two protons and between two neutrons are considered 
to be equivalent. 

Finally, we compare the values obtained from the 
analytical expressions with the computed values. The 
information about the struck nucleons may prove use- 
ful in interpreting some recoil experiments. 


ANALYTICAL EXPRESSIONS FOR ISOTROPIC 
ELASTIC SCATTERING 


In this section we present analytical solutions for (c) 


and the quantities related to the momentum of the 
struck nucleons for elastic collisions in which the 


TABLE II. Relativistic expressions of (¢) and other qua 
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scattering is isotropic in the center-of-mass system, 
and the free-particle cross section either remains con- 
stant or varies inversely with energy. The latter type 
of cross-section dependence occurs below 150 Mev for 
both p-p and n-p collisions. Above this energy the 
elastic p-p cross section is nearly constant until about 
1 Bev." 

For elastic collisions between particles of the same 
rest mass, mo, the final energy of each particle, is given by 


E, +E, 
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1! W. N. Hess, Revs. Modern Phys. 30, 368 (1958). 
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Table IIT. Nonrelativistic expressions of (c) and other quantities for isotropic scattering, 
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where /; and EF, and ; and fp» are the energies and 
momenta of the incident and struck particles, respec- 
tively, w is the collision angle, and A =~yry2— pips cosw. 
Quantities in the center-of-mass system are denoted by 
primed symbols: @’ is the scattering angle and ®’ is the 
azimuthal angle. The incident energy, Fi, is defined 
here as the energy of the incident particle inside the 
nucleus, i.e., the sum of its energy outside the nucleus 
and the energy of the potential well. For our purposes 
it is unnecessary to specify either of the latter two 
quantities, merely their sum. In this paper velocities, 
denoted by £, are in units of c, the velocity of light; 
momenta, p, are given in units of moc, and the kinetic 
energies, /, in units of moc*. The total energy of a 
particle in these units is y=1+. The + sign of the 
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second and third terms in Eq. (1) is for the incident 
particle, and the — sign is for the struck particle. A 
general equation for the elastic and inelastic cases is 
given in reference 10: 

The effective nucleon-nucleon collision cross section 
inside nuclear matter is given by 


. B”’ do 
(o)= if ff —P(p2)dpod cosw—(E",6’)dQ, (2) 
By dQ 


where 8” and E” are the velocity and kinetic energy, 
respectively, of the incident particle in the coordinate 
system of the struck particle, P(p2)dp2 is the distribu- 
tion in magnitude of the momenta of the struck par- 
ticles, do/dQ is the differential cross section, and E” 


TABLE IV. Relativistic expressions of (¢) and other quate for isotropic sc seth where @ is pongeetiams to 1/E” and E, 2 2Er. 
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equals A—1. The normalization factor 4 arises from 
the integration with respect to cosw between +1 and 
—1. The other limits of integration are set by the re- 
quirement that the energy of each product of the 
collision be greater than the Fermi energy, Er. For 
this purpose we set Lgnai equal to Er in Eq. (1) and in 
equivalent expressions for inelastic collisions. 
The average value of any variable x in permitted 
collisions is 
(x)= (ex)/(o), (3) 


where (ox) is obtained from Eq. (2) [or Eq. (4) ] by 
putting x under the integral sign. 
For isotropic elastic scattering, Eq. (2) reduces to 


fi 71 Pp 
*)=—— -f (1—2F + E2/E,)P(ps)d pe» 
2 "+1 


1, ad cosw 


(4) 


A (pr+p2+2pips cosw)? 


where we have F= Er/ FE, and ¢, the total free-particle 
scattering cross section, is a function of E’”’. The lower 
limit of the first integral sign is zero for E,>2E,p. For 
E,\<2Ep, we have E2=2Er—E£,. In either case the 
upper limit is pr, the Fermi momentum. For a Fermi 
gas, we have 


P(p2)dp2=3p7dp2/ pr’. (5) 


The solutions of Eqs. (3) and (4) for £,>2E,y are 
given in Tables I-IV. The free-particle cross section is 
assumed to remain constant with energy in Tables I 
and II and to vary inversely with energy in Tables III 
and IV. For nonrelativistic energies we obtain solutions 
to terms in F* (Tables I and III). For relativistic 
energies F is small. Here we give solutions only to 
terms in F (Tables II and IV). In these tables a» is the 
free-particle cross section at the incident energy F, 
when the struck particle is at rest. 

We do not give any expressions for the condition 
E\<2Ep, because the impulse approximation implicit 


'00 








Fic. 1. The variation of K in the expression (0) =09(1—KEr/F;) 


for elastic nucleon-nucleon collisions as a function of the energy, 


E,, of the incident nucleon. Like-particle collisions are indicated 
by p-p or n-n, unlike-particle collisions by n-p or p-n. 
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in this entire treatment is not valid at low energies. 
However, they can be derived from Eq. (4) by setting the 
lower limit of the first integral equal to (4Er—2£;,)?.56 
In addition to (c), for allowed collisions we list (p2), 
the average value of the initial momentum, po, of the 
struck particle; (cosw), the average value of the cosine of 
the collision angle ; (p2 COSW)cosuw>0 aNd (P2 COSW)eosw<o, the 
average value of the projection of #2 on the beam direc- 
tion, for positive and negative values of cosw, respec- 
tively; and (2 sinw), the average absolute value of the 
projection of 2 on the plane perpendicular to the beam 
direction. 

The expression for (c) in Eq. (a) of Table I was 
originally derived by Goldberger. The derivation of 
(oc) has also been given for the case where o varies as® 
1/E” or as* 1 /(E"’+constant ). 

The solutions of Eqs. (3) and (4) given here are for 
like-particle scattering or for the unlike-particle case 
where the Fermi energy of the proton is identical to 
that of the neutron. Equations (2) to (4) can also be 
solved for different values of the Fermi energy, as in the 
case of nuclei with unequal numbers of neutrons and 
protons. We denote Fr/£; for the proton by F, and for 
the neutron by F,. Here, we have 


(c)=4((o)F =Fp+(c)F=Fn), (6) 


where (c)r=F, and (o)r=F, are the solutions of Eq. 
(2) or (4). The quantities (x) can be obtained in a sim- 
ilar fashion for this case. 

In this section we have derived expressions for elastic 
isotropic scattering. The analytical solution of Eq. (2) 
for nonisotropic scattering is difficult because of the 
complexity of the experimental data." It is, therefore, 
not presented here. Furthermore, the expressions given 
in Tables I to IV will be sufficient for the later 
discussion. 

A machine computation was performed for the solu- 
tion of the general case. 


COMPUTATION 


The complex nature of nucleon-nucleon scattering 
compelled us to evaluate (c) and the quantities related 
to the struck nucleon by means of machine computation 
(IBM 701) for the actual experimental data. This 
complexity is especially marked for the higher bom- 
barding energies where both nonisotropic and inelastic 
scattering are prominent." 

The values of (c) for the general case [Eq. (2) ] were 
computed for each value of £; by means of the Monte 
Carlo method from 


> B"da/dQ 
(7)= 


B, >- (do/dQ) o 


where the sums are taken over a sequence of random- 
number quadruples, related to the kinematical variables 
by Eqs. (8)-(11). Here we have e=1, if the energy of 
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both particles after the collision is greater than Ey, or 
e=0 otherwise. The quantities 8” and o depend on 
pb: and w; do/dQ on po, w, 6’; and € on po, w, 6’, and &’ 
[see Eq. (1) and reference 10]. The four independent 
variables necessary to evaluate each entry in Eq. (7) 
were obtained from the following relationships: 


po= bilpe, (8) 
cosw= 1—2£., (9) 
(10) 
(11) 


cos6’ = 1— 2é;, 
’= 2rks, 


where each £ is a random number in the interval 0 to 1, 
chosen by a method given by Taussky and Todd.” 

For convenience in machine computation, we have 
expressed do/dQ in the form of power-series functions 
of £” and cos6’."* Only nuclear scattering was included. 
The contribution of Coulomb scattering was subtracted. 
In this report we consider only those inelastic collisions 
that lead to pion production. The formation of other 
particles is neglected. We were not able to correlate 
all the available data on pion production in a form 
suitable for machine computation. Instead we derived 
expressions for the energy of each nucleon resulting 
from inelastic collisions, based on two different assump- 
tions about the kinetics of the reaction. In the first, the 
momentum vectors of the pions and nucleons in the 
center-of-mass system were all assumed to be in the 
same plane and to be equal in magnitude. The angles 
between these vectors were taken to be equal. In the 
second, the momentum of the pions in the center-of- 
mass system was taken to be zero. 

Each successive entry in Eq. (7) was evaluated by 
means of a new set of values for the four ¢’s. Equations 
(8)-(11) give the correct distribution of values for 
each of the variables. After each 100 entries, (0) was 
evaluated for all the cases to that point for the given 
FE. The computation was terminated when the value 
of (c) varied by less than 0.375% for three successive 
sets of 100 entries. If this test was not satisfied but (c) 
was less than 3.2 mb, the computation was terminated. 
This exception was made to avoid excessive use of the 
computer for evaluating (oc) to a precision not justified 
by the scattering data. Approximately 1000 to 10 000 
entries in Eq. (7) were required for each value of £:. 

The values of (p2), (cosw), and the other properties 
of the struck nucleon in allowed collisions were calcu- 
lated from the relation 


> xe8"'do /dQ 


— —, (12) 
> «Bde /dQ 


)= 


simultaneously with the other determinations. We did 


20. Taussky and J. Todd, in Symposium on Monte Carlo 
VU ethods, 1954, edited by Herbert A. Meyer (John Wiley & Sons, 
New York, 1956), p. 18. 

18T, P. Clements and L. Winsberg, University of California 
Radiation Lab. Rept. UCRL-9043 (1960) (unpublished). 
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not compute the final directions of motion of the 
nucleons and pions (or the energies of the latter), be- 
cause these would have required an extensive elabora- 
tion of the computer program. 


RESULTS 


In this section we present the results of the machine 
computation of (c)elastic aNd (¢)jinelastic by Eq. (7) and 
the quantities, (p2), (cosw), etc., by Eq. (12) for colli- 
sions between like particles, p-p and m-n, and between 
unlike particles, p-n and n-p, as a function of the 
energy of the incident particle. For convenience, we 
designate the like-particle case by “p-p or n-n” and the 
unlike-particle case by “n-p or p-n”. We compare these 
results with the expressions of Tables I-IV. 


(o) Elastic 


The values of (c) elastic for different values of Er 
were fitted to the equation, 


1—(c)/oo=KEr/E,=KF, (13) 


by the least-squares method with a deviation of several 
percent or less. Here K is a constant at each value of 
FE, the incident energy, for ErSF,/2. This type of 
fit is suggested by Eqs. (a) of Table I and II. The 
values of K are plotted in Fig. 1. The results shown 
for E,>50 Mev were calculated with Er=18.8, 24.5, 
28.5, and 33.4 Mev. The computed values of 1—(c)/a0 
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Fic. 2. The values of (¢) in inelastic nucleon-nucleon collisions 
for single-pion production based on the assumption that the 
center-of-mass momenta of the pion and the nucleons are equal. 
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Fic. 3. The values of (c) in inelastic nucleon-nucleon collisions 


for double-pion production based on the assumption that the 
center-of-mass momenta of the pions and the nucleons are equal. 


at Er=48.1 Mev agree within several percent with 
Eq. (13) for the values of K given in Fig. 1. The dip 
in the value of Ky.» or n-n at 1 Bev in Fig. 1 is due toa 
corresponding apparent dip in the free-particle cross 
section." The dashed line is drawn through the value 
of K that would result if this anomaly were not present.'° 

In general the neutron and proton Fermi energies 
are different for any given nucleus. Figure 1 is still 
valid for collisions between like particles. In the case 
of collisions between unlike particles we have found 
the following relations to fit the data very well, even 
if the Fermi energy of one particle is zero: 


Neutron Fermi energy is larger than proton Fermi 
energy, or F,>F,: 
(a) Incident particle is a neutron, 


1—(c)/o0=Kn-p or p-n(0.7F n+0.3F,). (14) 


(b) Incident particle is a proton 


1—(c)/o0= Kn-p or p-n(0.5F,+0.5F,). (15) 
Corresponding equations can be written for F,>F,. 
The values of Ky_» or p-n are plotted in Fig. 1. These 
relations agree closely with Eq. (6). 


(a) Inelastic 


The values of (c) for inelastic collisions were evalu- 
ated separately for the cases involving the production 
of one, two and three pions by means of Eq. (7). The 
values of Ep used here were the same as those given 
above for the elastic case. 
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TABLE V. The ratio of (¢)inelastic for p,(c.m.) =0 to (o)inelastic 


for 


p+(c.m.) = Pnucleon(c.m.) 


for 


production. 


E,; (Mev 


400 
700 
1000 

> 4000 


One pion* 
) Ratio 


0.91+0.04 
0.93+0.02 
0.95+0.01 
0.99+0 


one-, two 


Two o 
Ey (Mev) 
900 


1000 
2000 


, and three-pion 


r three pions® 
Ratio 


0.86+0.034 
0.89+0.044 
0.96+0.02 
0.98+0.01 





* Ratio increases with increasing Er 

> These values are for 18.8 Mev 
ratio =1.16. 

¢ Ratio decreases with increasing E> 

4 Only for two-pion production, ¢(3* production) =0 


Er $33.4 Mev. At Er =48.1 Mev, 


The resulting values of (c) for like-particle collisions, 
based on the assumption that the center-of-mass mo- 
menta of the pions and nucleons are all equal, are 
shown in Figs. 2-4. These values are not very different 
from those based on the other assumption about the 
pion momentum—that it is zero in the center-of-mass 
system—as can be seen from Table V. The ratios 
given in Table V are the same for the like- and the 
unlike-particle cases at the same value of Er. Each 
value given in Table V is the average for the five 
different Fermi energies. The value following the + 
sign is the average deviation of the individual values 
from this mean value and results from the variation 
of the ratio with the Fermi energy. For single-pion 
production the ratio increases with increasing Fermi 
energy. For two- and three-pion production the ratio 
decreases as Ep increases. With this information and 
the values given in Table V, we can obtain the ratio 
at each of the five values of Ey. The ratios for other 
values of FE; can be obtained by interpolation. The 
values estimated in this way agree to within 1 or 2% 
with the values computed directly. 

The value of (c) for unlike-particle collisions can be 
obtained by multiplying the values for the like-particle 
collisions given in Figs. 2-4 by the ratio of the two 
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Fic. 4. The values of (c) in inelastic nucleon-nucleon collisions 
for triple-pion production based on the assumption that the 
center-of-mass momenta of_the pions and the nucleons are equal. 
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TABLE VI. (0)n-p or p-n/()p-p or n-n, for inelastic collisions 
involving one-, two-, and three-pion production. 


EF, (Mev) 


One pion 


Two or three pions 


200 0.44+0.06 
250 0.51+0.02 
300 0.55+0.01 
350 to 700 0.58+-0 

800 0.60+0.01 
900 0.62+0.01 
1000 0.65+0.01 


1500" 0.97+0.01 


2000* 1.14+0.01 
3000 1.060 
> 4000 1.0040 





0.56+0.03"¢ 
0.64+0.02° 
0.69+0.02° 
0.75+0.03° 
/1.05+04 
\1.17+0¢ 
1.15+0.01 
1.05+0 
1.00+0 





"Ratio decreases with increasing Er, ratio is constant or increases with 
increasing Er for all other cases. 

> Double-meson production begins at 600 Mev for Er 233.4 Mev. (see 
Fig. 3). 

¢ Only for two-pion production, (3 production) =0. 

4 For two-pion production. 

¢ For three-pion production. 


cross sections, given in Table VI. These values of 
(7) n-p or p-n/(C)p-p or n-n are identical for the-two as- 
sumptions about the pion momentum in the center-of- 
mass system. The values following the + sign are 
average deviations from the mean and indicate the 
magnitude of the trend of the ratios with Er. For 
FE, < 1000 Mev, the ratio increases as Fy increases for 
all three cases of pion production. At 1500 and 2000 
Mev, the variation is in the opposite direction. 


(po), (COSw), (Pe COSW)cosw>0) (P2 COSW)cosw<0y 
and (p» sinw) 


The values of (p2), (cosw), (p2 COSW)cosw>0, (P2 COSW )eoaw<0y 
and (p2 sinw) were evaluated by means of Eq. (12) for 
elastic and inelastic collisions. We consider the elastic 
case first. 

The values of (f2)/pr obtained in this manner are 
plotted in Fig. 5 as a function of , for Ery=18.8 Mev 
(0.020myc*). Similar results are obtained for other 
values of Ey.” The curve shown in Fig. 5 was calculated 
from Eq. (b) of Tables I-IV. The values of (2) calcu- 
lated for e=constant and for o~1/E” agree within a 
fraction of a percent. The values obtained from these 
equations and from equivalent expressions for F>} 
agree closely with computed values for all the elastic 
cases investigated, involving both like-particle and 
unlike-particle collisions. 

The computed values of (cosw) and those of the 
average of various projections of the momenta of the 
struck particle are also shown in Fig. 5. Similar results 
are obtained for Ey=33.4 Mev.” The computed values 
agree closely with the curves calculated by using the 
appropriate equations given in Tables I-IV. The agree- 
ment is best for (p2) and for (p2 sinw). Thus, for £;< 200 
Mev the equations in Tables III and IV fit the com- 
puted values quite well. Here, the experimentally de- 
termined cross sections are isotropic and vary inversely 
with energy, and the agreement is good. At higher 
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Fic. 5. Average values of quantities related to the struck 
nucleons in elastic collisions for Er=18.8 Mev. The momentum 
of the struck particle is p2, the Fermi momentum is pr, and the 
collision angle is w. Computed values are indicated by open 
symbols for like-nucleon collisions and by closed symbols for 
collisions between unlike nucleons. Values calculated by using the 
equations in Tables I-IV are indicated by solid lines for ¢=con- 
stant and by dashed lines for s~1/E”. The solid and dashed lines 
coincide for (p2)/pr. 


energies the equations in Tables I and II fit the like- 
particle results better. Here, the cross sections are 
nearly constant. This is not the case for collisions be- 
tween unlike particles. For such collisions a clear-cut 
comparison cannot be made because the angular dis- 
tributions are not isotropic. Above approximately 500 
Mev the like-particle collisions become increasingly 
nonisotropic. However, at these energies both types of 
relativistic formulations in Tables II and IV converge 
to the values that one would expect without the im- 
position of the exclusion principle. The two formula- 
tions appear to be equally good (or bad). 

A similar set of comparisons is made in Fig. 6 for the 
inelastic case for Ey=18.8 Mev. Here too, the equa- 
tions in Tables II and IV give values that agree with 
the computed results in the multi-Bev region of bom- 
barding energies. At energies closer to the thresholds 
for single- and for multiple-pion production, strong 
deviations occur. The deviations shown in Fig. 6 are 
to be expected. Large values of p2 and w are favored, 
for these result in the largest center-of-mass energies 
and hence the largest cross sections. This is due to the 
sharp rise in the free-particle inelastic cross section 
with energy above the threshold." Similar results are 
obtained at other values of Er." 
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Fic. 6. Average values of quantities related to the struck 
nucleons in inelastic collisions resulting in the production of 1 
(see a), 2 (b), and 3 (c) pions for Ery=18.8 Mev. For notation, 
see Fig. 5. The values given by the equations in Tables I-IV for 
F=0 are indicated by the horizontal lines. (The value for (cos w) 
is 0 since pr=0 when F=0.) 


SUMMARY 


The effect of the exclusion principle on the elastic 
cross section is large even at high incident energies, as 
can be seen from the values of K in Fig. 1. Thus at 
energies above approximately } Bev both the like- 
particle and unlike-particle effective cross sections are 
smaller than the free-particle cross sections by about 
30% for Er=50 Mev.” This is due to the strong 
forward scattering at these energies, which counter- 
balances the effect of the decreasing values of Ep/F,. 
For incident energies below approximately 100 Mev 
the computed values of K agree with the values ex- 


pected from Eq. (a) of Tables I-IV, as do the values 


CLEMENTS 


Of Kp.porn-n between 200 and 450 Mev (see Fig. 1). 
The dip in the like-particle curve of Fig. 1 at 150 Mev 
is due to a change in the way the free-particle cross 
section varies with energy." 

The values of (c)jinelastic Show the effects of both the 
exclusion principle and the rapid rise of the free- 
particle inelastic cross section near the threshold. The 
effect of the latter is pronounced at lower energies, 
resulting in an increase in (¢)inelastic aS Ep increase 
(see Figs. 2-4). At intermediate energies, the effect of 
exclusion causes a small drop in (¢) inelastic for single- and 
double-pion production (Figs. 2 and 3). The effect is 
more noticeable for single-pion production. At the 
highest energies the inelastic cross sections are essen- 
tially unaffected by the exclusion principle. It is our 
hope that the values of (oc) given here will be useful in 
the interpretation of nuclear cross-section measurements. 

The values of (2), (cosw), and the other quantities in 
elastic collisions can be determined either by machine 
computation or from the equations given in Tables 
I-IV. Agreement between the two methods, while not 
complete, is probably adequate for many purposes. 
The values for inelastic collisions near the threshold 
for pion production deviate strongly from those given 
by the analytical expressions. This is not surprising 
since the latter were obtained for elastic collisions. As 
the bombarding energy increases, the values of these 
quantities for both elastic and inelastic collisions con- 
verge to the original values of these quantities before 
the collision. 

One possible application of these results is in the 
interpretation of recoil experiments.'* Some high-energy 
reactions involve the ejection of a single particle. An 
example of this type is the (,pm) reaction, such as 
Cu™(p,pn)Cu™. If both the incident and the struck 
particles leave the nucleus without further interaction, 
the nucleus left behind (Cu™ in the example given 
here) will recoil with a momentum which depends on 
that of the ejected nucleon. The momentum of the 
recoiling nucleus can be measured.'* Comparisons of 
this type with the values of (2), (2 sinw), and (p2 cosw) 
may provide an effective probe of the momentum dis- 
tribution of the nuclear particles. ° 
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The relative yields of positive pions produced from hydrogen and deuterium by the 340-Mev brems 
strahlung beam of the Berkeley synchrotron have been measured in the laboratory system at angles of 20, 
40, and 60 deg, and at pion energies ranging from 45 to 145 Mev. The ratio of the relative yields of pions 
from deuterium and hydrogen was roughly constant as a function of angle, but decreased monotonically 
with pion energy from a value of 0.90+0.05 at 45 Mev to a value of 0.55+0.07 at 145 Mev. 

Comparison with the phenomenological theory of Chew and Lewis indicates a gradual change from 
nucleon spin flip near threshold to no-spin-flip transitions above 140 Mev. Comparison with Uretsky’s 
calculation involving final states shows fair agreement with plane-wave and shape-independent approxi- 
mations. Poor agreement with the zero-range approximation shows that final-state interactions are important 
in the theory of photoproduction of pions from deuterium. 


I. INTRODUCTION 


HE basic reactions y+ — wt-+-n and y+n— © 

+p have been studied by many theoretical and 
experimental workers.' The first reaction is directly 
accessible to experiment and has been more extensively 
investigated than the second reaction which is most 
simply observed in data from y+d—2~+2p. This 
interpretation of deuterium-target data requires knowl- 
edge of nucleon initial and final states, the latter being 
the less well known. For threshold production, Coulomb 
corrections become important and are difficult to 
handle. Accordingly, many workers have studied the 
reactions y+p—at+n and y+d—axt+2n.' One 
motivation for this study is to understand more fully 
the pion photoproduction on a bound proton. In 
principle, if one knows the matrix elements for positive- 
pion photoproduction from protons, the positive-pion 
photoproduction from deuterium can also be calculated. 
By taking this approach, Uretsky has utilized the 
dispersion theory of Chew ef al.” for the y+p— a*+n 
reaction. He has taken this theory with various assumed 
final-state interactions of the two neutrons in the 
deuterium reaction and has calculated the expected ratio 


(<) /(2) 
dQ p dQ x 


for r+ photoproduction from deuterium and hydrogen, 
where (da/dQ)p and (do/dQ)y are the differential cross 
sections for deuterium and hydrogen, respectively. It 
is clear that the final-state nucleon interaction is 
important. Our data are compared to Uretsky’s results. 

When the photoproduction of positive pions from 


* This work was done under the auspices of the U. S. Atomic 
Energy Commission. 
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deuterium is understood satisfactorily, the reaction 
y+d— x-+2p can be more easily interpreted to give 
information on the basic reaction, y+"—2-+ . In 
the threshold region, satisfactory handling of the 
Coulomb corrections is also required. Baldin has treated 
the Coulomb corrections with some measure of success.* 
However, we restrict our attention in this work to the 
m+ production from hydrogen and deuterium. Some 
insight into the nucleon spin-flip probability in 2* 
photoproduction in deuterium is obtained from the 
early calculations of Chew and Lewis‘t and Lax and 
Feshbach.® They use the impulse approximation and 
assume that the interaction can be written H=L+e- K, 
where K and ZL are the spin-flip and no-spin-flip ampli- 
tudes, respectively. White ef al.6 have evaluated the 
Chew-Lewis calculations for. the ratio 


(~) /(Z) 
dAQ/ pn dQ/ x 


as a function of pion laboratory energy. Our data are 
compared to their result. 


Il. METHOD AND EXPERIMENTAL APPARATUS 


Basic information on photopion production includes 
the incident photon energy, &. By using the two-body 
final state in the reaction y+p—7*+n, we can 
determine & if two final-state kinematic parameters 
are known, e.g., 6, and 7,. The three-body final state 
in the reaction y+d-— 2*++2n allows no such simple 
analysis. Simplicity requires that we observe only the 
laboratory parameters 6, and 7, for both reactions, 
and in comparing results with theory, that suitable 
averages over the photon energy spectrum be taken in 
the theory for the photoproduction from deuterium. 
The function of interest in this work is the ratio of #* 


3 A. M. Baldin, Nuovo cimento 8, 569 (1958). 
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5 M. Lax and H. Feshbach, Phys. Rev. 88, 509 (1952). 

®R. S. White, M. J. Jakobson, and A. G. Schulz, Phys. Rev. 
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1632 KENNEY, KNAPP, PEREZ 
yields from deuterium and hydrogen versus pion energy 
at a given angle. 

The 340-Mev bremsstrahlung beam of the Berkeley 
synchrotron traversed a vacuum-insulated target con- 
sisting of liquid hydrogen contained in a thin-walled 
Mylar vessel as shown in Fig. 1. Details of this target 
structure are given elsewhere.’ Without disturbing the 
geometry, liquid hydrogen could be introduced directly 
into the target, or deuterium gas could be liquified in 
a condenser integral with the target apparatus and 
introduced interchangeably with hydrogen. The photon 
flux was monitored by a thick-walled copper ionization 
chamber (Cornell chamber).® 

The pions produced in the target were detected at 
laboratory angles of 20, 40, and 60 deg by a pion 
telescope as shown in Fig. 1. The pions were identified 
by their r-u decay signature after traversing scintillators 
1, 2, and 3 and the copper absorber and stopping in 
scintillator 4. A w decay pulse in scintillator 4, observed 
in delayed coincidence with the pion-arrival pulses from 
the preceding scintillators, was the criterion for positive- 
pion identification. Its energy was calculated from the 
copper-absorber thickness, and electronic cancellation 
of unwanted high-energy traversals is effected when 
long-range particles pass through scintillator No. 5. 
The scintillators were approximately 3 by 3 by } in. 
thick, the stopping scintillator No. 4 was 1 in. thick, 
and the scintillator No. 5 geometry was adequate to 
detect all particles transmitted by the entire telescope, 
even though they scattered through 90 deg in scintil- 
lator No. 4. The electronics, shown in Fig. 2, have been 
described in detail elsewhere.® 


III. RESULTS AND DISCUSSION 


The ratio of positive-pion yields at a given angle and 
pion energy can be calculated nearly free from system- 
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MENDEZ, AND PERKINS 
Taste I. Ratios of positive-pion yields at 6, =20, 40, and 60 deg 
for various pion energies 


a da /dQ) p/ (da /dQ) x 

(Mev) 6,=20 deg 6,=40 deg 6,=0600 deg 
45 0.89-+40.05 0.90+0.05 
65 0.87+0.07 0.78+0.05 0.89-+0.05 
85 0.79+0.07 0.71+0.04 0.77+0.04 
105 0.86+0.08 0.75+0.05 0.69+0.04 
125 0.67 +0.06 0.70+0.06 0.57+0.04 
145 0.54+0.06 0.54+0.08 


atic errors because it is only the ratio and not the 

absolute yields which is of interest. Counter-telescope 

efficiency and solid angle remain fixed, the 

target geometry, for both hydrogen and deuterium runs. 
The ratio 


(<) /(2) 
dQ p/ dQ x 


is therefore calculated completely independently of all 
geometrical factors. Results are listed in Table I. Here 
Yp and Yq are measured net counting rates, pp and px 
are the tabulated densities, and Mp and My the atomic 
weights of deuterium and hydrogen, respectively. In 
finding the net counting rates Vp and Vu, a measured 
“target-empty” background subtracted. The 
residual gas present in the target was accounted for. 
Small uncertainties exist due to errors in measured 
densities of liquid hydrogen and deuterium, and to 
small concentrations of helium and hydrogen impurities 
in the deuterium. These small errors were ignored in 
comparison with the counting errors (standard devi- 
ations) which are listed in Table I. 

The results are plotted in Fig. 3 along with the three 
theoretical curves calculated at this Laboratory by 
Uretsky.” The dispersion relation theory of Chew et al.” 
was used along with the Hulthén wave function for the 
deuteron. Three different assumptions were made for 
the final state two-neutron interaction. A plane-wave 
approximation was first made in which no interaction 
exists. The result is shown as the full curves in Fig. 3. 
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Fic. 3. Positive-pion yield at 6, = 20, 40, 
and 60 deg vs pion energy. 


Then 'S scattering in the final state was considered under 
two assumptions. The di-neutron wave function was as- 
sumed to have its asymptotic form everywhere (zero- 
range approximation); the result is shown in Fig. 3. 
Finally, a more realistic “shape-independent” di- 
neutron wave function was chosen. It was similar to the 
zero-range approximation, but was required to remain 
finite for vanishing separation of the two neutrons. 
This result is also shown in Fig. 3. The S-state neutron 
scattering parameters which gave the best fit are 
as=17X10-* cm and rogs= 2.6K 10—" cm. It was found 
that for small pion energies and small angles, the S 
interaction contributes as much as 15% to the deuteron 
cross section in addition to the basic plane-wave 
approximation. 

A x’* analysis of the data and the three curves was 
made to determine the best fit in a quantitative 
manner. Table II gives values of x? divided by the 
number of degrees of freedom for all cases. 


TABLE IT. x? divided by degrees of freedom for data of Fig. 3. 





6, (deg) Plane wave Shape indep. Zero range 


20 


2.3 2.08 7.07 
40 23 2.7 14.9 
60 33 5.7 14.2 
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Fic. 4. Positive-pion yield at 6,=20 deg vs pion energy. The 
curves are from White ef al.® for @, =25 deg. For spin flip, y?=0; 
for no spin flip, y?=1. 


The plane-wave and shape-independent approxi- 
mations give nearly the same results, and there is no 
clear choice between them. At 0,=60 deg, the plane- 
wave approximation is better, but neither approxi- 
mation is a particularly good fit based upon the usual 
x® test criteria. The fits at 20 and 40 deg are marginal 
also. We conclude that the zero-range approximation 
is significantly poorer than either the plane-wave or 
shape-independent approximations. 

The data at 6,=20 deg are compared with the 
somewhat older impulse-approximation calculations of 
Chew and Lewis‘ in order to discuss the proton spin flip 
probability in the deuterium production. It is clear 
that at the positive photopion threshold for deuterium, 
the nucleon (proton) must flip its spin in order to enter 
a '§ final state with the neutron. At somewhat higher 
energy, the nucleon (proton) may retain its spin 
direction and enter a *P final state with the neutron. 
This behavior is seen to occur in Fig. 4 by comparing 
the observed ratio with the curves y?=0 (spin flip) and 
7y’=1 (no spin flip). At 140 Mev, the data are consistent 
with a high probability of no nucleon spin flip, and the 
data at energies below 100 Mev show that the spin-flip 
probability is approximately unity. 
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Photoprotons Produced by 245+ 15-Mev Gamma Rays on Carbon* 
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\ carbon target was bombarded by 342-Mev bremsstrahlung from the Berkeley synchrotron. The energy 
spectrum of protons produced at 60 deg was measured from 90-250 Mev. Interactions due to 245+15 Mev 
gamma rays were selected out by requiring a coincidence between the protons from the target and the 
electrons associated with these gamma rays. Analysis was made using the quasi-deuteron model of Levinger. 
In contrast with previous analyses of this kind, conservation of both momentum and energy were taken 
into account in a fairly accurate way. Results of this analysis determine the momentum distribution of the 
centers of mass of the quasi-deuterons. The momentum distribution that results in the observed proton 





spectrum, normalized to one quasi-deuteron, is given by 


@N 0.2 (- Pp’ 
4M EB, 


dP») (4xME,))~ 
where FE; = 1.6 Mev, E:=20 Mev. 


I. INTRODUCTION 


ANY experimenters have measured the energy 
distribution of photoprotons produced by high- 


energy gamma rays on light nuclei.’ The most 
dominant feature of this distribution is the large 


number of high-energy protons produced at small 
angles. This was interpreted by Levinger to mean that 
the incoming photons interact with a small subunit 
in the nucleus—in particular, a neutron-proton pair 
which he called a quasi-deuteron.* In this model, a 
neutron and a proton are simultaneously ejected from 
the nucleus. The mechanism of this interaction, al- 
though similar to that of photodisintegration of the 
deuteron, is modified by the momentum distribution of 
the quasi-deuterons in the nucleus. Levinger showed 
that in this process the neutron and proton pair must 
be in close proximity. Under this condition, the wave 
function of the quasi-deuteron is just a multiple of 
that of the free deuteron. This interaction is therefore 
approximately proportional to the photodisintegration 
cross section of the free deuteron, suitably averaged 
over the momentum distribution of the quasi-deuterons. 

The basic validity of this model has been verified by 
observing conjugate neutrons and protons in co- 
incidence.‘ It is thus possible to use this model to 
calculate the momentum spectrum of neutron-proton 
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pairs in the nucleus from the measured energy spectrum 
of ejected photoprotons. 

It must be pointed out that detailed experimental 
comparison with the theory is not easily obtained. 
This is because high-energy photon beams are produced 
by bremsstrahlung of electrons, so that the gamma 
rays have a spectrum of energies with 
approximately a 1/E dependence. This has the effect 
of smoothing out the proton spectrum and masking 
the details of the interaction. 

In order to gain more detailed information, Weil and 
McDaniel in 1953 attempted to select out gamma rays 
in a small energy interval.’ They developed a technique 
to observe the spectrum of protons from carbon due 
to 190-Mev gamma rays. However, the energy resolu- 
tion obtained rather (+30 Mev), and 
furthermore, the electronic apparatus was very com- 
plicated because they were trying to attain time 
resolutions not then easily obtainable. They concluded 
it would probably have been as well to perform the 
experiment by successively reducing the energy of the 
accelerator and using the subtraction technique. 

Since the experiment of Weil and McDaniel, counting 
techniques have developed to such an extent that 
coincidence-resolving times of a few millimicroseconds 
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with high efficiency and electronic stability are readily 
available. For this reason, we thought it was worth 
while to attempt another experiment with selected 
gamma rays. 


Il. EXPERIMENTAL METHOD 


This experiment was performed at the Berkeley 
synchrotron. The experimental arrangement is shown 
in Fig. 1. The photon beam was produced by the 342- 
Mev electron beam striking a 0.0013-in. tantalum 
target. Photon selection was made by an electron 
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Fic. 2. The selected photon spectrum. Plot of the efficiency of 


the electron counter for counting electrons vs the energy of the 
associated gamma ray. Curve drawn for illustrative purposes only. 


counter placed so that it observed only electrons 
associated with 245+15-Mev gamma rays. This 
counter consisted of a plastic scintillator 13 1}X¢4 in. 
viewed by a 1P21 photomultiplier tube. The 1P21 was 
surrounded by a triple iron magnetic shield and about 
6 in. of lead. The counter was calibrated by means of 
a pair spectrometer. The spectrum of gamma rays 
selected had, as shown in Fig. 2, a peak at 245 Mev 
and a full width at half maximum of 30 Mev. The 
improved resolution was due principally to the thin 
window on the inside wall of the vacuum chamber. 
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are plastic scintillator. 


A somewhat disturbing feature of the electron counter 
was that it had only 10% efficiency for counting 
electrons. Tests indicated that the iron magnetic shield 
was not adequate. However, because the counter was 
already an imposing structure and because we thought 
that more iron might perturb the synchrotron magnetic 
field so that it would be difficult to obtain a beam of 
electrons, we decided to perform the experiment with 
the counter as it existed rather than to enlarge it. 

The residual electrons whose orbits allowed them 
to enter the electron counter had an energy of 9045 
Mev. Since this energy was so well defined, any 
fluctuation in the electron counter efficiency could not 
change the spectrum of selected photons. Also, since 
the whole energy spectrum of protons was observed 
simultaneously by a multichannel proton telescope, 
changes in the efficiency of the electron counter could 
not affect the shape of this spectrum. It could, however, 
have introduced an error into the absolute magnitude 
of the results. The efficiency was observed, nevertheless, 
to be quite constant. 

The proton telescope geometry is shown in Fig. 3. 
It consisted of (a) a small scintillator to define the 
solid angle, (b) a large scintillator to measure dE/dx, 
and (c) a series of 10 scintillators, separated by copper 
absorbers.® These scintillators and absorbers divided 
the energy region from 90-250 Mev into nine intervals. 
The first four intervals were 15 Mev each and the last 
five were 20 Mev each. 

A triple coincidence between the dE/dx counter, the 
defining counter, and the electron countér was used 
to trigger a 517 Tektronix oscilloscope. The resolving 
time of the coincidence circuit was 3 mysec. The 
signals fromthe range counters and the dE/dx counter 
were tapped onto a coaxial delay line so that they 
could be consecutively displayed on the oscilloscope. 
The traces were then photographed on 35-mm film. 


Ill. TREATMENT OF THE DATA 


The events were entered on a plot of the pulse height 
from the dE/dx counter vs the number of range counters 


5 Dwight R. Dixon, University of California Radiation 
Laboratory Report UCRL-2956, 1955 (unpublished). 
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TABLE I. Corrections to proton spectrum. 


Correction (%) due to range straggling in absorbers 
Correction (%) due to scattering in parent nucleus 


Range interval 

5 6 

8.8 12.6 15.8 
11 





traversed. Protons were identified by their characteristic 
separation from meson and electron events, on such 
plots as described in detail elsewhere.*.® 

To keep accidental counts reasonably low, it was 
necessary to operate the synchrotron at about 1% of 
full beam intensity. This corresponded to 2X10’ 
equivalent quanta per minute. Events were recorded 
at the rate of 6 per hour. Of these, analysis showed 
that 3 per hour were protons and the remainder, 
mesons and electrons. Of the protons, 1 per hour was 
an accidental. A total of 694 protons was observed, of 
which 248 were accidentals. 

To determine the number of accidentals, runs were 
taken with the electron counter pulses delayed by a 
time equal to one revolution time of the electrons in 
the accelerator. Runs and without the added 
delay were alternated every 2 hr (about 50 times) 
throughout the experiment. The accidental runs were 
normalized to the real runs by means of a thick-walled 
ionization chamber of the Cornell type placed in the 
gamma-ray beam. 

The proton spectrum was corrected for (a) range 
straggling of the protons in the telescope due to nuclear 
collisions in the proton telescope absorbers, (b) energy 
loss of the protons due to collisions with other nucleons 
before leaving the parent nucleus, and (c) ionization 
energy loss of the protons in the target. The first 
correction was measured at the 184-in. cyclotron by 
placing the proton telescope in a monoenergetic beam 
of protons with various select energies. The second 


with 


correction was calculated by using the approximate 
method of Weil and McDaniel.2 The third correction 
was readily determined from the projection of the 
thickness of the target onto the direction of the proton 
telescope. The results of the first two corrections are 
shown in Table I. 

The cross section was calculated from the formula 


d o 
ftAQAE,, (1) 
dQdk, 


where V =number of events in a given energy interval, 
f=number of photons, AQ=solid angle, 
AF,= width of the given energy interval, and ¢= thick- 
ness of the target, in atoms/cm”. 


selected 


The solid angle of the proton telescope was 0.0276 
steradian, the solid angle subtended by the defining 


§ Robert J. Cence, thesis, University of California Radiation 
Laboratory Report UCRL-8921, 1959 (unpublished). 


counter. The carbon target had an effective thickness 
of 2.21 107*/cm?. 

The flux of selected photons was determined from 
the previously measured efficiency of the electron 
counter and the total flux of photons, the latter being 
measured by a thick-walled ionization chamber of the 
Cornell type. 


IV. RESULTS 


The cross section calculated from Eq. (1), after the 
Table | and the 
accidentals subtracted, rhe errors 
indicated are the probable errors due to statistical 
uncertainty only. The curves will be explained later. 


corrections of have been made, 


is shown in Fig. 4. 


In Fig. 5 is shown a similar measurement of the 
differential cross section per equivalent quantum per 
nucleus for photoproton production from 342-Mev 
bremsstrahlung. No analysis of these data was made; 
they are shown for comparison only. 

Two features of the data in Fig. 4 should be noted. 
One is the large high-energy tail in the proton spectrum. 
The other is the sharp maximum in the spectrum at 
about 120 Mev. The evidence for the latter rests 
primarily on the point at 105 Mev. If the efficiency of 
the first range counter in the proton telescope happened 
to be lower than the others, the first point would be 
too low, showing a false peak at the next point. This 
does not seem likely, for two reasons. First, all the 
counters appeared to have 100% efficiency. Further- 
more, the proton spectrum observed with the full 
bremsstrahlung spectrum of gamma rays showed no 
indication of a reduced efficiency first counter 
as can be seen from Fig. 5. 


in the 


V. THEORY. CALCULATION OF THE 
CROSS SECTION 


We now want to calculate the cross section implied 
by a given center-of-mass momentum distribution of 
neutron-proton pairs in the nucleus. 

Using the quasi-deuteron model, we calculate the 
cross section from the kinematics of deuteron photo- 
disintegration and then perform an appropriate average 
over the motions of all neutron-proton pairs in the 
nucleus. The resulting expression is 


dn, d Vp dep 
o -{ (1—8B,p) b(/ 
dE dP dQ, 


7 D 


X8(P,+Pp—P,.—P,)@PpdP dE AQ AE, (2) 
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where o=total cross section per photon per nucleus 
for the production of protons via the quasi-deuteron 
process; dn,/dE,=the energy spectrum of selected 
photons, normalized to one gamma ray; 8,p=the 
velocity of the quasi-deuteron, in units of the velocity 
of light, in the z direction (this is the direction assumed 
for the incoming photons) ; d*.V p/dPp*= the momentum 
probability distribution of quasi-deuterons inside the 
nucleus, normalized to NZ, the total number of such 
pairs in the carbon nucleus; dop/dQ,= the experimental 
differential cross section in the laboratory system for 
the photodisintegration of quasi-deuterons moving 
inside the nucleus; Ey, Py, En, Pn=the kinetic energy 
momentum of the final proton and neutron, 
respectively, after leaving the nucleus; B= the average 
effective binding energy of the neutron-proton pair in 
the nucleus. The factor (1—8.p) corrects for the 
Doppler shifting of the photon flux. 


and 


The four delta functions in Eq. (2) ensure conserva- 
tion of energy and momentum. It can be seen that the 
form of Eq. (2) evidently assumes that the energy and 
momentum of the final neutron and proton do not 
change as they leave the nuclear potential well. 
Refraction at the nuclear surface is thus ignored. 

The finite aperture (+8 deg) of the proton telescope 
Equation (2) thus yields, by 


is also ignored. 


differentiation : 
a \ D dap 


B-p) . 6( 
dP p* dQ» 


2. 8~Ry- BD 


de dn, 
. f ( 1— 
dE,dQ, dk, 


<6°(P,+Po—P,.—P,)dk,d°Ppd’P,, (4) 


where d°a/dE,dQ,=the differential cross section per 
photon per nucleus for photoproton production. 

The differential cross section (lab) for the photo- 
disintegration of a quasi-deuteron moving inside the 








= J ! lh 
130 140 150 160 
Proton energy (Mev) 


> 
e) 


Fic. 4. Experimental results. Plot of the differential cross 
section per nucleus per selected photon for photoproton production 
from carbon at 60 deg by 245+15 Mev photons. The curves are 
explained in the text. 
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Fic. 5. Plot of the differential cross section per nucleus per 
equivalent quantum for photoprotons produced at 60 deg by 
342-Mev bremsstrahlung on carbon. 


nucleus is taken as 
do p/dQy,= (r1 ‘rc (dep AQ») frees (5) 


where r;=the radius of interaction, rc=the radius of 
the carbon nucleus, and (dap/dQ,) tree= the differential 
cross section (lab) for the photodisintegration of a free, 
moving deuteron. It is a complicated function of E,, 
Pp, 0,, and ¢,, where 6, and ¢, are the lab angles of the 
proton. 

The factor (r;/rc)* represents the probability that 
a neutron and a proton will be close enough to partici- 
pate in the absorption of a photon. This quantity 
together with the normalization of d*Np/dPp* gives 
the familiar NZ/A dependence of the cross section. 
The r7/rc is left as a free parameter in the calculation. 

The (dop/dQ) tre is first determined in the rest 
system of the quasi-deuteron. This corresponds to the 
laboratory system in the usual experiments on photo- 
disintegration of deuterium. It is approximated as’ 


(doag/dQy®) tree= 6.7+4.6 COSby,” pb/sr. (6) 


The superscript R indicates variables in the rest system 
of the deuteron. The cross section is assumed to be 
independent of energy. To transform to the laboratory 
system, it is necessary to transform cosy," and 
multiply the cross section by the appropriate Jacobian. 

By virtue of the threefold momentum 6 function in 
Eq. (4), the integrations over P, can be performed. 
One more integration can be carried out by using the 
energy 6 function. This is chosen to be the integration 


7D. R. Dixon and K. C. Bandtel, Phys. Rev. 104, 1730 (1956). 
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over @p, the polar angle of the quasi-deuteron. These 
integrations are shown in the Appendix. The result at 
p= 90 deg is, 


do E,—B+E,+M Pens 
= — fas f dPp 
dE AQ, (E,2—E,P,+P,2)! § 


min 


dn., @Np dap 
xf dop (1—6.p)Pp £8) 


d >»? dQ, 


0 aL 


We have put velocity of light =1. 

The integrations in Eq. (7) were done numerically 
by an IBM 650 computer. The limits Pyin and Prax are 
given by Eq. (A9) in the Appendix. 

It should be noted that the form of the energy 6 
function in Eq. (4) assumes that the quasi-deuteron 
has constant binding energy in the nucleus. This is 
perhaps the most suspect assumption in the calculation. 
Because of this, the relative kinetic energy of the 
proton and neutron of the quasi-deuteron never appear 
in the equations for the conservation of energy and 
momentum. This is because there are only two particles 
in the final state. It is assumed in the quasi-deuteron 
model that the incoming gamma ray transfers all its 
momentum and energy to a single neutron-proton pair. 
Any excitation energy received by the residual nucleus 
arises because the final neutron and proton undergo 
collisions before leaving the nucleus. 


VI. DISCUSSION AND CONCLUSIONS 


The momentum distribution needed to fit the data 
was found by trial and error, using Eq. (7). The solid 
curve in Fig. 4, which we consider to be a good fit to 
the data, results from the following quasi-deuteron 
momentum distribution : 


PN 0.2 P/ 
i ee Med 
dP, (4rMF,)} IME, 


0.8 P/? 
+ exp( - ~ ). (8) 
(4rM F.)! 4M FE, 


where = 1.6 Mev, E2s=20 Mev, and the distribution 
is normalized to one neutron-proton pair.* To give the 
proper magnitude we must set r;/rc=0.38; and to 
make the calculated spectrum reach a maximum at 
the same energy as observed in this experiment, it is 
necessary to set B=40 Mev. 

If we omit the first term in Eq. (8), the proton 
spectrum is given by the dashed line in Fig. 4. The 
second term in Eq. (8) is in agreement with previous 
work, if we assume that neutrons and protons are 
randomly distributed in the nucleus.’ It is clear, 

8 In a previous report on this experiment (reference 6) an error 
was made in calculation which precluded satisfactory agreement 
with the experimental data. 

* J. B. Cladis, W. N. Hess, and B. J. Moyer, Phys. Rev. 87, 425 
(1952). 
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however, that both terms in Eq. (8) are necessary. 
The proton spectrum with the first term omitted 
definitely disagrees with the experimental spectrum. 
One can conclude that there are considerably more 
low-momentum neutron-proton pairs than would be 
given by a random distribution of neutrons and protons. 

Because the Berkeley synchrotron is no longer in 
operation, it is not possible for us to extend the work 
begun here. However, it is hoped that our results will 
stimulate others to do so. We feel that selected photons 
have proven themselves useful for probing nuclear 
internal momenta. 


APPENDIX 


Equation (4) in the text can be 
mediately to give 


integrated im- 


do dn, d°.\ D dep 
- f (1—B.p) 
dE dQ, dk, dP ,' dQ, 


X5(E,— B— E,—(P2+M?)')@PpdE,, (Al) 


where 


PJ= P+ Pp*+ PS 


+2(P,-Pp—P,-P,—Pp-P,). (A2) 


Remembering that P, defines the direction of the 


polar axis, we can write 


d’a dn y d\ dap 
—_ f ( 1 —B.p) 
dE,AQ dE, dP» dQ, 


i'n 


X6(a— (6+2¢cPp+Pp*)')Pp*dP p 


XcosOpdodpdE,, (A3) 


where 

a=E,—B+E,+M, 

b= P2+P,?+M*—2P, -P, cosé,, 

c= (1/Pp)[P, cos@p—P 
— P, sin@, sin@p cos(@p—¢>) |}. 


Cosép « os8, 


Pp 


We now perform a rotation of the quasi-deuteron 
coordinates in the lab system: 


Xp=Xp', 

Yo=Yp' cosy—Zp’ siny, 

Sp=Zp' cosy+yp’ siny, 
where 


(a’*+ b?)3, 


cosy=a 
In the rotated coordinate system 


c=a cos6p’, (A6) 
where 
a=(E,—E,P,+P,’)', (A7) 


and where we have assumed ¢,=90 deg. Putting Eqs. 
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(AS) and (A6) into (A3) and integrating over cos@p’, 
we have Eq. (7) in Sec. V. 

In order that the integral in Eq. (A3)#0, we must 
have 


(b—2aPp+Pp*)*<a< (b+2aPp+Pp’*)'. (A8) 


Prin ANd Prox are deduced from Eq. (A8). The results 
are 
Prin= |a— (e?—p)}| 
(A9) 
Prinax = at (a?—p)!}, 
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where 
u=4M E,+2E,(—$P,+E,—M)+2B(E,—E,+M). 
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Photodissociation of the » Meson 


M. E. Eset* anp W. D. WALKERT 
University of Wisconsin, Madison, Wisconsin 
(Received May 26, 1960; revised manuscript received March 6, 1961) 


The cross section for the production of a charged vector boson by the dissociation of a high-energy u-meson 
beam undergoing Coulomb scattering has been calculated. The cross section for such a process is (1—3) 
X< 10-“ cm? in Pb. Possible experiments for the detection of such decays are discussed. 


N the papers of Good and Walker' the possibility of 
the photodissociation and diffraction dissociation of 
high-energy beam particles is pointed out. In general, 
the study of photoprocesses serves as a complement to 
other means of study of strong interactions (e.g., 
m-meson scattering vs photoproduction). Thus, so far 
as the strong interactions are concerned, the Coulomb 
disintegration will probably serve as a complementary 
tool to diffraction dissociation. In the case, however, 
of weak interactions, the Coulomb disintegration of 
beam particles may be one of the few tools other than a 
study of decay processes available for probing the nature 
of the weakly interacting particles. The » meson is 
probably the most enigmatic of the fundamental par- 
ticles and, consequently, the ability to photodissociate 
the « meson represents an exciting possibility. We have 
made a calculation of the photodissociation of the u 
meson using a specific model. The model is the one in 
which the weak interactions are mediated by a charged 
vector boson.?* This calculation is much simpler than 
the corresponding ones for strongly interacting particles, 
since presumably one may apply the usual perturbation 
theory treatment to the problem. 
The cross section for the production of the inter- 
mediate boson and a neutrino by unpolarized u mesons 


* Supported in part by the Sloan Foundation and a U. S. 
Atomic Energy Commission contract. 

+ Supported in part by a U. S. Atomic Energy Commission con- 
tract and the Wisconsin Alumni Research Foundation. 

1M. L. Good and W. D. Walker, Phys. Rev. 120, 180, 1855 
(1960). 

2 4 Yukawa, Revs. Modern Phys. 21, 474 (1949). 

3R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 
(1958); J. Schwinger, Ann. Phys. 2, 407 (1957). 


of energy £ incident on a nucleus of charge Ze has been 
calculated using the Weizsacker-Williams approxima- 
tion. Accordingly, the cross section for photoproduction 
of B (vector boson) and neutrino by a photon of mo- 
mentum g incident upon a u meson at rest has first been 
calculated in lowest-order perturbation theory for both 
the weak boson-lepton interaction and the electro- 
magnetic interaction. The result is 


a(q)=a(q)(A—2)?+4(g)(A—1)+c(q), 

a(q)= (ag?/32M g*) (Inv+3—2x7 Inx—a +42), 

8M ,*)(2—3x7 Inx—x'— 227°), (1) 
8M 5*)(—a Inx+3x7 — 2x Inx 


— 2x Inx— 3x7) 


b(q) = (ag? 
c(q) = (ag 


with Mz the boson mass and X the /olal magnetic 
moment of the boson. Here «= @/gm is the photon mo- 
mentum in units of the threshold momentum gm. Note 
that the cross section diverges for large g unless \=2. 
The threshold momentum g», is given by 


m= M p"/2m, 


with m the u-meson mass. The boson-lepton interaction 
is taken ay 


L2-1= = eV ue 003 (1+ys)¥>+H.c.+ electron terms, 


so that the coupling constant g is determined by 


g?/Ms?=4X10-/M,2. 


(2) 


Various terms of order m?/M;,? relative to the main 
terms in Eq. (1) have been dropped. 
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TaBLe I. Cross section values, in units of 10~“ cm?. 


FE; (Bev) 


If the above expression is integrated over the appro- 
priate photon distribution corresponding to the nucleus 
Z moving with velocity v, and then the results trans- 
formed back to the system with Z at rest, there results 


or=A(A—2)?+B(A—1)+C, 
A=[(Za)*g*/324M 5° |L4 In*xo+ 3 (1+2 Ing) In?xo 
—4(7—2 In) Inxp—2(1—1n8) xo Ina 
+2(3—2 In8)(1—x0")+3(—142 Ing) (1—a07*) J, 
B=[(Za)*g*/8mM ;° |[.2 In?xo— (9—4 In) Inxo 
—6(1—In8) xc Inxp+ (14—8 Ing) (1—a0) 
+4(1—2 Ing)(1—a0*) ], 
C=[(Za)?g*/8rM 2° | (13/9) Invo—2(1—1n8)xc™ Inxo 
—2(1—2 In8)(1—x0) —$ (1—2 Ing) (1—207”) 
+ (2/27) (13—21 Ing) (1—2x0) 
— (1—2 In8)xy Inxyo—$(1—InB)xc Ina]. (3) 
Here xo= maximum value of X= ginax/Gm and x= (27/8) 
X(m/Mx)*. B=mb,, is m times the minimum impact 
parameter (the nuclear radius). 

Since the photoproduction cross section diverges for 
large g, all terms except the dominant term in a high- 
energy expansion are sensitive to the way in which the 
photon distribution is cut off at large g. The photon dis- 
tribution used here is cut off at g=1/b», where b,, is the 
nuclear radius. This procedure seems to work quite well 
in the problem of bremsstrahlung by a fermion with an 
anomalous magnetic moment. The cross section given 
above therefore agrees only asymptotically with that 
neutrino absorption cross section calculated by Lee 
and Yang,‘ who used a cutoff based on the electron 
scattering form factors. It may be remarked that the 
lower order terms are important at u meson energies 
up to about 100 Bev. 

If the mass of the boson is taken to be about a nucleon 
mass, for purposes of calculation, then the minimum 
photon energy gm is 4.1 Bev. Taking the minimum im- 


‘*T. D. Lee and C. N. Yang, Proceedings of the 1960 Annual 
International Conference on High-Energy Physics at Rochester 
(Interscience Publishers, New York, 1960). 
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pact parameter as the radius of the nucleus Z, implies 
for Pb that 8=4.5. Then the threshold u energy for the 
production of a boson of nucleon mass in scattering off 
Pb is about 18.5 Bev. This threshold rises quadratically 
A, B,C in ex- 
pression (3) for the total cross section may be calcu- 
lated as functions of energy. Table I gives values of 
these three quantities at u energies of 25, 100, and 200 
Bev, as well as the total cross section o, for a boson of 
“normal” magnetic moment, \=1, again for Mg=M,, 
and scattering off Pb. The mass of the boson, if it exists, 
is unknown, and the failure to observe such processes 
can of course only put a lower limit on the mass. 

The have 
polarized wu beam. If the y’s are longitudinally polarized, 
the only effect is to double all cross sections. 

As far as experimental work is concerned, the sort 
of thing that would be observed experimentally would 
be an anomalously large energy loss of a uw or the dis- 
integration of a yw into an electron and two neutrinos. 
The former case would correspond to wt+zN4— 
Bt+i+zN4 and then Bt— yut+>v. The process with 
which this competes would be the bremsstrahlung and 
electron pair production of u mesons. The cross section 
for the bremsstrahlung process in lead in which more 
than $ the energy of the u is lost is ~ 10~*7 cm? as com- 
pared to (1—3)X10-* cm’ for the dissociation of the up. 
There are other processes in which the uw induces photo- 
processes by virtue of its Coulomb field. The cross sec- 
tion for these processes would be perhaps a factor of 10 
less than the bremsstrahlung process. 

The dissociation process looks like a bremsstrahlung 


with the boson mass. The coefficients 


above considerations assumed an un- 


process in which the uw radiates two neutrinos, i.e., we 
have an anomalous loss of energy of the u. In order to 
detect such a process one has to discriminate very 
efficiently (an inefficiency <10 
10 to 50-Bev y ray) against the bremsstrahlung process 
or pair process. The experiment as proposed seems to 
be feasible but extremely difficult at either the CERN 
or Brookhaven alternating gradient synchrotrons. The 
experiment probably cannot be done by counter tech- 
niques alone because of the discrimination against back- 
ground processes required. Some combination of a 
visual technique and counter controlling is necessary, 
together with weeks of running time. 

Even though the results seem rather discouraging so 
far as experiments are concerned, it would seem worth- 
while at least to attempt such an experiment, since 
our lack of understanding of 4 mesons makes any cal- 
culation of this sort unreliable. 


‘in the detection of a 
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Single Scattering of 2-Bev/c Muons in Nuclear Emulsions* 


C. Y. Kim, S. Kanexo,f Y. B. Kim, G. E. MAsex, AND R. W. WILLIAMs 
Department of Physics, University of Washington, Seattle, Washington 
(Received January 30, 1961) 


The single scattering of high-energy muons from emulsion 
nuclei was measured using a monoenergetic beam of muons 
produced at the Berkeley bevatron. The median momentum of 
muons was 2.00+0.03 Bev/c with a spread of no more than 
+3.5%. Nuclear emulsion stacks were exposed to this muon 
beam behind the targets used for a counter experiment. The 
results of the counter experiment were reported earlier. The 
muon tracks recorded in nuclear emulsions were followed by a 
special fast-scanning technique, and a total of 682 single scattering 


I. INTRODUCTION 


HE nuclear scattering of 2~Bev/c muons produced 

at the Berkeley bevatron was measured by means 
of scintillation counter hodoscopes and nuclear emul- 
sions. In the counter experiment, the results of which 
were reported in an earlier paper,' the cross sections of 
muon scattering in carbon and lead were measured up 
to elastic momentum transfers of 400 Mev/c. There it 
was concluded that the observed cross sections are in 
good agreement with the electromagnetic theory pre- 
dictions, and do not support the “anomalous” scattering 
reported by some cosmic-ray muon experiments.’ The 
apparatus used in the counter experiment was not very 
sensitive to small angle scattering corresponding to 
momentum transfers of less than about 100 Mev/c. 
This region of low momentum transfers has been 
covered separately by investigating the nuclear emul- 
sion stacks exposed to the same muon beam. Here 
again, the conclusion reached by the counter experiment 
is substantiated, and no evidence for the “‘anomalous”’ 
scattering is found. The details of this emulsion experi- 
ment are reported in the present paper. 

In the emulsion experiment, muon scattering events 
are identified from sudden deflections of the beam 
tracks. To detect such events efficiently, the beam 
tracks were followed individually by a special fast- 
scanning technique described in Sec. II. In this method, 
large-angle scattering events can be detected as effici- 
ently as small-angle events, but the expected cross 
section diminishes very rapidly for large-angle scatter- 
ing. For this reason, the scattering events, obtained in 
this experiment from 743 meters of track following, are 
mostly of small angles, corresponding to momentum 
transfers of less than about 100 Mev/c. In emulsions, 
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events were found from 743 meters of track following. For the 
muon beam accepted in the emulsion scanning, the pion contami- 
nation was measured to be 1.34+0.2%. These pions contribute 
to the integral muon scattering data by about 3% for scattering 
angles greater than 1°. The observed scattering distribution 
which extends up to 3° scattering angle, or momentum transfer 
of about 100 Mev/c, is in good agreement with the electromagnetic 
theory predictions and complements the counter experiment 
which covered momentum transfers of 70-400 Mev/c. 


the target nuclei cannot be identified for individual 
scattering events; therefore, the observed scattering 
distribution is compared to the theoretical predictions 
averaged over all emulsion nuclei. On the other hand, 
the emulsion experiment is characteristic in that each 
event is identified visually at the point of scattering, 
and hence, no correction is required for multiple 
scattering. This advantage is particularly significant in 
the region of low momentum transfers.’ 


Il, EXPERIMENTAL 
Exposure 


Stacks of G-5 stripped nuclear emulsions (2 in. X4 in. 
600 4) were exposed to the same muon beam used in 
the counter experiment. This muon beam was produced 
at the Berkeley bevatron from 3.5-Bev/c negative 
pions decaying in flight. The characteristics of the 
beams were described in the earlier paper on the 
counter experiment.' The median momentum of the 
muon beam was 2.00+0.03 Bev/c with a spread of no 
more than +3.5%. The locations of emulsion stacks in 
relation to the counter experiment apparatus are shown 
in Fig. 1. The muon beam entering the stack between 
the iron absorbers is degraded in. momentum to about 
1.5 Bev/c, with the pion contamination reduced by a 
factor of about 10. This reserve stack, however, was 
not used in the analysis since the pion contamination 
in the 2-Bev/c plates was found sufficiently low. At 
the same locations, another set of emulsion stacks were 
exposed to 2-Bev/c negative pions. These plates were 
used in the analysis to compare the interactions of 
muons and pions at the same momentum. The particle 
fluxes in emulsions were 8.1 10*/cm? for the 2-Bev/c 
muon plates and 17.4X10*/cm* for the 2-Bev/c pion 
plates. Beam collimation was good in both sets of 
plates, and 80% of the beam particles were found 
within 1° of the beam direction. 


$In our counter experiment, the lead scattering data were 
compared with the distribution calculated by Cooper and Rain- 
water (reference 4) which explicitly includes the effect of multiple 
scattering. In the carbon scattering data, however, the multiple 
scattering correction was negligible at high momentum transfers. 
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Fic. 1. Experimental arrange 
ment for emulsion exposure. The 
emulsion stacks are 
relation to the counter 
experiment apparatus. S’s are 
scintillation counters and A’s are 
scintillation counter hodoscopes 





iocations of 




















Scanning 


The processed emulsion plates were scanned for 
single scattering of muons from emulsion nuclei. Such 
scattering events appear as sudden deflection of a 
minimum track and could be detected efficiently only 
by on-track following. The total length of muon tracks 
followed in this experiment is 743 meters. The scanning 
time, however, was greatly economized by the adoption 
of a fast scanning method described below. 

In this method the x axis of a microscope stage is 
aligned parallel to the beam direction, and the stage is 
moved rapidly so that grains of a minimum track, kept 
in focus by the z adjustment, appear as a continuous 
line. As the y coordinate of the microscope is kept fixed 
during this rapid stage motion, the line image of an 
inclined track moves slowly in the field of view along 
the y axis with a speed v,=v,a,, where v, is the speed 
of the stage motion and a, is the projected angle of 
track inclination with respect to the x axis. Any change 
in a, due to scattering can be recognized from the 
sudden change in v,. Scattering events with projected 
angle greater than about 0.5° are readily detected by 
this method. When the track being followed goes out 
of the field of view, the stage motion is stopped and 


ABLE I 





another track is selected for scanning 


parallel tracks (a,<1°, dip angle< 4°) 


Since only 
are accepted for 


scanning, the track length followed is given essentially 


by the distance of the stage motion. Including the time 
for track changeovers, which averaged about 4 times 
for one complete stage motion of 7 cm, the scanning 
speed was 0.5 to 1 m/hr. This is about 5 times faster 
than the conventional track following. 

Each scattering event detected by the fast scanning 
was re-examined, and the projected scattering angle, 
a= Aa,, was measured with an accuracy of 0.1°. Events 
with a<0.5° were not included in the data, since the 
detection efficiency for these events was very low. 
Spurious scattering due to local emulsion distortions 
as well as low-energy electron scattering were eliminated 
by this re-examination. 

In the fast scanning, the track density per field of 
view was kept at a very low level in order to avoid 
possible detection biases arising from track confusion. 
The scanners were specifically cautioned against the 
loss of a track, which might have resulted from scat- 
tering. When the scanner lost a track he was following, 
he was instructed to the 


Detection biases arising 


reverse motion and 


Stage 


relocate the original track 


[he mean free paths of stars and scattering events observed in the 2-Bev/c pion and muon plates 


The numerical values given refer to track length in meters/number of events 


Plates and events Fast track scanning 
Pion plates* 
Stars 
Scattering with a>1 
Stars and scattering 
Stars with V,>3 


44.8/ 95=0.47+0.05 
44.8/ 45=1.0 +0.15 
44.8/140=0.32+0.03 


Muon plates 
Stars with a,<1 
Scattering with a>1°, a,<1 
Stars with V,>3 
Stars with NV, >3, a.<1 


743 
743 


11=68+20 
158=4.7+0.4 


Slow track scanning \rea scanning 


4.1/37 =0.38+0.06 
4.1/15=0.94+0.24 
4.1/52=0.27+0.04 


101/110 =0.92+0.09 


$4460/70=644 8 
3570/42=85+13 


® Pion track lengths shown here were corrected for 9% muon contamination in the pion plates. 
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TaBLe II. The observed and predicted numbers of single scattering for 2~-Bev/c muons traversing 743 meters of nuclear emulsions. 
The numbers refer to the scattering events with the projected scattering angle of a or greater. 


a in degrees 0.5 0.7 
Observed number 682 421 
Predicted from extended nucleus 923 403 
Predicted from point nucleus 1147 585 


from other uncontrollable sources were estimated by 
the following tests. 

(i) Using 2-Bev/c pion plates, the fast scanning was 
compared to a slow scanning in its efficiency of detecting 
star events and scattering events with a>1°. For 
these events, the detection efficiency of the slow 
scanning is almost 100%. The observed numbers of 
events and the corresponding mean free paths are 
shown in Table I. Including both the star and scattering 
events, the detection efficiency of the fast scanning 
relative to the slow scanning is (0.27+0.04) m/(0.32 
+0.03) m=85+14%. Although the statistics are rather 
limited, the detection efficiency for the scattering 
events alone appears somewhat better. 

(ii) A random sample of 100 scattering events 
detected by the fast scanning was selected for rescan- 
ning. Each event was followed under the same criteria 
as applied to the fast scanning. Only 5 events with 
a=0.5° were missed in this rescanning. Since 24 events 
with a=0.5° were contained in the sample, this test 
indicates that the detection efficiency is about 80% at 
0.5° and close to 100% at larger scattering angles. 
These figures are somewhat optimistic in that those 
scattering events which are intrinsically difficult to 
detect would have not been included in the sample. 

From these tests, it is felt that the detection efficiency 
of the fast scanning employed in the present experiment 
is about 90% for scattering with a> 1°. 


Beam Impurities and Background Events 


The pion contamination in the muon beam can be 
determined by observing interactions produced pre- 
dominantly by the pions. In the emulsion experiment, 
this was done by observing star events produced by the 
beam particles. The star events observed in different 
ways are listed in Table I. Using these data and other 
facts, the pion contamination in the muon beam 
accepted for scanning (a,< 1°) are obtained in a number 
of different ways. 

(i) In the area scanning, only those stars which had 
three or more heavy prongs, or V,>3, were selected. 
In the muon plates, such stars were observed with a 
mean free path of 85+13 m for the beam particles with 
a,<1°. Attributing all of these stars to the pions, for 
which the mean free path to produce such stars was 
measured from the area scanning of the pion plates to 
be 0.92+0.09 m, one obtains the pion contamination 
in the muon beam as 0.92/85 = (1.1+0.2)%. 

(ii) In the fast scanning of muon plates, stars were 
ovserved with a mean free path of 68+20 m. On the 


1.0 1.2 
158 84 
152 86 
286 199 


other hand, the fast scanning of the pion plates gave a 
mean free path of 0.47+0.05 m for the similar stars. 
The pion contamination obtained from these two 
numbers is 0.47/68= (0.7+0.2)%. 

(iii) In the counter experiment, the pion contami- 
nation of the muon beam striking the target was 
measured to be (3.4+0.2)%. In passing through the 
target and scintillation counter material in front of the 
emulsion, about 30% of the pions are filtered out of the 
beam. In the beam particles with a,<1° accepted for 
scanning, the pion intensity is further reduced to about 
42/70=60%, while 80% of the muons remain. The 
pion contamination deduced in this way gives a value 
3.4% X0.7X0.6/0.8= (1.8+0.4)%. 

From the three values obtained above, the pion 
contamination of the muon beam used in the emulsion 
experiment is determined to be (1.30.2)%. Diffraction 
and Coulomb scattering of these pions contribute to 
the muon scattering data. This contribution is calcu- 
lated to be about 3% for scattering events with a> 1°. 
This number can be checked in a different way from 
the data given in Table I. In the fast scanning of pion 
tracks, the stars and scattering with a>1° were ob- 
served in a ratio 95:45. Since 11 stars were observed in 
the muon track scanning, 11X (45/95)=5.2 pion scat- 
tering events would contribute to the 158 muon 
scattering observed. The pion contribution so deduced 
is again about 3%. 

Electrons in the primary muon beam were effectively 
filtered out by a 0.25-in. lead degrader left in front of 
the last bending magnet. Knock-on electrons produced 
in the counter experiment apparatus may get into the 
emulsions. These electrons are, however, of low energy 
(less than 300 Mev), and can be readily distinguished 
from the 2-Bev muons. Background events due to 
other possible sources, such as w-e decays, m-4 decays, 
and scattering of K~, p are completely negligible in 
the present experiment. 


III. RESULTS AND DISCUSSION 


In the course of following 743 meters of muon tracks, 
a total of 682 single scattering events were found. These 
events are interpreted as 2-Bev/c muons scattered from 
emulsion nuclei. The numbers of observed events with 
the projected scattering angle greater than a given 
value a are shown in Table II. The data are also shown 
in Fig. 2 as an integral scattering distribution vs a. 
The vertical flags indicate statistical errors only. In 
the abscissa is also shown q’= 2p sin(a/2)=4 sin(a/2) 
Bev/c. As the space scattering angle @ is always greater 
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Fic. 2. The experimental and theoretical integral scattering 

distributions of 2-Bev/c muons in the traversal of 743 meters of 

nuclear emulsions. a is the projected scattering angle and N (a) 


is the number of single scattering events with the projected 
scattering angle of @ or greater. g’ is the momentum transfer 
defined in the text. The errors shown on the experimental poirits 
are statistical only. The dashed curve is the theoretical pre- 
dictions based on the point nucleus model, and the solid curve is 
that based on the extended nucleus model. 


than a, the elastic momentum transfer, g= 2p sin(6/2), 
involved in the scattering is larger than q’. 

Of the sources of nonstatistical errors discussed in 
the previous section, only two items need to be cited 
here. (a) The detection efficiency is low for a<0.5°, 
but it is estimated to be about 90% for a> 1°. (b) The 
pion contamination was measured to be (1.30.2)%. 
Diffraction and Coulomb scattering of these pions are 
contained in the observed distribution by about 3% at 
a=1°, and about 20% at a=2°. Since these two 
corrections tend to cancel each other, the net non- 
statistical error in the observed scattering distribution 
is about 10% for a> 1°. 

The observed scattering distribution is now compared 
with the theoretical predictions based on two different 
models of nuclear charge distribution: the point nucleus 
and the extended nucleus. 

(A) Point Nucleus. For a muon traversing 1 cm of 
nuclear emulsions, the differential probability of single 
scattering from emulsion nuclei is written in the form 

dP (6)=>°; Nio;(0)dQ, (1) 
where @ is the scattering angle in space, N; is the 
number of atoms per cc, and i refers to the individual 
elements constituting the emulsions. For a point 
nucleus, o(@) for any element is given in the Born 
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approximation by the Mott formula: 


e 
a(6)= 12( 
pr 


Here p and » are, respectively, the momentum and 
velocity of the incoming muon. The atomic number Z 
and the mass M refer to the target nucleus in question. 
The nuclear recoil term involving M is negligible in the 
present case. After the conversion of space angle @ to 
the projected angle a, (1) can be expressed in the form 


dP (a) 


2 cos*(@ 2) 


sint(@/2 


G(a)da, (3) 


and the integral distribution for single 
obtained by 


scattering is 


(4) 


The numbers of scattering events expected from this 
calculation are entered in Table II and shown in Fig. 2 
by the dashed curve. 

The assumption of a point nuclear charge is very 


unrealistic in the present scattering experiment. For 
scattering events with a> 1°, 
are well within nuclear radii, and the 
calculation this assumption will grossly 
overestimate the scattering probability. This assump- 
tion is, nevertheless, considered here since some of 
cosmic-ray experiments have reported that the muon 
scattering is anomalously large and closely follows the 
predictions based on the point nuclear charge. From 
Fig. 2, it is seen that this is not the case with the 
present experiment. The experimental curve is widely 
different from the point nucleus predictions both in 
the magnitude and shape. 

(B) Extended Nucleus. For the range of momentum 
transfers covered in the present experiment, the struc- 
ture effects’ of distribution can be 
adequately taken into account by modifying the basi 
cross section (2) to 


the impact parameters 
the emulsion 
based on 


nuclear charge 


a (0) > o (@)F 7 (q)F n?(0) (5) 


The nuclear form factor Fy is not calculable in its 
precise form, and the approximate expression given by 
Cooper and Rainwater‘ is used in the present calcu- 
lation. As for the proton form factor F,(g), the expres- 
sion given by Hofstadter ef al.,® 

F, [1 + (qa? 12), (60) 
is used with a=0.7 fermi and g=2psin(@/2). The 
numbers of scattering events calculated on the basis 
of this modified cross section are shown in Fig. 
the solid curve. 

Provided that the muon scattering results from the 
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SINGLE 


electromagnetic interactions only, the theoretical calcu- 
lation is expected to give an accuracy of about 10%. 
Within the limits of this theoretical accuracy and the 
experimental errors already quoted, the experimental 
scattering distribution is in good agreement with the 
theoretical predictions. 

The experiments on high-energy muon scattering 
prior to our own work were performed with cosmic-ray 
muons. These cosmic-ray experiments were cited in our 
previous paper,' and it was pointed out that they are 
not in agreement with each other regarding the existence 
of an anomaly in muon scattering. In the latest cosmic- 
ray experiment by Fukui ef a/.,° muons were identified, 
and their momenta were estimated by requiring the 


6S. Fukui, T. Kitamura, and Y. Watase, Phys. Rev. 113, 315 
(1959). 
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muons to traverse a thick block of iron and stop and 
decay in a thin layer of carbon. The scattering of these 
muons was measured by means of a cloud chamber 
containing lead plates. These authors found no anomaly 
in the range of momentum transfers up to about 100 
Mev/c and cast serious doubt on the anomaly reported 
by some of the earlier cosmic-ray experiments. Our 
own work confirms the results of Fukui ei al., while 
avoiding many of the uncertainties connected with 
cosmic-ray muon experiments. 

In summary, the present emulsion experiment sup- 
ports the conclusion already reached by the counter 
experiment. The scattering distributions of high-energy 
muons observed in our experiments are in good agree- 
ment with the expected electromagnetic predictions 
and give no evidence for an anomaly. 
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Cusp Phenomena in the Region of Two Neighboring Thresholds* 


J. Sucner, G. A. Snow, anv T. B. Day 
Physics Department, University of Maryland, College Park, Maryland 
(Received January 23, 1961) 


Previous discussions of the cusp phenomena at the threshold for a new reaction are extended to the case 
of two neighboring thresholds. The S matrix is constructed from an Xn « matrix in such a way as to ensure 
that the physical S matrix is unitary when only r of the m channels are open. As a special application, the 
amplitude for the reaction «-+p — A°+K° is studied in the region of the =~ and 2° thresholds. 


I. INTRODUCTION 


ECENTLY, considerable interest has arisen in the 
behavior of various sections near the 
threshold for a new reaction. In particular, the possi- 
bility of determining the relative parity of the hyperons 
by study of the production amplitude in a two-body 
reaction has been pointed out by several authors.’ 
Experiments to test this possibility and, hopefully, to 
measure the (A°,D°) relative parity are in progress.’ 
The previous analyses® of the cusp phenomena have 
been made for a region near a single threshold. However, 
in the case of actual interest being studied* there are 
really two neighboring thresholds separated in energy by 
the mass difference (my--++-mx+) — (my>-+-mr°).! 


cross 
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2A. M. Schwartz, Bull. Am. Phys. Soc. 5, 516 (1960); F. S. 
Crawford, Jr., Bull. Am. Phys. Soc. 5, 516, (1960). 

® See, for example, R. G. Newton, Ann. Phys. 4, 29 (1958), 
wherein there is a complete list of earlier references; R. G. Newton, 
Phys. Rev. 114, 1611 (1959). 

4 W. H. Barkas and A. H. Rosenfeld give 0.60.8 Mev. Proceed- 
ings of the 1960 Annual International Conference on High-Energy 
Physics at Rochester (Interscience Publishers, Inc., New York, 
1960), p. 878. F. S. Crawford, Jr., gives 2.240.6 Mev, reference 
2 above. 


It is the purpose of this note to generalize the previous 
treatments to the case of neighboring thresholds. In so 
doing, we develop a simple and transparent treatment 
of the requirements of unitarity on the S matrix in the 
various energy regions. In Sec. II, the general formalism 
is set up. For illustration, the well-known results for 
the case of a single threshold are rapidly rederived in 
Sec. III. Section IV treats the case when there are two 
neighboring thresholds, and the results are illustrated 
and applied to the case of the reaction + p — A°+K® 
in the neighborhood of the two 2K thresholds. Coulomb 
effects in the (2-,K+) channel are ignored. A brief 
summary is given in Sec. V. 


II. GENERAL FORMALISM 


For simplicity, we consider the case of m coupled 
two-body channels; each channel consists of one 
particle of spin zero, and one of spin one-half. We are 
interested in the submatrix of the S matrix with J=4 
and definite parity. 

We adopt the normalization such that the differential 
cross section for the reaction from channel 7 to channel j, 


5 The general formalism described herein follows closely the 
formalism developed by Dalitz and Tuan to treat low-energy 
K~ p interactions. See R. H. Dalitz and S, F. Tuan, Ann, Phys. 
3, 307 (1960). 
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in terms of the transition amplitude 7;;, is 


do ;;/dQ;= kj | 7 5;\?. (1) 
The particles in channel j are assumed to have relative 
orbital angular momentum zero. Here, k; denotes the 
relative wave number of the particles in channel 7. The 
transition amplitudes are related to the S matrix by 
the matrix equation 

S=1+2ir. (2) 


We start by considering the region where all x 
channels are open. The unitarity of the S matrix is 
guaranteed if we express 7 in terms of a real, symmetric 
matrix « by 

r=x(1—ix)", (3) 
so that 
1+ix)/(1—ix). (4) 

Let M; be the total rest mass of the particles in 
channel 7. We order the m channels such that M,<M, 
<---<M,. Using this ordering, we then wish to 
distinguish the first r channels from the remaining 
channels since we shall be interested in the case where 
only r of the m channels of the S matrix are open. 

We write the 2X» x-matrix in the form 


(sw) 

K ‘ : 

N M 

where L, M, and N are rXr, (n—r)X(n—r), and 
rX(n—r) matrices respectively. N is the transpose of 
N. We wish to calculate the rXr submatrix S“ referring 
to channels 1---r only, in terms of L, M, and NV. We 
use an easily derived formula for inverting a matrix: 
if A and B are symmetric matrices, then 


wet ge 
fp 2 v7 
X=(A-—CB(C)", 


Y=(B—CA-C) 
Z=—-—A-"CY. 


where 


; 


Equation (4) then yields 


where 


We rewrite Eq. (9) as 
L+Ax, (10) 
where 


Ax’ =1N (1—-iM)N. (11) 


Let &; be the relative wave number of the two 
particles in the 7th channel. When all channels are open 


SNOW, 


AND DAY 


(all k?>0), we take® 


kK i= (RjR,)*K (EB), (12) 


where E£ is the total energy in the center of momentum 
system; x; is taken to be real and symmetric for all 
energies E>M_,. The proper continuation of k; through 
the region where k; vanishes is well known to be® 


k;—- +1/k (13) 


If we further assume that «;;(Z) is real and symmetric 
for energies E>M,, then in the case when all (n—r) 
channels are closed, Eq. (12) and (13) imply that M 
becomes pure imaginary, and that NV and N each 
becomes +/i times real matrices. Thus, from Eqs. (10) 
and (11), x‘ becomes a real, symmetric matrix, and, 
by Eq. (8), S‘ is manifestly unitary. It should be 
emphasized that this result is independent of any 
nonrelativistic approximations and only uses the reality 
of k;;(#) and Eqs. (12) and (13). 

Dalitz and Tuan® have considered the problem of the 
analytic continuation of the « matrix into a region 
where one or more of the channels is closed. Their 
results imply that the analyticity requirements on the 
r matrix may be incompatible with the assumption that 
the mXn « matrix remains real for all energies E>M),. 
However, we shall only require that x;;(£) be real on 
the real axis, and analytic in £, in a small region about 
the thresholds of interest, 
E>M,. 

In the special case where all the (n—r) channels are 
near their thresholds, so that the matrix elements of 
M and N are small compared to those of L 
treat Akx‘’ 
rewritten as 


rather than for all energies 


, ohne can 
as a small perturbation. Eq. (8) may be 


1+7L 
+ AS (14) 
1-—iL 


where, to lowest order in Ax 


21Ar’? =AS“” = 2i(1—iL) An (1—i (15) 


We note that the change in cross section corresponding 
to Ar” is 


Ao j:= k-°2 Retr ;;*Ar ji. (16) 


Ill. SINGLE THRESHOLD 


As a simple example, we apply this formalism to the 
case where only channel 7 is near its threshold, all other 
channels being open. Then we take r= (n—1), so that 
the matrix M reduces to the single element, &nkn,; and 
N becomes a one column matrix with (w—1) elements of 
the form (k,,k;)'k,; (i=1, ---, n—1). We wish to display 
the energy dependence of an element of S‘*» in the 
region immediately above and below the threshold for 
channel n (E=M,, k,=0). 

® The form of Eq. (12) is only appropriate when both channels 
i and j are in S states. This simplification does not affect the 


validity of the applications of Sec. III and IV, and there it is only 
required that the threshold channels be in S states. 





CUSP PHENOMENA IN TWO 


Above 
(11), 


the threshold, we obtain directly from Eq. 


Ax ji") =i(NN) 5 +0(R) 
=th LR RAR in&ni |+O(R,2). 


The quantity in the square bracket is evaluated at the 
threshold E=M,. Below the threshold, k,— 1|k,| 
and Eq. (17+) becomes 


Ak ji") = — | kn | CRP RAR jinkni J+O(Rn?). 


From Eq. (15) with Z evaluated at E=M,, it follows 
that AS;;“"" and hence S;;°""Y, undergoes a 90° 
right-hand turn when plotted in an Argand diagram, as 
E passes thru M, from above. This behavior of S 
gives rise to the well-known cusp in oj; at the threshold 
E=M,,. 

For the sake of completeness we note® that from 
Eq. (16), using the notation of Eq. (5), 


Ar~i(1—iL)“NN(1—iL)-. 


(17+) 


(17—) 


(18) 
The individual elements may be written 


AT ji TinTniy (19) 
since 


rni=[(1—-iL)N Jus +O(Rn2), (20) 


=1, ---,u—1. Thus from Eq. (16), we see that 
the change in the cross section ¢;;, due to the existence 
of the mth channel, is proportional to the product of 


where 7 


the amplitudes for the reactions i->n and n—j as | 


well as the amplitude for the reaction i — 7 itself. 


IV. TWO NEIGHBORING THRESHOLDS 


In the case of (m—r) channels being near their 
thresholds, Eq. (18) has the same form, the only 
change being that NV is now an rX(m—r) matrix, and 
that, correspondingly, in Eq. (19), the subscript m is 
summed from (n—r+1) to n. 

We illustrate the more general case by application 
to the reaction +p — A°+K°® in the neighborhood 
of the thresholds, (2°,K°) and (2~,Kt+). 

We define the relative momentum in the (2~,A‘*), 
(=°,K°) channels as k_ and ko, respectively, and put 

AM = (Mx++M;-)—(Mv+Mx’), (21) 
which is positive.t The three regions of interest are, 


then, 


E<My+M x’; 
MYt+MR<E<Ms-+Mxt; (22) 
E>M:z+Mx-+. 


Region I, 
Region IT, 
Region III, 


In this special case, the S matrix (Sj;) is a 4X4 
matrix such that i=1, 2, 3, 4 refer to channels 2, 
A°K®, 3°K®, =-Kt, respectively. Thus, n=4, r=2, and 
in the notation of Eq. (5), ZL, M, and N are all 2X2 
matrices. 

To the lowest order in kp and k_, we can immediately 
write the S matrix referring to the mp and A°K® 
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channels only, in the three energy regions of Eq. (23) as: 
1+iL 1 1 


ma! 


5S 


(23) 


2 NN : 
i—sL 1—sL 


In analogy to Sec. III, L is held constant at its value for 
say E=My+Mx°. We break up the 2X2 matrix N as 


(N )= (VoN_), (24) 


where Vo and N_ are 2X1 matrices. The two elements of 
No, for example, refer to the processes x~+ p — 2°+ K® 
and A°+ K° — 2°+ K°. Referring to Eqs. (12) and (13), 
each of the elements of Vo, N_ has an explicit factor of 
(ko)! and (k_)!, respectively, in region III. As ko and 
k_ go through their respective thresholds, 


No—— (i) No’, (25) 


so that the elements of Vo,’ are real numbers propor- 
tional to |ko|# and |k_|', respectively. We can then 
write Eq. (23) in the three energy regions as 
1+iL 
S! I lo 
1—iL 
1+iL 
Sia —2 
l—-+L 1-aL 
1+7L 1 
p—--—4 at 2 
i-iL =61-—iL 


S'= (iNo'No'+iN_'N_')——. 
1—iL 

Just as in the one threshold case, we see from Eq. 
(26) that the S-matrix element for the process 
x +p— A°+K°, when plotted on an Argand diagram, 
takes a 90° right-hand turn as the energy E decreases 
through the point Mz-+Mx*, and again at the point 
M~+Mx. (We emphasize that these considerations 
hold only for that part of the #-+p— A°+K® ampli- 
tude whose quantum numbers allow the process to be 
coupled to the S state (2°,K°) and (2-,K*) channels. 
We are Here assuming that the (2°,K°) and the (2-,K*) 
relative parities are equal.) 

We wish now to display in more detail the energy de- 
pendence in regions I, II, and HI of Sa=S (#-+p— 
A°+K°). Since the (A°K®) channel has isotopic spin 
quantum numbers J=3, /,=—}4, charge independence 
implies that we can write 

No=— (1/3) 'RolA, , 
(27) 
N_=+ (2/3)*kn, 


where A is a 2X1 matrix describing transitions from 
the (w-p) and (A°K®) channels to the 7=}, J,=—}, 
state of the (2K) system. Equation (26) implies that 


1+iL a 
1-iL/ 1-iL 1-tL/ 2 


x F( Ro ; k >, (28) 
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Fic. 1. Argand dia 
gram of the energy- 
dependent factor F in 
(2° K*) threshold the S-matrix ele 

ment for the reaction 

x +p — A°+K® near 

the (2,K) thresholds. 
I [See Eqs. (28) and 
(29). ] The arrows indi- 
cate the direction of 
decreasing total energy 
E 


A 


(= K’)threshold 





I 
——- 
Re F 





where 
F(l\ko|,'k . ) 
(Rot21\k 


in II 

in I (29) 

in I. 

Let wrx equal the average reduced mass of the (2°A°) 

and (=~K*t) systems, and @=2usxAM. Then 

k_| = | (k’?'—é)? in Ill 

=} (eke) in II 
=((@+)/ko/?)? in I. 


(30) 


In Fig. 1, the function F(|k_|,|ko|) of Eq. (29) is 
plotted on an Argand diagram in the energy region near 
the two (2X) thresholds. Note the two successive 90° 
right-hand turns as E decreases through the two (2K) 
thresholds. In region II, the curve for F is an ellipse, 
since as follows from Eqs. (29) and (30). 


(3 Im F)?+ (Re F)?= &/9. (31) 


Note that parts I and III in Fig. 1, when projected, 
form a right angle. 

In a sufficiently small region around the YK thresholds 
the energy variation of S2; is dominated by that of F, 
since all other terms in Eq. (29) may be assumed to be 
slowly varying with energy. It follows that the Argand 


SNOW, 


AND DAY 

diagram for S.; will be similar to that of Fig. 1 for 
F, but displaced and rotated in a way that depends on 
the dynamical factors L and \ of Eq. (28). Charge 
independence will still require that the shape of the 
curve for S2; in region II is part of an ellipse of eccen- 
tricity (\/3/2). 

In the limit AM — 0, F and therefore S2; exhibits a 
single 90° right-hand turn corresponding to a single 
cusp as it must. Note that the over-all turning angle 
of Ss; from region III to region I is 90° whether AM+0 
(two cusps) or AM =0 (one cusp). 


V. SUMMARY 


We have extended the usual treatment of the single 
cusp phenomena to the case of two or more neighboring 
thresholds. The process r~+ p — A°+K° near the (2°K®) 
and (2~Kt) thresholds has been used to illustrate the 
formalism. In particular, we have seen that the assump- 
tion of charge independence implies that the shape of 
the curve obtained by plotting the S-matrix element 
So; on an Argand diagram is elliptical in the region 
between the 90° right-hand turn taken at each threshold. 

It should be emphasized that we have ignored the 
Coulomb effect in the 2~K* channel in this analysis. 
Inclusion of this effect will eliminate the discontinuity 
in slope of the complex amplitude S2; at the Z~A* 
threshold.’ Further work to include the Coulomb effects 
is in progress. However, for the relatively large mass 
difference reported by Crawford,‘ we expect that the 
major features of the energy variation of the amplitude 
in region II will still be largely as described above. 
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Because time does not appear in Schrédinger’s equation as an operator but only as a parameter, the time- 
energy uncertainty relation must be formulated in a special way. This problem has in fact been studied by 
many authors and we give a summary of their treatments. We then criticize the main conclusion of these 
treatments; viz., that in a measurement of energy carried out in a time interval, A/, there must be a minimum 
uncertainty in the transfer of energy to the observed system, given by A(E’—E) >h/At. We show that this 
conclusion is erroneous in two respects. First, it is not consistent with the general principles of the quantum 
theory, which require that all uncertainty relations be expressible in terms of the mathematical formalism, 
i.e., by means of operators, wave functions, etc. Secondly, the examples of measurement processes that were 
used to derive the above uncertainty relation are not general enough. We then develop a systematic presenta- 
tion of our own point of view, with regard to the role of time in the quantum theory, and give a concrete 
example of a measurement process not satisfying the above uncertainty relation. 


1. HISTORICAL SUMMARY OF THE STATE OF THE 
PROBLEM OF TIME MEASUREMENT IN 
THE QUANTUM THEORY 


A® is well known, the uncertainty relations in 
quantum mechanics can be regarded in two closely 
related ways. First of all, they are a direct mathematical 
consequence of the replacement of classical numbers by 
operators, and of adding the basic principle that the 
statistical distributions of the corresponding observables 
can be obtained by means of the usual formulas from 
the wave function and its probability interpretation. ! 
Secondly, however, it can be shown by analyses such 
as that of the Heisenberg microscope experiment that 
they are also limitations on the possible accuracy of 
measurements.’ 

These considerations apply to observables such as 
x, p, and H. With regard to the measurement of time, 
however, a further problem appears, because time 
enters into Schrédinger’s equation, not as an operator 
(i.e., and “observable”) but rather, as a parameter, 
which is a “‘c” number that has a well defined value. 
Nevertheless, the uncertainty principle, AE At>h, is 
generally accepted as valid, even though it is not 
deduced directly from commutation relations in the 
way described above. 

The justification of the time-energy uncertainty 
relationship has been attempted in several ways. (We 
shall restrict ourselves here entirely to a discussion of 
the nonrelativistic case, since the theory of relativity 
has no essential relationship to the measurement 
problems that we are going to treat in this paper.) 

First, one can begin with the wave function 


¥(«,1)=>0 we Cebe(x)e-*F"*, 


* Now at Brandeis University, Waltham, Massachusetts. 

!'The uncertainty relations are obtained in this way using 
Schwarz’s inequality with the expressions for 

(A —A)*)av((B—B)*)av= (AA)*(AB)?. 

See, for example, D. Bohm, Quantum Theory (Prentice-Hall, Inc., 
Englewood Cliffs, New Jersey, 1951), pp. 205-206. 

2 W. Heisenberg, The Physical Principles of the Quantum Theory 
(Dover Publications, New York, 1930), Chap. 2. 


(1) 


where We(x) is the eigenfunction of the Hamiltonian H 
of the system belonging to the eigenvalue E, and Cg is 
an arbitrary coefficient. If we consider a wave packet of 
width AE in energy space (i.e., AE is the range in which 

Cz| is appreciable), it immediately follows from the 
properties of Fourier analysis that (AE)r2h, where r 
is the time during which the wave packet does not 
change significantly (r may be regarded as the mean life 
of the state in question’). 

The above is a discussion in terms of the Schrédinger 
representation. Mandelstamm and Tamm‘ have formu- 
lated what is, in essence, the same point of view but it is 
expressed in the Heisenberg representation. They con- 
sider a dynamical variable A, which is a function of the 
time (e.g., the location of the needle on a clock dial or 
the position of a free particle in motion) and which can 
therefore be used. to indicate time. If AA is the un- 
certainty in A, then the uncertainty in time is 


At=AA | (A )avl, 


provided that A does not change 
the time, Af, and that AA/|(A),, 
the relation 


significantly during 
is negligible. From 


AA AH>|((A,H))av| =h! (A)avl, 


we obtain 


AA AH/(A)ay= At AH 2h. (2) 


Since H represents the Hamiltonian of the isolated 
system, AH is also equal to AF, the uncertainty in 
energy of that system. 

It should be noted that the method proposed by 
Mandelstamm and Tamm can actually lead to a deter- 
mination of time, only when the system is not in a 
stationary state; i.e., only when the wave function takes 
the form of a packet, consisting of a linear superposition 
of stationary states. In other words, the AH appearing 
in equation (2) is determined by the range of energies 


3V. Fock and N. Krylov, J. Phys. (U.S.S.R.) 11, 112 (1947), 
present a more detailed account of the lifetime of a state. 

4L. Mandelstamm and I. Tamm, J. Phys. (U.S.S.R.) 9, 249 
(1945). 
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in the wave packet. In this way, the relation of the 
Mandelstamm and Tamm treatment to the Schrédinger 
representation is made clear. 

The above is then a discussion of the relation 
AE At2>h insofar as this has been obtained from the 
mathematical formalism of the quantum theory (i.e., 
the wave function, operators, and probability inter- 
pretation). Naturally, as is necessary in the case of 
observables such as x and #, this uncertainty relation 
must also be analyzed in terms of the interaction of the 
measuring apparatus with the observed system. Landau 
and Peierls,®:* for example, do this by considering a 
special example, in which the momentum of a free 
particle is measured by means of a collision with a heavy 
test particle (also free). To simplify the problem they 
consider a case in which the measuring particle is a 
perfectly reflecting mirror, and discuss only the move- 
ment in one dimension (perpendicular to the mirror). 
They then apply the laws of conservation of energy and 
momentum, which are 


p’+P’—(p+P)=0, 
k'+¢’—(E+6)=0, 


(3a) 
(3b) 


where lower case letters refer to the observed particle, 
capitals to the test particle, unprimed quantities to 
values before collision, and primed quantities to values 
after collision. Because E= P*?/2M, «= p*/2m, one can 
solve for the momentum of the observed particle before 
and after collision, in terms of the corresponding 
momenta of the test particle. 

In order to define the time of measurement, Landau 
and Peierls’ (and also Landau and Lifshitz)* consider 
the case of a time-dependent interaction between the 
particle and the mirror, which lasts for some known 
period of time, At. This period At, which is the un- 
certainty in the time of measurement, then implies 
(e.g., according to perturbation theory) an uncertainty 
in the energy of the combined system consisting of 
observed particle and mirror, of magnitude //Al, 
resulting from the time-dependent interaction. Instead 
of Eq. (3b) for the exact conservation of energy, we must 
therefore write 


ée+E’—(e+E) >h/ At. (3c) 


Evidently the momentum of the test particle before 
and after collision can be measured with arbitrary 
accuracy, so that AP=AP’=0. As a result, we obtain 
from Eq. (3a), Ap= Ap’; and from (3c), we have 


A(e’—€) >h/At. (4) 

Since e= p*/2m, we can also write the above result as 

(v'—v)Ap2 h/ Al. (5) 

(Note that although Ap itself may be very small, there 
5 L. Landau and R. Peierls, Z. Physik 69, 56 (1931) 


®See also L. Landau and E. Lifschitz, Quantum Mechanics 
(Pergamon Press, New York, 1958), pp. 150-153 
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is still a minimum uncertainty in energy transfer, be- 
cause the change of velocity will then become very 
large, if Af is finite.) 

Landau and Peierls therefore conclude that there is an 
uncertainty relation between the energy transferred to 
the system and the time at which the energy is 
measured. This means that the energy of the observed 
system cannot be measured in a short time, without 
changing it in an unpredictable and uncontrollable way. 
In other words, energy measurements carried out in short 
periods of time are not reproducible. 

Fock and Krylov’ criticize the derivation of the above 
results, but come to essentially the same conclusion. In 
effect, they do not accept the definition of the time of 
measurement by means of a time-dependent potential 
of interaction between the two particles. This is because 
in a real collision, there is no such time-dependent 
potential. Rather, the time of collision is determined by 
the movement of the particles themselves, in such a way 
that one of them serves as a clock. Let us suppose that 
it is the test particle which fulfills this function. This 
particle defines the time, /, as that at which it passes a 
definite point, X, by the equation, i=X/V. The 
time, as defined in this way, has an uncertainty 
At=AX/V (provided, as will actually be the case in our 
example, that AV/V<1). 

In order to define the time of collision, we must have 
some information about the initial location of the ob- 
served particle, as well as that of the test particle. For 
simplicity, let us suppose that the initial velocity of the 
test particle is so much higher than that of the observed 
particle that the latter can be regarded as essentially at 
rest until the collision. The mean initial position x of the 
observed particle will be taken to be at the origin, while 
the uncertainty in this position is represented by Av. 
Evidently we must choose Ax < AX, if the location of the 
test particle is to serve as a definition of the time of 
collision. Therefore 

At=AX/V >h/(AP)V =h/AE. 
(This is just the well-known uncertainty relation be- 
tween the energy of the test particle and the time that is 
defined by the movement of its coordinate.) 

Fock and Krylov then point out that in this case, the 
laws of conservation of energy and momentum are both 


satisfied exactly, so that Eqs. (3a) and (3b) can be used 


directly, while the approximate form (3c) for the con- 
servation of energy is not to be applied here (since 
perturbation theory no longer has any relevance to the 
problem.) From (3a), we obtain 
A(p— p’)=A(P—P’). 

If V is chosen large enough, we can for a given 
AtSh/VAP make AP and AP’ arbitrarily small, and, 
as a result, we can likewise make A(p— >’) as small as 
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we please. From Eq. (3b), it then follows that 


(p’— p) A(p' +p) h 
A(é’—e)= Fat ? = (v'—v)Ap=A(e’—«)> 
m 2 Al 


, 


where we have used the result that A(p’— >) is negli- 
gible. The above is exactly the same Eq. (5) as that 
obtained by Landau and Peierls, but the uncertainty in 
energy transfer to the observed system is now deduced 
on the basis of the fact that the (time-dependent) posi- 
tion of one of the particles is used to define the time of 
collision. 

Fock and Krylov then go on to criticize the approach 
of Mandelstamm and Tamm, suggesting that it is in- 
complete. They assert that by means of the wave func- 
tion and the operators of the observed system, one can 
discuss only the statistical features of any measure- 
ment. In order to discuss an individual measurement 
process, they refer to what they call ‘‘Bohr’s uncertainty 
relation,” A(e’—e)AtS h, where ¢ and ¢’ are the actual 
values of the energy of an individual observed system 
before and after measurement. 

To clarify this distinction between the statistical 
uncertainty relations discussed by Mandelstamm and 
Tamm, and the Bohr relation, they point out that, for 
example, in observation of a state with lifetime 7 (as 
described by its wave function), one can make measure- 
ments in times much shorter than r. Therefore, it is 
necessary to distinguish between the time intervals 
defined by the wave function of the observed system, 
and the time interval representing the actual duration 
of an individual measurement. The time interval defined 
by the wave function has in measurements generally 
only a statistical significance. 

Even if one treated the measurement process by 
means of a many-body Schrédinger equation, including 
the apparatus coordinates, the same distinction would 
arise. For it would the necessary to observe the com- 
bined system by means of additional apparatus; and 
here too, there will be a “Bohr uncertainty principle” 
for the individual observation and a statistical un- 
certainty principle following from the wave function, 
which applies to an ensemble of cases. To treat the 
apparatus by quantum theory is, in effect, to push back 
the well known “cut” between classical and quantum 
sides another stage. While it is always permissible and 
sometimes convenient to do this, it cannot change the 
content of the theory. 

Let us now sum up the problem. Mandelstamm and 
Tamm propose a mathematical operator uncertainty 
relation between energy and time, as determined by 
the wave function. Fock and Krylov regard such a treat- 
ment as incomplete, because it applies only statistically 
to a large number of measurements, and because within 
it one cannot even consider the question of the interval 
of time needed to carry out an individual measurement. 
To complete the treatment, they call attention to the 
“Bohr uncertainty relation” (discussed also by Landau 
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and Peierls,® as well as by Landau and Lifshitz®) which 
applies to individual measurements, and which refers to 
the relation between the error in the measurement of 
energy and the duration of the measurement process. 
While criticizing some of the methods of Landau and 
Peierls, they agree with the essential conclusion that 
energy cannot be measured in arbitrarily short periods 
of time, without introducing uncertainties, according to 
the relation A(e’—«) > h/ At. 


2. CRITICISM OF COMMONLY ACCEPTED 
INTERPRETATIONS OF THE TIME-ENERGY 
UNCERTAINTY RELATION 


The main conclusion of Landau and Peierls,> Landau 
and Lifschitz,* and Fock and Krylov® (given in Sec. 1), 
viz., that energy cannot be measured in a short time 
without introducing an uncertainty in its value, 
represents a very widely accepted interpretation of the 
time-energy uncertainty relation. This conclusion is, as 
we shall show, erroneous, the error being based in part 
on an inadequate formulation of Bohr’s point of view 
concerning measurement, and in part on the use of an 
illustrative example of a measurement process, that was 
not sufficiently typical of the general case of such a 
measurement. (In fact, in Sec. 4 we shall give a counter- 
example, in which the energy of a particle is measured to 
arbitrary accuracy in as short a time as we please). 

With regard to Bohr’s point of view concerning 
measurements, it is important to stress here his con- 
tinual insistence that the minimum ambiguities in the 
results of any individual measurement process (in the 
sense of what Fock and Krylov called the “Bohr un- 
certainty relations’’) are always exactly the same as the 
minimum ambiguities in the possibility of definition in 
the mathematical theory of the observables that are 
being measured.’ (These latter ambiguities are, of course, 
the “statistical” uncertainty relations referred to by 
Fock and Krylov.) 

The ambiguities in the results of individual measure- 
ments are regarded as originating in the indivisible 
quantum connections of the object under investigation 
to the apparatus (and indeed to the whole universe), 
which give rise to a minimum ambiguity in the degree to 
which well-defined classical properties (e.g., position 
and momentum) can be assigned to the object as a 
result of any such measurement.® In addition, however, 
the result of each measurement defines a “quantum 
state” of the observed system, specified by its wave 
function. This wave function is, of course, not a repre- 
sentation of an individual system, but it implies, in 
general, only a set of statistical predictions concerning 
the results of possible measurements. Nevertheless, if 
these predictions were such that the minimum ambi- 
guity in the definition of the results of an individual 
measurement were less than the minimum statistical 

7N. Bohr, Die Naturwissenschaften, 251 (1928). 


8W. Heisenberg, Physics and Philosophy (Allen and Unwin, 
London, 1959), Chap. 3. 
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fluctuation implied by the mathematical theory, then 
there would be a contradiction. Vice versa, if they were 
such that the minimum ambiguity in the result of an 
individual measurement were greater than the minimum 
statistical fluctuation as described above, then this 
would lead to an arbitrary restriction, not related in any 
general way to the mathematical formalism, a restric- 
tion that evidently has no place in a coherent over-all 
framework of theory. Moreover, one could, in general, 
expect that with sufficient effort, it would be possible to 
find an example of an individual measurement process 
with the same minimum ambiguity as that implied by 
the formalism; and if such a process is found, then the 
supposedly greater minimum ambiguity in the results of 
an individual measurement will be contradicted. For 
these reasons, it is necessary to consider the statistical 
and individual uncertainty relations as two equally 
essential sides of what is basically the same limitation 
on the precise definability and measurability of the 
state of any system. In other words, as Bohr* has 
stressed, there can be no limitation on individual measure- 
ments that cannot also be obtained from the mathematical 
formalism and the statistical interpretation. 

There is no question that all the above considerations 
apply for common examples of the uncertainty principle 
(e.g., x and p). However, as we pointed out in Sec. 1, 
time enters into Schrédinger’s equation only as a 
parameter, so that there is no straightforward way to 
apply these ideas to the time-energy uncertainty rela- 
tion. Of course, we can, with Mandelstamm and Tamm, 
obtain an uncertainty relation between the lifetime of 
a state of the observed system and its energy. But let us 
recall here that (as pointed out by Fock and Krylov), 
the operators of the observed system have no connection 
whatsoever with the duration of the measurement 
process (which is evidently determined, in general, by 
the apparatus). Keeping this fact in mind, let us now 
raise the question of whether there can be a genuine un- 
certainty relation between the energy transferred to the 
observed system and the time at which the measure- 
ment took place (as has been suggested by Landau and 
Peierls, Fock and Krylov, and other authors). 

In accordance with Bohr’s point of view on the sub- 
ject, as we have described it above, we are led to point 
out that one cannot safely regard any given uncertainty 
relations as representing a real limitation on the 
accuracy of all possible measurements of the quantities 
under discussion unless the relationship has been shown 
to follow from the mathematical formalism. On the 
other hand, all of the authors referred to above seem to 


be satisfied to establish the time-energy uncertainty 
relations as applying to individual measurements by 
what Fock and Krylov called “illustrative examples.” 
Such a point of view would imply, of course, that the 
uncertainty relations applying to individual measure- 
ments could in principle, have a basis that is independ- 


°N. Bohr (private communication). 
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ent of the statistical relations obtainable from the 
mathematical formalism. As we have already pointed 
out, however, such a procedure is arbitrary and there 
fore subject to the continual danger of being contradicted 
by the development of new examples of measurement 
processes, which reduce the ambiguity down to the 
minimum allowed by the formalism 


evident, there is no way to be sure 


(For, as is quite 
that. conclusions 
obtained from an illustrative example have universal 
validity). 

It follows from the above discussion that to complete 
the treatment of the time-energy uncertainty relation, it 
is necessary to develop a method of showing how the 
time of measurement and the energy transferred in this 
measurement are to be expressed in terms of suitable 
operators. The method that we shall use in this paper 
starts from our discussion of the example first treated by 
Landau and Peierls, and then by Fock and Krylov; 
viz., the one in which the energy of a free particle is 
measured by collision with another particle. As we saw 
in Sec. 1, in such an interaction, the time of collision is 
determined physically by the state of 
In the « 
Krylov, it is determined by the position of 
particle (which was taken to be free 


some system 
of Fock and 
the test 
Now, for any 


which serves as a clock. xample 


system, one can define a Hermitian operator represent 


ing such a time. In the case of a free particle, this is 


y l l 
i M( | 


where y and Py are respective ly position and momentum 
of the particle in question. 

The commutation relations between the above opera 
tor and the Hamiltonian, H., of the “‘clock”’ in question 
are (as can easily be verified for the case of a 


particle, for which H.= p,?/2M), 
[H o h. (8) 


free 


This procedure is evidently very similar to that of 
Mandelstamm and Tamm. However, they discussed 
only the operators of the observed system, and obtained 
an uncertainty relation the energy of this 
system and the “inner” time as defined by dynamical 
variables in this system (e.g., the lifetime of a state). 
On the other hand, we are applying the relations (8) to 
the energy, E., of the “clock” in the apparatus, and to 
the time, ¢., of measurement as determined by this clock. 

Since the time of measurement can be represented by 


(2) between 


an operator, /,, belonging only to the observing appara- 
tus, it follows that this time must commute with every 
operator of the observed system and, in particular, with its 
Hamiltonian. There is therefore no reason inherent in the 
principles of the quantum theory why the energy of a 
system cannot be measured in.as short a time as we 

0 There is a singularity for p,=0, but it is easily shown that this 
will be unimportant if , i 
our applications. 


ough, as will be the case in 


is large e1 
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please. (Recall, however, that in accordance with the 
treatment of Mandelstamm and Tamm, any such a 
measurement of the energy of the observed system to an 
accuracy AF must leave the “inner” time undefined to 
Ai2h/AE). 

In view of the above discussion, it is evident that the 
usual treatment of the energy-time uncertainty relation 
(e.g., as discussed by Fock and Krylov) must be in some 
way erroneous. Since the particular illustrative example 
chosen by all the authors cited here (which is, in fact, 
the one usually given) has in fact been treated correctly, 
it follows that the mistake must be that this example is 
not sufficiently typical of the general case. And, indeed, 
as we shall see in Sec. 4, one can suggest more general 
methods of measurement of energy, which do not lead 
to the above limitation. In this way, we confirm our 
conclusion, based on general considerations regarding 
the principles of the quantum theory, that it is always 
possible to obtain true limitations on the measurability 
of any observable from the mathematical formalism, 
and that any other limitations that are added to these 
are arbitrary restrictions, which can eventually be 
contradicted, if further examples of measurement 
processes are sought." 

Finally, it is instructive to point out that problems 
similar to those connected with the time-energy un- 
certainty relations arise in the more familiar example 
of the position momentum relationship, Ap, Ax 2h. To 
bring out the analogy, we can ask ourselves whether the 
momentum of a particle can be measured to arbitrary 
accuracy by means of an apparatus, which is localized in 
space. (Here, p, takes the place of Z, while the region of 
space in which the apparatus is located takes the place 
of the duration, Aft, of the measurement.) At first sight, 
it may seem that if the apparatus is localized in a very 
small region of size AX, the momentum of a particle 
cannot be measured to an accuracy greater than 
Ap.=h/AX. This, however, is not the case, because, 
what is defined here is the coordinate, X, of the appara- 
tus, and not that of the measured particle, «. Since p, 
commutes with YX, there is no inherent limitation on 
how accurately it can be measured, if X is defined. 

To illustrate such a possibility, consider the measure- 
ment of the momentum of a photon, by measuring its 
energy and using the relation p= £/c. (This is analogous 
to the measurement of energy of a particle by measuring 
its momentum and using the relation E= p?/2M.) We 
can do this by means of an atom which is very highly 
localized, provided that this atom has a sharp level, 
excited above the ground state by the amount E= pc. 
If the photon has the appropriate energy, it will be 
absorbed and eventually reemitted (being delayed and 
perhaps scattered). It is observable whether this 
happens or not. If it does happen, then this provides a 
measurement of the energy, and through this, of the 


1 This conclusion, the validity of which is fairly evident, will 
be obtained again in Sec. 3 from a more detailed discussion of the 
mathematical formalism. 
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momentum. It is evident that the uncertainty in this 
momentum has no essential relation to the size of the 
atom, but only to the lifetime of the excited state. The 
momentum has therefore been measured by an appara- 
tus, which is as localized in space as we please. (Of 
course, the position of the photon after the measure- 
ment is over is indeterminate, just as happens with 
“inner” time variables in the analogous case of time 
measurement. ) 


3. TREATMENT OF TIME OF MEASUREMENT IN 
TERMS OF THE MATHEMATICAL FORMALISM 
OF THE QUANTUM THEORY 


We saw in Sec. 1 that (as pointed out by Fock and 
Krylov’) there is a need to make a careful distinction 
between the time at which a measurement takes place 
and the time as defined by the wave function and 
operators of the observed system (e.g., the lifetime of an 
excited state). In Sec. 2, we showed how such a dis- 
tinction can be represented within the mathematical 
formalism of the quantum theory by considering as 
operators certain variables that have hitherto usually 
been associated with the observing apparatus; viz., 
those variables determining the time at which inter- 
action between the apparatus and the observed system 
takes place. This implies, of course, that the wave func- 
tion must now be extended, so as to depend on these 
latter variables, [t is equivalent to placing the “cut” 
between observing apparatus and observed system at 
a different point. 

It is well known that while there is a certain kind of 
arbitrariness in the location of this cut, it is not com- 
pletely arbitrary. For example, in the treatment of the 
energy levels of a hydrogen atom, one can, in a certain 
approximation, regard the nucleus as a classical particle 
in a well-defined position. If, however, the treatment 
aims at being accurate enough to take the reduced mass 
into account, both electron and nucleus must be treated 
quantum-mechanically, and the cut is introduced 
instead between the atom asa wholeand its environment. 
The place of the cut therefore depends, in general, on 
how accurate a treatment is required for the problem 
under discussion. Of course, it follows that once a given 
place of the cut is justified, then it can always be moved 
further toward the classical side without changing the 
results significantly. 

If we are interested only in discussing what Fock and 
Krylov called the “Bohr uncertainty relation” (the one 
referring to an individual measurement of energy and 
time), then we are justified in placing the physical 
variables that determine the time of the measurement 
on the classical side of the cut. For, as is quite evident, 
in this aspect of the uncertainty relations, these varia- 
bles are by definition regarded as classical, in the sense 
that their uncertainty represents only an inherent 
ambiguity in the possibility of defining the state of an 
individual system. We have seen in Sec. 2, however, that 
according to the Bohr point of view, every uncertainty 
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relation that appears in this way must also be able to 
appear as a statistical fluctuation in a corresponding 
operator, which must, of course, be calculated from an 
appropriate wave function. To discuss this side of the 
uncertainty relations, it is clear that we must change 
the position of the cut, so that the corresponding 
variables now fall on the quantum-mechanical side. 

In the subsequent discussion of how the uncertainty 
relations appear in the mathematical formalism, we shall 
begin with the case in which the time determining 
variables are placed on the classical side of the cut. In 
this case, the time variables can be reflected in the 
Schrédinger equation only in the time parameter ¢ which 
can, of course, have an arbitrarily well-defined value. 
This time parameter is related to measurement in 
several ways. 

First of all such a relation comes about in the prepara- 
tion of a system in a definite quantum state, and in 
observations carried out later on that system. Consider, 
for example, a quantum state prepared at a time deter- 
mined by means of a shutter (which we are, of course, 
now regarding as being on the classical side of the cut). 
There must be some relationship between the time,"¢,, 
at which the shutter functions and the time parameter, 
t appearing the Schrédinger’s equation. Indeed, if the 
Hamiltonian of the observed system does not depend on 
time, then it is easily seen that the wave function takes 
the form 

v=V(x, /—t,), (9) 


where y is a solution of Schrédinger’s equation for the 
system in question. The form of y is determined by 
choosing that solution which at ‘=/, becomes equal to 
the function, Yo(x), representing the quantum state in 
which the “preparing” measurement leaves the system. 
Then, when an observation is made, the time ¢,,, of the 
measurement is likewise determined by suitable varia- 
bles on the classical side of the cut. The probability of 
any given result is, of course, computed in the well- 
known way from the wave function, y=y(x, tm—t,). 

It is clear that as far as this one-body treatment is 
concerned, there is certainly nothing in the formalism 
which would prevent the system under discussion from 
being either prepared or observed in a state of definite 
energy, when /,, and /, are as well defined as we please. 
Thus, if the system is in a state of definite energy, E 
(so that the uncertainty, AF, in its energy is zero, while 
the lifetime rS#/AE of the state is infinite), its wave 
function, Y=Wz(x)e~“"* [where We(x) is the eigen- 
function of the Hamiltonian operator belonging to the 
eigenvalue, FE] is evidently able to represent such a 
state, no matter what value is given to ¢. A wave func- 
tion of this kind is therefore evidently compatible with 
the statement that at some time, /‘=/,, the system was 
prepared in the eigenstate of the energy represented by 
W(x). Thus, in the one-body treatment alone, no reason 
for an uncertainty relation between the energy of the 
system and the time of measurement can be found. And 


AHARONOV 


AND D. BOHM 

this is indeed basically the reason why Fock and Krylov 
were led to postulate such an uncertainty relation 
independently, and to try to justify this relationship by 
means of illustrative examples of measurement processes 
(see Sec. 1). 

Let us now go on to consider the time-energy un- 
certainty relation from the other aspect, in which the 
variables determining the time of measurement are 
placed on the quantum-mechanical side of the cut. In 
this case, we must introduce these variables into the 
wave function, so that we are in this way led to a many- 
body Schrédinger equation. Let us recall, however, that 
the “cut” has not been abolished, but merely pushed 
back another stage. Thus, as was pointed out in the 
discussion of the treatment of Fock and Krylov given 
in Sec. 1, there is implied an additional observing 
apparatus on the classical side of the cut, with the aid 
of which the many-body system under discussion can 
be observed. The probabilities for the results of such 
observations are determined by the wave functions, 
which take the form 


V=V(x,y;,), (10) 


where y;, represents the apparatus variables on the 
quantum-mechanical side of the cut (which include 
those that describe the time of measurement). The 
time parameter ¢ here plays a role similar to that which 
it had in the one-body problem; viz., through it the time 
frame on the large-scale classical side of the cut is 
brought into relationship with the quantum-mechanical 
formalism by means of suitable observations. 

We shall now consider as an example of the approach 
described above, the measurement of energy and time 
by means of a collision of two particles, as treated in 
Sec. 1. The initial function of the combined 
system is, for this case, a product of two packet func- 
tions, one representing the test particle coming in with 
a very high velocity, V, and the other representing the 
observed particle, essentially at rest (with a velocity 
that is negligible in comparison to V) and with its 
center at the origin. After the collision, it is well 
known'*:!8 that the wave function becomes a sum of 
products of such packets, correlated in such a way that 
an observation of the properties of the test particle can 
yield information about the particle under discussion. 

As far as this particular example is concerned, it will 
not be relevant here to go into a more detailed discussion 
of the problem of solving Schrédinger’s equation. All 
that is important here is that as we saw in Sec. 2, the 
time of collision is given essentially by the operator, 


wave 


1 1 
t.=4M[ y—+—y 
Py Py 


(where y and p, refer to the position and momentum of 


12 See reference 1, Chap. 22 

3J. von Neumann, Mathematical Foundations of Quantum 
Mechanics (Princeton University Press, Princeton, New Jersey, 
1955), Chap. 6 ; 
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the test particle, respectively), so that the operator, ¢., 
commutes with the Hamiltonian, H,, of the observed 
system. As a result, there is, as we have already stated 
in Sec. 2, no uncertainty relation between the time of 
measurement and the energy of the observed system. 
But in the treatment that we are now using, we have 
obtained this result by allowing the variables deter- 
mining the time of measurement to fall on the quantum- 
mechanical side of the cut. (As was to be expected, of 
course, the actual physical consequences of the theory 
do not depend on which side of the cut these variables 
are placed.) 

In the example given above, the same apparatus was 
used to determine both the time of measurement and 
the momentum of the particle. However, it is possible, 
and in fact frequently advantageous, to consider a more 
general situation, in which the time determining 
variables are separated from those which are used to 
measure other quantities (such as momentum). This, in 
fact, would be the correct way of completing the treat- 
ment of the example given by Landau and Peierls®:* (see 
Sec. 1), in which the time of measurement was deter- 
mined by an interaction between the test particle and 
the observed particle which was assumed to last for 
some interval Af. 

If there is a time-dependent interaction between 
apparatus and observed system which lasts for an 
interval A/, then the Schrédinger equation will have to 
have a corresponding potential, which represents this 
interaction. The form of this potential will depend on 
where we place the cut. 

If the apparatus determining the time of interaction 
is taken to be on the classical side, then the potential 
will be a certain well defined function of time, which is 
nonzero only in the specified interval of length At. We 
may write this potential as 


V=V(x,y,), (11) 


where x represents the coordinate of the observed 
particle, and y that of the test particle. This is indeed 
the usual way by which measurements are represented 
in the mathematical formalism.'*-"* 

In the next section we shall apply this method in 
order to treat a specific example, in which it will be 
shown in detail that the energy of a system can be 
measured in an arbitrarily short time. 

If, on the other hand, the variables determining the 
time of interaction are placed on the quantum mechani- 
cal side of the cut, then we cannot regard the potential 
as a well-defined function of time. Instead, we must 
write 


V=V(x,y,2), (12) 


where z is the variable that determines the time of 
interaction. 

If the particles determining the time of interaction 
are heavy enough, then they will move in an essentially 
classical way, very nearly following a definite orbit, 
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Z=Z(t). To the extent that this happens, we obtain, as 
a good approximation, 


V (x,y,z) = V(x,y,2(d)). (13) 


To treat this problem mathematically, we begin with 
the Schrédinger equation for the whole system. 


ov 
ih—(x,y,2,)=[Hp+H,+H.+V (x,y,z) ¥(x,y,2,4), (14) 
al 


where H, represents the Hamiltonian of the observed 
particle, H, that of the apparatus, H, that of the time- 
determining variable, z. We must then show the equiva- 
lence of this treatment with that obtained by placing 
the time-determining variable on the classical side of the 
cut. To do this, it is sufficient to demonstrate that in a 
suitable approximation, equation (14) leads to the time- 
dependent Schrédinger equation for the x and y 
variables alone, viz., 

fe] 

ih—(x,y,t)=[H,+H,+V (x,y,2(0) W(x,y,0). 
al 


(15) 


We shall simplify the problem™ by letting the time 
determining variable be represented by a heavy free 
particle mass M, for which we have H,=p7/2M. We 
suppose that the initial state of the time-determining 
variable can be represented by a wave packet narrow 
enough in z space, so that Af=Az/|z| can be made as 
small as is necessary. This packet is 


) 


= {2 os ew 
exp{ [2 2M |} 


Because M is very large, the wave packet will spread 
very slowly, and to a good approximation, we shall have 


(16) 


$y(z,)=>> Cp 


9 


1 (p:)? 
y(s{)=8(s—14) exp| |p2- - |. (17) 
h 2M 


where v,=p,/M is the mean velocity, and ®(z—1,) is 
just a form factor for the wave packet which is, in 
general, a fairly regular function which varies slowly in 
comparison with the wavelength, A= //p,. 
If the interaction, V (x,y,z) is neglected, a solution 
for the whole problem will be 
Vv (x,¥,2,0) = Py (z,t)Wo(x,y,2), (18) 
where Wo(x,y,¢) is a solution of the equation 
ihdpo(x,y,t)/dt= (H,+ Hy )Wo(x,y,!). (19) 


When this interaction is taken into account, the 


solution will, in general, take the form 


V (x,9,2,2)= > n Pn(z,lWn(x,v,DCr, 


4 Our procedure is along lines similar to those developed by 
H. L. Armstrong, Am. J. Phys. 22, 195 (1957). 
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where the sum is taken over the respective eigenfunc- 
tions, ®,(z,/) and y,(x,y,/) of H, and (H,+4H,). If such 
a sum is necessary, there will be correlations between 
the time-determining variable and the other variables, 
with the result that there will be no valid approximation 
in which an equation such as (15) involving only x and y 
can be separated out. However, if the mass, M, of the 
time determining particle is great enough, so that the 
potential V (x,y,z) does not vary significantly in a wave- 
length, A=/p,, then, as is well known, the adiabatic 
approximation will apply. In this case, one can obtain 
a simple solution, consisting of a single product, even 
when interaction is taken into account. To show in more 
detail how this comes about, we first write the solution 
in the form 
WV = (2,t)y (x,y,z, ). 


When this function is substituted into Schrédinger’s 
equation (15), the result is 


Oy 
h—= 7, +H,+V (x,y,z) 
It 


‘ 
2 alndg 0 hh? & 

— —-— — \ (20) 
M ods 02 2M 02 


If M is large, and if the potential does not vary too 
rapidly as a function of z, the last term on the right-hand 
side of (20) can be neglected.'® Moreover, 


OlnPy 7 0 Iné(z—2,1) 

p.th . 
Oz h Oz 

Because ®(z—v,/) does not vary significantly in a wave- 


length, this term too can be neglected in the above 


equation, and we obtain 
0 
P (x,y,z,2). 
Oz 


We then make the substitution, z—v,/= 4, and 
yp’ (x,y,u,t) = (x,y,2,t) = (x,y,u+0,2,/). 
With the relation 


Oy’ /dt= (by /dt)+ (v,0~/ dz), 


Oy (x, y,2,2) 
th— 


ol 


1, + H,+ V (x,y,2)—the 


we have 
ihdy’/dt=(H,+H,+ V (x,y,u+0.t) WW’ (x,y,u,2). 


Note that this equation does not contain derivatives of 
u, so that w can be given a definite value in it. 

The complete wave function is, of course, obtained 
by multiplying y’ (x,y,u,t) by Bo(z—v,1)=%o(u). Now, 
this was assumed to be a narrow packet centering at 
u=0, such that the spread of « can be neglected. As a 
result, we can write «=O in the above equation. The 


(21) 


18 If V (z,y,2) varies too rapidly, then (#?/2M)d*y/dz2? will not be 
negligible, even when M is large. 
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result is 


dy’ (x,y,0,0)  _ 
ih— (Hp+Hy+V (x,y,v.t) WW’ 
al 


(x,y,0,/). (22) 


In this way, we have obtained the Schrédinger equa- 
tion for x, y, with the appropriate time-dependent 
potential V (x,y,v,/), the relationship between the time 
parameter / and the time determining variable z being, 
in this case, =z/v,. We have therefore completed the 
demonstration of the equivalence of the two treatments, 
in which the time-determining variables are placed on 
different sides of the cut. 


4. EXAMPLE OF A REPRODUCIBLE MEASUREMENT 
OF ENERGY IN A WELL-DEFINED TIME 


and 3 


We saw in Secs. 2 that there is no reason 
inherent in the principles of the quantum theory why a 
reproducible and exact measurement of energy cannot 
be made in an arbitrarily short period of time. Since 
Landau and Peierls,’ Fock and Krylov,® and many 
others have considered examples leading to a contrary 
conclusion, it is necessary to complete the discussion by 
giving a specific example of a method of measuring 
energy precisely in as short a time as we please. This we 
shall do in the present section. Following the develop- 
ment of our example, it will become clear in what 
way the previous treatments of this problem were 
inadequate. 

As a preliminary step, we discuss the treatment of the 
measurement of energy by means of the Schrédinger 
equation for the apparatus and the observed system 
together. The Hamiltonian of the combined system is 


H=H(p2,x)+Ho (py,y) +H 1(p2,%; py,y,t), 


(23) 


where Ho(p.,x) is the Hamiltonian of the observed 
system, Ho'(p,,y), that of the apparatus, and H,(p.,x; 
Py,¥,t) is the interaction, which is zero except during a 
certain interval of time between /) and /y+ Az. (Here we 
are adopting the point of view described in Sec. 3, in 
which we regard the time determining variables as 
being on the classical side of the cut, so that they do not 
appear explicitly in Schrédinger’s equation.) It will be 
adequate for our purposes to assume that both the 
observed system and the apparatus are free particles, 
with respective Hamiltonians 


Ho=p22/2M; Hy'=p,2/2M. 


ru 


(24) 


To simplify the problem, we consider the ideal case of 
a measurement of p, which does not change p,.. This 
will happen if 7; is not a function of x. (The satisfaction 
of this condition will evidently guarantee that repro- 
ducible measurements of p,, and therefore Hp= p,2/2M 
will be possible). The Hamiltonian of the whole system 
will then be taken as 
H=(p2/2M 2M 


(25) 


Typz8\t), 
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where g(t) is everywhere zero, except between f) and 
to+At, where it is constant. (The interaction Hamil- 
tonian is similar to a vector potential in its effects). 

With the Hamiltonian (25), p, is, of course, a constant 
of the motion. The equations of motion for the remain- 
ing variables are then 


&= (p./m)+yeg(0), 
y= p,/M. 
On solving for p,, we obtain (using p~,= constant) 


Py— p= — pig(t)Al. 


This equation implies a correlation between p,— ,’ 
and p., such that if p,—p,’ is observed, we can 
calculate pz. 

It is important also to consider the behavior of <. 
Although #, is constant, « shifts suddenly at t= ¢) from 
b./m to p,/m+g(t)y, and remains at this value until 
t=t;, after which it returns to its initial value. (In a 
similar way, the velocity and momentum differ in the 
case of a vector potential.) 

The above behavior of the velocity is, as a simple 
calculation shows, just what is needed to produce the 
uncertainty in position, which is required by the im- 
proved definition of the momentum resulting from the 
measurement. 

It is easily seen that if g(t) is large enough, the meas- 
urement described above can be carried out in as short a 
time as we please. In order that a given accuracy, Apz, 
be possible, the change of deflection of the apparatus, 
A(p,—>p,°) due to the shift Ap,, must be greater than 
the uncertainty, A(p,°) in the initial state of the 
apparatus. This means that we must have 


p= —pg(h), (26) 


Ap.g(t)At=Ap,’, 


and if g(t) is large enough, both At and Ap, can be made 
arbitrarily small for a given Ap,’. 

This hypothetical example confirms our conclusion 
once again that accurate energy measurements can be 
reproduced in an arbitrarily short time. We shall now 
show how to carry out such a measurement by means of 
a concrete experiment. To guide us in the choice of this 
experiment, we note that the essential feature of the 
interaction described in Eq. (25) is that it implies a 
force that is independent of the x coordinate of the 
particle, and which alters the velocity suddenly at 
t= ty to bring it back to its original value at t=?¢,.!® This 
force is therefore equivalent in its effect to a pair of 
equal and opposite pulses in a uniform electric field, the 
first at 4) and the second at ¢;. In order to approximate 
such pulses, we shall consider two condensers, the fields 
of which cross the observed particle at the times t and 
t;. The condensers are assumed to have a length, /, in the 


‘6 In the hypothetical example of Eq. (25), this force resulted 
from the time-dependent interaction, which was equivalent to a 
corresponding vector potential, which would produce a field, 
&=— (1/c)@A/dt, that is nonzero only when A(t) changes; i.e., at 
the beginning and the end of the interval. 
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Y direction which is much greater than their thickness, 
d, in the X direction. Therefore, they will produce a 
uniform electric field in the X direction, except for edge 
effects which can be neglected when />d. Each con- 
denser will go by the particle at a velocity, V, in the Y 
direction, which is assumed to be so great that the 
electric field acts for a very short time, //V,, with the 
result that the field approximates the one cited in our 
mathematical example, where the period of action was 
infinitesimal. If the two condensers follow each other, 
one at /=¢, the other at ‘=4,, then we shall approach 
the case treated in Eq. (25). 

As in the case of the collision treated in Secs. 1 and 3, 
the time of measurement is defined as the time at which 
the condenser passes the observed particle. (This means 
that we are now shifting to the point of view in which 
the time-determining variables are on the quantum- 
mechanical side of the cut, but as we saw in Sec. 3, both 
both points of view are equivalent and can be used 
interchangeably). As in the case of collision, the un- 
certainty Af in this time will be given by Ay/V,, pro- 
vided that the observed particle is initially localized in 
the Y direction, with a velocity v, much smaller than 
V,. This will imply an uncertainty in the energy of the 
condenser, AE,= V,AP, >%/At. 

In the interaction between particle and condenser, the 
transfer of X component of the momentum (neglecting 
edge effects) is 


Ap.=p2=Fr=ebr=e6l/V,, 


(28) 


where 7 is the time taken by the condenser to pass the 
particle. (Note that 7 and A/ are different quantities). 
This transfer is independent of initial conditions, and is 
calculable to arbitrary accuracy. (Since V, is as large as 
you please, the Y component of the velocity of the par- 
ticle can be neglected in the above calculation.) The 
above transfer of momentum implies a transfer of 
energy to the particle, 


(Ap.)* 
pizt 


2m 2m ™ 2m 


(p2+Ap.)? p2 ps 
: =f 


eo = 


(29) 


By conservation, this transfer must be equal to the 
energy loss Ey—F, of the condenser. Since the initial 
momentum P, of the condenser in the X direction is 
zero, and since the mass M of the condenser is large, the 
term (Ap,)?/2M which represents the energy of the 
condenser due to momentum transfer in the X direction, 
will be negligible. The energy change must therefore be 
the result of alteration in the Y component of the 
condenser momentum, so that it will be equal to 
Eo— Ex=V ,AP,. 

Equation (29) can now be used to permit p;’ to be 
measured if Ey —E=e—e is known. For since e—€o de- 
pends on p,° and since Ap, can be obtained from 
Eq. (28), p2° can be calculated in terms of Ko— £}. 

There is, however, a limitation on how accurately 
Ey—F, can be measured because we require that the 
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Y coordinate of the condenser shall serve as a clock to 

an accuracy, 6/, with the result that the uncertainty 

relation, 6 $%/6t will hold for the energy of the con- 

denser. By conservation, the same uncertainty relation 

must hold for the.energy e—€o transferred to the particle. 
By evaluating 5(e—¢o) from Eq. (29), we obtain 


Ap. 
5(eo—«€) df= 5p," —8t = 5p "Av, 6t= 5p,’ (vz'—0,) 5S h. 
m 


This is exactly the same relation as was obtained in 
the collision example given in Sec. 1. In other words, 
the measurement on the first condenser alone, must 
satisfy the condition that if it is carried out in a time 
defined as 6/, there will be an uncertain energy transfer, 
bES h/t. It is at this point, however, that the second 
condenser plays an essential role. For immediately 
after the interaction with the first condenser is over, it 
will bring about a transfer of XY component of the 
momentum, which is equal and opposite to that trans- 
ferred to the first condenser. As a result, the velocity of 
the observed particle will return to its initial value, just 
as happened in the mathematical example discussed in 
the beginning of this section. Thus, the momentum and 
the energy have been measured without their being 
changed. There is, therefore, no limitation on the 
accuracy with which the energy. of the particle can be 
measured, regardless of the value of 6¢, which can be 
made as small as we please by making V, very large. 

A similar two-stage interaction can be carried out in 
the collision example described in Sec. 1. To do this, we 
recall that the uncertainty in energy transfer, 5(e’—e) 
= |v—v'| 5p is large because | v—v’! is large. Neverthe- 
less v—v’ can be determined with arbitrary accuracy 
from the results of the measurement. After this is done, 
one can then send in a second test particle, with initial 
momentum calculated to be such as to change v’ back 
to v. After the two collisions, there will -be, as in the 
case of the condensers, no uncertainty in energy of the 
observed particle. In the collision experiment, the 
change of velocity depends on the value of the momen- 
tum of the observed particle, so that the initial condi- 
tions in the second collision must be arranged, in 
accordance with this value, which is learned from the 
first collision. On the other hand, in the condenser 
experiment, v,'—v, is independent of initial conditions 
so that the second condenser can be prearranged to 
cancel out this shift of velocity without any information 
from the results of the first interaction. 

At first sight, one might raise the question as to 
whether our conclusions could be invalidated by effects 
of radiation, or by currents which might be induced in 


the condenser. Since we are discussing only the problem 
of nonrelativistic quantum mechanics, we can assume 
that the velocity of light is infinite. In this case, radia- 
tion and relativistic effects, in general, can be made 
negligible, no matter how sudden the shift of potential 
is. As for currents induced in the condenser, these can 
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be avoided by charging an insulator instead of a metal 
plate. The field will still be uniform, but the charges will 
not be mobile, so that no currents will be induced in the 
condenser. 

The error in the treatments of Landau and Peierls, 
Fock, and Krylov, and others, as discussed in Sec. 1, is 
now evident. For in all of these treatments, the example 
used was that of a single collision of a pair of particles. 
For this case, our own treatment also gave the result 
that energy transfer in a short time must be uncertain. 
But as shown in our general canonical treatment of the 
problem [see Eqs. (25)—(28)], it is clear that this is not 
the correct way to measure momentum and energy 
without changing them. To accomplish this purpose we 
need an interaction of the kind described in the above 
equations, which changes the velocity only while 
interaction is taking place, but which brings it back to 
the initial value after interaction is over. And, as we 
have seen, it is possible to realize such a measurement 
in a concrete example. 


5. SUMMARY AND CONCLUSIONS 


There has been an erroneous interpretation of un- 
certainty relations of energy and time. It is commonly 
realized, of course, that the “inner” times of the 
observed system (defined as, for example, by Mandel- 
stamm and Tamm‘) do obey an uncertainty relation 
AE At2h, where AE is the uncertainty of the energy of 
the system, and At is, in effect, a lifetime of states in that 
system. It goes without saying that whenever the energy 
of any system is measured, these “inner” times must 
become uncertain in accordance with the above relation, 
and that this uncertainty will follow in any treatment of 
the measurement process. In addition, however, there 
has been a widespread impression that there is a further 
uncertainty relation between the duration of measure- 
ment and the energy transfer to the observed system. 
Since this cannot be deduced directly from the operators 
of the observed system and their statistical fluctuation, 
it was regarded as an additional principle that had to 
be postulated independently and justified by suitable 
illustrative examples. As was shown by us, however, 
this procedure is not consistent with the general 
principles of the quantum theory, and its justification 
was based on examples that are not general enough. 

Our conclusion is then that there are no limitations 
on measurability which are not obtainable from the 
mathematical formalism by considering the appropriate 
operators and their statistical fluctuation; and as a 
special case we see that can be 
reproducibly in an arbitrarily short time. 


energy measured 
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The branching ratios for the K-+d — ++ Y +N reactions are compared with those for the K~ +) — r+ Y 
reactions. Certain of these deuteron branching ratios are shown to be independent of hyperon-nucleon 
final state interaction and are inconsistent with the proton branching ratios. The most likely explanation of 


the discrepancy is the presence of an isospin zero r— 


y 


> resonance a few Mev below the K~+> threshold. 


This resonance is consistent with the (b—) set of K~—/ scattering lengths determined by Dalitz and Tuan. 


ALITZ and Tuan have analyzed K~-proton scat- 
tering processes in a scattering length approxima- 
tion and have found four sets of scattering lengths 
which fit the data.! Two of these solutions (the “minus” 
solutions) have negative real parts for the scattering 
lengths. Dalitz and Tuan point out that these ‘‘minus’’ 
solutions could lead to a resonance in pion-hyperon 
scattering at an energy slightly below the K~-p thresh- 
old.2 One suggested way of observing this resonance 
was to look at the energy spectra of the particles re- 
sulting from K~-deuteron interactions at rest, since the 
resulting Y-w center-of-mass energy will be a few Mev 
below the K--p threshold because of nucleon recoil 
and the deuteron binding energy. However, Karplus 
and Rodberg have shown that strong final-state hyperon- 
nucleon scattering will greatly alter the energy spectra, 
particularly that of the nucleon.* 

The purpose of this paper is to show that, in the 
absence of such a resonance, one can derive approximate 
sum rules which are independent of the hyperon-nucleon 
force. These sum rules relate the branching ratios for 
K~ absorption in deuterium to those in hydrogen, and 
do not fit the experimentally observed branching ratios.‘ 
The (6—) solution of Dalitz and Tuan, which has an 
isotopic spin zero resonance, easily explains the observed 
branching ratios. 

In deriving the approximate sum rules we wish to 
consider eigenstates of the nucleon-hyperon scattering. 
If charge independence is valid, the amplitudes for the 
production of the seven 2-Y-N charge states by K 
absorption in deuterium may be written as linear combi- 

* Present address: University of Illinois, Urbana, Illinois. 

+ Supported in part by the joint program of the Office of Naval 
Research and the U. S. Atomic Energy Commission. 


'R. H. Dalitz and S. F. Tuan, Ann. phys. 8, 100 (1959); 10, 
307 (1960). 

2 R. H. Dalitz and S. F. Tuan, Phys. Rev. Letters 2, 425 (1959). 

* Robert Karplus and Leonard S. Rodberg, Phys. Rev. 115, 
1058 (1959); see also, T. Kotani and M. Ross, Nuovo cimento 
14, 1282 (1959). 

4Luis Alvarez, Ninth Annual Conference on High-Energy 
Physics, at Kiev, 1959 (unpublished); also, Lawrence Radiation 
Lab. Rept. UCRL-9354, 1960 (unpublished). 


TaBLe I. The production amplitudes for the seven -Y-N 
charge states in terms of the three independent amplitudes, Ty, 
which refer to pure isospin states of Y (Col. 2) or of YN (Col. 3). 
The data given at the Kiev Conference (see reference 4) are listed 
in Cols. 4 and 5. The neutron data (in parentheses) were obtained 
by charge independence from the proton data listed. The x-A°p 
events have been subdivided into those in which the A was pro- 
duced directly and those in which a 2 was produced which was 
charge-exchange scattered to become a A. 


Production amplitudes 
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Charge rV Events observed 
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nations of three independent amplitudes, T,;, which 
are labeled by the isospin of the hyperon and the total 
isospin of any pair of particles. In hydrogen there is no 
nucleon in the final state so the natural labels are those 
referring to the m-Y isospin. In deuterium the Y-N 
isospin is the convenient label since this quantity is 
conserved by the final state interaction. The connections 
between the various amplitudes are given in Table I. 
Consider first the state r*+2~-+.\ which is a pure 
state of Y-N isospin $. Using the final state interaction 
formalism of Karplus and Rodberg,* the matrix element 
for this state is given by T}=(x‘~|My!¢,), where ¢; 
is the wave function describing the deuteron and the 
K~ meson bound in a Coulomb orbit, M, is the exact 
transition amplitude for the reaction K-+)p— at+2-, 
and x“ is the product of the ingoing wave solution, 
g (ry—ry), of the hyperon-nucleon scattering problem 
and plane waves describing the motion of the pion and 
the nucleon-hyperon center of mass. Because of the 
large size of the Coulomb orbit, the A~ meson wave 
function may be assumed constant if, as is now believed, 
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the capture occurs from S states. The initial state wave 
function, ¢;, is then just the deuteron wave function, 
oa(r,—f,). If there are no resonances M, will not be 
very energy dependent and can be replaced by a con- 
stant or, in configuration space, by a delta function 
times a constant. This constant should be the amplitude 
observed in K~ absorption by hydrogen. With these 
approximations the amplitude 7; becomes 


T= Mif ¢ (r)*e-'9-* h(n) dr, (1) 


where q=pMw/(My+Ms3), p is the pion momentum, 
and My and My are the masses of the nucleon and 
hyperon, respectively. The total transtition rate will 


then be given by 
W,=A { T;\ py, (2) 


where A is a constant which is independent of the final 
state and py, is the density of final states. Let k be the 
relative momentum of the nucleon and hyperon. The 
momenta k and p are related through the total energy 
equation, 
P k? My+My 

E=My+(p+M,)'+ +-— . (3) 
2(My+My) 2 MyMy 

After evaluating 7; for typical functions g™(r) one 
sees that when 1/k becomes smaller than the radius of 
the deuteron, the value of 7; becomes quite small, or 
more precisely 7;~0 for k>150 Mev/c. The pion 
momentum is a slowly varying function of k for k<150 
Mev/c and has essentially the same value as in the free 
proton reaction. Therefore, py becomes pxd*k, where 
ps iS approximately the two-particle density of final 
states which determines the transition rate in hydrogen. 
Then, again because 7; falls off rapidly with increasing 
k, the integral over momenta in the formula for W, 
LEq. (2) ] can be extended to infinity. The only depend- 
ence of the integrand on & is in the wave functions 
g‘—(k,r). These functions form a complete set and so 
by closure we have 


W = Aps| |? 


xf f farorantonteyreg ~) (kr) 


Xg@ (k,r’)*e- 4’ ale’) |= Apz|M,\2, (4) 
which says that the total rate is not changed by the 
final-state interactions. Numerical evaluation for typical 
functions g~(k,r) shows that the approximations used 
in applying closure should be valid to within 30%. 

For the Y-N isospin 4 case, the function g(r) has 
two components to take into account the 2+ V <> A+N’ 
transitions. The primary amplitude M also has two 


components to describe primary production of a = or 
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a A (denoted by M; and M4, respectively). However, 
the criterion that the hyperon-nucleon momentum k 
should be small in order to give a large value for the 
integral in Eq. (1) and the large >—A mass difference 
mean that M, and M, will contribute to different regions 
of the pion momentum spectrum. M, contributes when 
p=250 Mev/c, M, contributes when p~180 Mev/c, 
and there is not very much overlap between the two 
contributions. The pion spectrum associated with 
a +A-+ p events shows these two peaks quite clearly. 
The pion spectrum associated with 2 particles is 
forbidden by energy conservation from going beyond 
180 Mev/c, so that M, will not contribute to = pro- 
duction. This separation of the events coming from 
primary 2 and A production allows one to make use of 
the sum rules derived by applying closure to the com- 
plete set of two component functions g‘“~(k,r). The 
results, in analogy to the J 


Wa=Apa!| M,)?, (5) 
Wi=Wayt+W a=Aps| M,)’, (6) 


3 
g Case, are 


where the constant, A, is the same as in Eq. (4), Wx, 
refers to the process K >a +2'+N' 
with =+N in an isospin 4 state, and Wa, refers to 
K-+d—- wt S44N > r+ At N’ (also called in- 
direct A events). 

These three sum rules can be combined in 
ways. For example, consider the ratio 


y+2Wy4+2W,): 


(2W;+4Wi+Wa), (7) 


4 d > rt bo 4 \ 
events 
various 


ata: w=W,: (BU 


which should be independent of final interactions and 
should, therefore, be predictable from the hydrogen 
branching ratios. The predicted ratio 45:47:46 is quite 
different from the observed ratio 353:764:529. [It 
should be noted that r°=4(x*++72—-) by charge inde- 
pendence alone. | By choosing appropriate combinations 
of charge states one can also determine the ratio 
Wi:Wa:W, which is predicted to be 45:7:27 and is 
observed to be 353:80:736 which indicates that the 
predicted W;, is too small by a factor of about 3. 

We have estimated the effects of multiple scattering 
in the final state in an effort to understand this dis- 
crepancy and we find effects of only a few percent. There 
is also the possibility that the K--K° mass difference 
may make our charge independence argument for 
determining the K~-n amplitudes invalid. This effect 
was estimated by extrapolating the K~-p amplitudes to 
high momenta where mass difference effects should be 
negligible, finding the K~-n amplitude for this high 
momentum, and extrapolating back to threshold. For 
this extrapolation we used the formalism of Dalitz and 
Tuan! and their values for the scattering lengths. No 
effects larger than 20% result. Multiple scattering in 
the initial state may appreciably alter the total transi- 
tion rate; however, the effect of such multiple scattering 
on the branching ratios has been estimated and is less 
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than 30%. The pion-nucleon energy is well below the 
3-3 resonance so that pion-nucleon scattering is negli- 
gible. The validity of the impulse approximation itself 
is shown by the lack of non-mesonic events and by 
the good agreement of the pion spectrum with the pre- 
diction of the impulse model. The conclusion is that 
the observed ratios cannot be explained by any of these 
mechanisms. 

However, our assumption of constant M in obtaining 
Eq. (1) is not justified if there is a nearby resonance as 
is the case for the “minus” solutions of Dalitz and Tuan. 
Since final state interactions will probably still have 
little effect on the total rates Wy, Wy, and Wa, let 
us consider only the spectator approximation which 
neglects final state scattering. If all interactions are 
described by potentials (this is not essential), the 
exact transition amplitude 7; is given by 


T ;=(;| V—V (H— E—ie)“V | 4,), (8) 


where ¢; and ¢; are plane waves describing the r+ Y+N 
and K-+d states, respectively, H is the total Hamil- 
tonian, and V is the interaction part of H. For the spec- 
tator approximation, baryon interactions with baryons 
are neglected, and the deuteron is replaced by a dis- 
tribution of neutron-proton plane wave states. Since 
one of the nucleons does not interact with any of the 
other particles, H and E separate into two parts. One 
part is the kinetic energy of the noninteracting nucleon 
and of the center of mass motion of the meson-baryon 
system. This part cancels out in the H-E operator 
leaving H’— E’—ie where H’ and E’ refer to the internal 
motion of the meson-baryon system. That is, 


T= M, f esc 'ha(r)d’r, (9) 


where 
M ;=(¢ry|V—V(H'—E'—ie)"V|oxn) (10) 
is the transition amplitude for the reaction K-+N — 
m+Y. Since the relative K-—N momentum is small 
and the interaction is expected to be of short range, 
nearly all of the energy dependence of M is given by 
E’, the final r—Y relative energy. In deuterium the 
energy E’ must be below the K~—N threshold by more 
than the deuteron binding energy because of the recoil 
energy of the noninteracting nucleon. 
Above threshold we have 
M (E’)=M'[1—ik’(a+ib) }’, (11) 
for each 7 isospin state, in the “constant K matrix” 
approximation of Dalitz and Tuan, neglecting the 
K-—K°® mass difference. The constants a, b, and M’ 
are determined by Dalitz and Tuan from K~+ > reac- 
tions and k’ is the relative K-—N momentum cor- 
responding to energy E’. Below threshold we analyti- 
cally continue M with the prescription k’ — ix, x>0. If 
a is negative and large in absolute value, a resonance 
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Fic. 1. The amplitudes for the K+N — x+-Y reactions are 
plotted for the (6—) solution of Dalitz and Tuan as a function 
of «Y center-of-mass energy, E’, below the physical threshold, 
Q. The various amplitudes, M, are defined in Eq. (9) and Table 
I. The upper scale shows the momentum of the recoil nucleon 
in K~+d events which have relative rY energy E’. 


in M (£’) will occur for x + —1/a. For the (6—) solution 
of Dalitz and Tuan this resonance would occur in the 
isospin zero state at an energy only about 10 Mev 
below threshold. Figure 1 shows the variation of Mj, 
M,, and My, as a function of energy below threshold 
for the (6—) solution. (The K-—K° mass difference is 
included, and the sign of the phase difference between 
M,' and M,’ is chosen to fit the observed variations in 
the 2-+2+/2++-a~ ratio for in-flight K~+p events; 
see reference 1.) Note that the rapid change of the 
phase of Mo causes a drastic change in the |Mj): 

M;,|:|M,| ratio and that this change is in the direction 
required by the deuteron data. 

The above method of using the impulse approxima- 
tion and extrapolating the K+N —2+Y amplitude 
cannot be strictly correct, as may be seen by examining 
the implications of unitarity and analyticity near thresh- 
old. The energy derivative of the amplitude for produc- 
tion from free nucleons is infinitive at the K+N 
threshold, as may be seen by expanding Eq. (11) in 
powers of k’. Such a cusp results from the requirements 
of unitarity and analyticity and, in the region above 
K+N threshold, may be considered as arising from 
transitions through real K+N states. Similarly the 
amplitude for production from deuterons, calculated 
as a function of energy, must contain a cusp at the 
K~--+d threshold resulting from real K~+d intermedi- 
ate states. Hence the neglect of the neutron-proton 
interaction in the intermediate states omits an effect 
which must be present in the exact expression. Further- 
more, if the K-+d energy were a few Mev above thresh- 
old, the calculated distribution of events in r+Y 
energy would have a cusp at the K+N threshold 
[i.e., at k’=0 in Eq. (11) ]; this cusp results from real 
K+ p+n intermediate states and would be reduced if 
one took into account the tendency of the proton and 
neutron to stick together. However, the large value of 
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|M,|:|M;| computed with the impulse model does not 
result from the proximity to the singularity at k’/=0 
in Eq. (11) but rather from proximity to the pole at 
k’=—i(a+ib). We adopt the philosophy that the 
existence and position of this pole and the associated 
x+Y resonance are not sensitive to the details of the 
extrapolation procedure. 


The (b—) solution, extrapolated in the above way, 


also predicts that for A~ absorption in heavier nuclei the 
> +2t/=t+x° ratio given by | Mot+M,\?/|Mo—M i)’, 
which is 2.2 in hydrogen, should be less than one for 
energies which are more than about 7 Mev below thresh- 
old (see Fig. 1). In heavy nuclei, where final state 
interactions should be symmetric in =~ and =* except for 
coulomb effects, the data of the K~-collaboration group® 
show 2~+2*/2++a7- =0.45+0.10. In helium® the ratio 
> +2++ H?/>*++2°-+H* is 48/79. In the deuteron 
where final state interactions are not symmetric in 
that only the =* can undergo charge exchange scatter- 
ing, the ratio comes back up to 1. 

If the (a—) solution of Dalitz and Tuan were correct, 
the resonance would be expected to occur in the isospin 
1 r—Y this however, the ratio 

M,\:|M,| can be substantially increased for deuter- 
ium only if the resonance energy is appreciably closer 
to the K~— threshold than is predicted by the Dalitz 
and Tuan analysis. The small number of #°+2-+ ) 
and + °+~ events also makes an J=0 resonance 
appear more probable than an / = 1 resonance, although 
these numbers are not independent of final state inter- 
actions. The behavior of the W,:Wy, ratio should give 
an important clue as to the isospin of the resonance. 
If the J=1 amplitude is resonant, W, should be in- 
creased while Wy, which has destructive interference 
between isospins 0 and 1 near the resonance, would not 
increase very much, as one approached the resonant 
energy. If isospin zero is resonant, this destructive 
interference keeps the |M,|:|My,| ratio roughly in- 
dependent of energy. The fact that the Wx:W, ratio 


states. In case, 


5 K~-collaboration, Nuovo cimento 14, 315 (1959). 

® Martin Block and Jack Leitner, Proceedings of the 1960 
Annual International Conference on High-Energy Physics at 
Rochester (Interscience Publishers, Inc., New York, 1960), and 
private communication 
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seems to be about the same in deuterium as in hydrogen 
is evidence against an 7=1 resonance. On the other 
hand, the analysis by the helium bubble chamber group 
of K-+He't— 7+ Y+H' and K~+He!t— «+ Y+He 
events indicates that the percentage of directly produced 
A’s is much higher than in hydrogen®, so the present 
evidence on the |M,)|:| M;, 
One unfortunate feature of a resonance this close to 
the threshold is that the pion spectrum will be almost 
the same as predicted by an impulse approximation 


ratio is inconclusive. 


without the resonance. The nucleon and hyperon spectra 
will be distorted by the final state interaction, so that 
it is probably not possible to see the resonance in any 
of the momentum spectra. 

It is concluded from this analysis of the AK~—p and 
K~—d absorption data that there is likely to be a 
J=}4 resonance (S wave if the A~ is pseudoscalar) in 
m—Y scattering at an energy corresponding to a 
“bound” state of K+.V. The “binding energy” of this 
state is less than 20 Mev and the isotopic spin is prob- 
ably zero. 

Note. O. Dahl, N. Horwitz, D. Miller, J. Murray, 
and P. White [Phys. Rev. Letters 6, 142 (1961) ] have 
reclassified the r~Ap events into three groups, (a) direct 
production, (b) internal conversion of »’s or indirect 
production, and (c) events associated with the r—A 
resonance 50 Mev below the A~—>p threshold. This 
resonance may have a simple interpretation in terms of 
the Dalitz-Tuan (a~) solution. However, the reclassi- 
fication of r-Ap events does not greatly alter the ex- 
perimental W;:W, ratio, which, as shown above, re- 
quires a r—Z resonance within about 20 Mev of the 
K-—p threshold. [For example, if one associates the 
Y* production events with the direct A+ production, 
the reclassification of Dahl, et al. leads toa Wy:Wa:W, 
ratio of 353:114:635, where the numbers have been 
normalized to facilitate easy comparison with the ratio 
following Eq. (7).] Since the zero-range Dalitz-~Tuan 
analysis would predict that J=1 and r—Z 
resonances should occur at almost the same energy, it 
is not possible to explain both the Y* (at —50 Mev) and 
the resonance suggested in this paper with the zero- 
range parameters of Dalitz and Tuan. 
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